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NPEAUCNOBHE ABTOPA

Cpenn nueft, uMelowinx cedyac XOx[JeHue B MaTeMaTHUECKHMX Kpyrax,
uies CO3A4HUA MOHOI'pAdHH, TOCBALIEHHON TEODHH TYYKOB, SABJAAETCH,
HECOMHEHHO, OJHOH M3 HauMeHee OPUTMHAAbHBIX: OOJBLIIHHCTBO cHeLHa-
JUCTOB MMEJ0 B pa3HO€ BpeMs HAMepeHHe OCYLUECTBHTbL €€, M Jawe U3-
BECTHO HECKOJbKO nybJuKauuil, B OOAbIIMHCTBE CBOEM OTNEYaTAHHBIX
Ha poTatope (kak 6YATO 3TO HejaeraabHas JuTeparypal), KOTOpble NMOCBA-
1eHs 3ToMy Bonpocy. Cambie u3BecTHbie M3 HUX npuHaatexar A. Kap-
Tany. Ho Mbl HampacHO Hckaau Obl NOJHOE U3JIOWKEHHe, COlepkallee
noApo6Hble JA0KA3aTeJbCTBa Bcex TeopeM. [lOCKOAbKY amnnapar TEOPHH
NyYKOB NMPOHHKAeT B CaMble Pa3HOOGpasHble pasje bl MaTeEMATHKH, N0100-
HOe TNOJ0MEHHE He MOKET ObTb 60Jee TepmUMO JHLAMH, NPHMEHAOUIMME
Ty Teopuro. Bor noueMy crneunaquct no @yHKUHOHAIbHOMY aHAMH3Y
npeasaraeT, HAKOHel, TMOJHOE, TOYHEeE, MEHEE HEMNO/JHOe MO CPaBHEHHIO
C IPYTHMH, H3JM0KE€HHE TeOpHM TNMYy4iKoB — with a vengeance!

OueBuaHo, 4TO NOO6HAs KHHra Gbl1a Gbl COBEpiIEHHO HeCro.e3Hol,
ecau 6bl OHA a/1pecoBanach TONLKO K CHELHAAHCTAM 10 TEOPHH NYYKOB
WM Jaxe, YYHTHIBAA HAJIMYHE BHETOMOJOTHYECKHX NPHIONKEHHH, ecnH Obl
OHa TIPeANOJarand y YuTATENs 3HAHHE KJIACCHUECKOH TEXHHKH anreGpau-.
4eCKOM TOMOJ0rHU. [10STOMY MBI CTPEMHJHMCH HANUCATbL KHHTY, He TPebyi0=
LY HUKAKO20 3HAHUA anreGpanyecKOW TOMOMOTHH, H ObUIH BEIHYMICHB
NOMECTUTb Nepel H3/10:KeHHeM, COOCTBEHHO TEODHH MYYKOB raasy, TOCBA-
LIEHHYI0O TOMOJOruyeckoh aare6pe. oo '

M naneemcs, uyTO 3Ta raasa OyaeT noJe3Ha 18 HEKOTOPHIX KaTe-
ropuil yutartened. B Helt, kpoMe OOBLIYHBIX CBeNEHUN OTHOCHTENLHO TOYHBIX
Noc/1e40BaTeNbHOCTEH, QYHKTODOB, KOMILIEKCOB U T. L., PACCMaTpUBAIOTCA
C/eNYI0lHEe TPH BAXHBIX BOMDPOCA: TEOPHS CMNEKTPAaMbHBIX TNOC/e10BaTe/b-
Hocted (§ 4), teopus ¢ynkropos Ext u Tor (§ 5) u Teopus cUMIIH-
UHAJTbHBIX KOMILIEKCOB (§ 3). Halue wuanoxkeHHe TeOpHH CHNEKTPAlbHBIX
nociaenosareqbHoctelt u dynkropos Ext u Tor asnauntenasHo kopoue u
MeHee nonHo, ueM HajoweHue A. Kaprana u C. Ditienbepra B HX He-
l1aBHO BhimeAmeR xuure ). Hro kacaercs ,CUMINHLHMANBHBIX KOMILIEKCOB
TO 3J€Cb HMEIOTCA B BUAY LeNHbE (MM KOLENHBE) KOMINIEKCH, B KO-
TOPBIX Oflpe/lesieHbl , 0NepaTOpL rpaHelt*, No3pogioue HOPMAILHO TPOU3-
BOLUTL KJACCHYECKHE BBIYUCJAGHHA C CHMIJIeKcaMu, Takne KOMILIEKCHI

) Cm. Kaprau A, ditnenbepr C, Fomonoruygcxas aareGpa, MJl,
, 1960. — ITpum. nepes.
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BCTPEYAlOTCS He TOJABKO B KJACCHYECKOM TeOpuH MOJMIAPOB, HO TaKKe
B CHHIyJpHHIX TOMOJOruax, roMojoruax Yexal!) u B TeOpUM MNYHUKOB.
Bosee Toro, kak nokasuiBaloT HelaBHMe paboThl KaHa, OHM, NO-BHIUMOMY,
006pasyloT ecTecTBEHHYI0 00/1aCTb, B KOTOPOH HMeeT MeCTO CORepKaTelb-
Has TeOpHA roMoTonHU. MOKHO yTBepxaaTh, uTo OOllee MOHATHE ,CHM-
MJMUHAJBHOIO KOMILIeKca® (npuHalJexaliee riaBHBIM 06pa3oM JijeH-
6epry u 3uabbepy) MNpU3BaHO Urpath BAXHYIO pOJab B aare6panyeckoit
Tonosoruu. B § 3 conepsxurca, B yacTHOCTH, Gojee WM MeHee MOJHOE
H3J10)KeHHe TEODHH MpousBeleHut (1eKAPTOBLI MPOM3BEREHUS U () -TIPOU3-
BeJleHUs) — H3/0XKeHHe, eIMHCTBEHHAss OPUTMHAJIBLHOCTb KOTOPOrO COCTOMT,
6e3 coMHEHHs, TONLKO B TOM, YTO OHO HamneyaTaHo. Mbl He COYJM BO3-
MOXHBIM BKJIOYUMTL B 3TOT maparpa¢ teopuio onepauni Crunpoaa. Ee
MOXHO OyaeT HaliTH BO BTODOM TOMe TOr0 TPy.la, KOrl1a B HallleM pac-
nopsokenun 6ynetT HeoOXxOAMMBIH . annapat (KOroMoJOruu I pymm, npocTpaH-
CTBA ¢ IPYNNAMH OMepaTOPOB, CHHIYJApHbE FOMOJOTHH M T. 1.).

Co6cTBeHHO TeopHsl MYYKOB 3aHHMaeT BTOPYIO MOJOBHHY 9TOH KHHrH.
Jaa yno6ctBa yuTaTeselt, 3HAKOMBIX C MMEIOILMMHCS M3/0KEHUAMU TEOPUH
NyYKoOB, MbI JaduM ceHyac HeKOTOpble YKAa3aHUS OTHOCHTENbLHO MpHMe-
HAEMBIX HAMH METOLOB BBHAY TOr0, HYTO OHH 3HAYHTEALHO OTJAHHAITCH
OT Y)e HM3BeCTHHIX M SIBAAIOTCA 60Jee CUIbHBIMH.

[Tlocne nByx mnaparpados, colepxaiux oO6iuHe CBefeHHs O NydKax
MHOXeCTB W NyuyKax MoayJefl, Mbl 3aHMMaeMcs B § 3 LeHTpajabHOM mpo-
6/1eMOlt TeOpHH MYYKOB, 2 HMeHHO NpobJaeMOH ,IPONO/KEHU“ H ,onbeMa“
ceyeHult B nyukax. C TOUKU 3peHHst 9TOH NMpo6/eMbl KaxeTCsd CylLieCTBeH-
HpIM, 6714rofaps CBoe#t MpOCTOTE M MOJE3HOCTH, NOHATHE 872020 MYyUuK4.
Myyok oF Han npocTpaHcTBOM X HasbiBaeTCH BALIM, €C/JM BCAKOE Ceye-
HHE MyYKa oF Hal OMKPbLMbLM MHOXECTBOM U3 X MOXHO NpPOLOJIKHTH
10 ceyeHus Han BceM X. Besikufl nydok oF MOMHO BJAOKHTb B BSbfH
AYYOK (HampHMep, B NMy4YOK DOCTKOB BCeX, He 00513aTe/JbHO HeENpepbIBHbLIX,
ceyeHWH MyuKa oF ), U eCJIH UMEeeTCs TOYHAs MOC/eL0BATENbHOCTh

0>F 0 F 1,

BAABIX OYYKOB ale/eBHIX TPYIN, TO CexeHus 3THX NYHYKOB HAlL KAKHM-
HUOYNb OTKPHITHM MHOXECTBOM CHOBa 06pa3yloT TOUHYIO MOC/eR0BaTeb-
fiocth. JlaAs NMapakOMNAKTHBIX MPOCTPAHCTB BAaXHO TaKkKe HMeTb Oouee
caaboe nonaTHe MA2KO20 NYuka. [IyYOK oF Ha3bIBAETCH MATKHM, eciy
BCAKOE CeveHHe of Hal 3AMKHYMbM MHONKECTBOM NpPOJLO/KAETCS HA BCe
HpoCTpPaHCTRO. ITO MOHATHE, NO-BUAMMOMY, AO/KHO ¢ YCIIEXOM 3dMEHHThH
NOHATHE MOHKO020 TYy4yKa, KOTOpPOe HIpajo BAKHYI0O pOJb B npexHelt
Teopuu. Ec/H MMeeTCst TOYHAas NOC/elOBATeNbHOCTb MATKMX NMy4yKkoB abe-
JeBHX TpYNN Hal NapaKOMIaKTHHIM INPOCTPAHCTBOM, TO CEUEHHS ITHUX

1) [lpaBuabiee wa3nBaTh HX rOMOJOruaMH AJexcaHppoBa — Yexa. B namedt
AuTepaType NPUMEHAIOT TaKKE TCPMHUH ncnempa.nm—u;xe roMoJaoruu®. — llpun,
nepes.
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NYYKOB Hal 3aMKHYTBIM MHOXECTBOM Takxe O6pa3yloT TOYHYIO NOC/eno-
BaTeJbHOCTh.

B § 4 nna scakoro npoctpanctBa X (He 06s3aTeNbHO OTAENMMOTO)
M AJ BCAKOTrO myuka of aGeneBbix rpynn Hap X onpeneasiorcs rpymnel
H" (X; o) n 10Ka3bIBAIOTCH MX OCHOBHLie CBOHCTBAa, MMeeM mpexene BCero

HO(X; A)=T"(A),
rie I'(A)—rpynna riobanbHeix ceuenu#t nyuka of. Kaxno# tounoft
NOCJ1e10BaTeAbHOCTH 0>l > A>A"—>0

COOTBETCTBYET TOUYHAA MOC/IENOBATEIbHOCTH KOrOMOJIOr Ml
oo HYX, A)—>HY (X, A)—> HY (X, AN HY (X, A)— ...

HakoHel, umeem HY(X; A)=0 naa n>1

ecan £ — BaAablt ny4yok (Mam ecau X NapakoMnaktTHo, a of — MATKHR
ny4yox). BosMoxHOCTb OmnpenesieHns Tpynn Koromojoru#t, objagaioumx
9THMH CBOMCTBaMu, (€3 BCAKUX NpeonoAodcenuii omuocumesso X
6bla BrepBble nokaszaHa [porenankom B 1955 r., KOTOpbIF OCHOBHBAJCS
Ha TOM, YTO BCAIKHH MyYOK MOMHO MOTPY3UTh B UHBEeKMUEHbLE (B CMBIC/E
romoJjioruyeckoit anre6pu). Ilockoabky sTH uccienoBanus [poreHAHKa
6ynyTt ony6aukoBaHbol B Oanwaltinee Bpems!), Mbl Tpennounn BMecCTO
MHBEKTUBHBLIX MYYKOB MCMOJb30BATH Bs/ble MYy4Kd, KOTOPble, OUEBHIHO,
ocofeHHO yno6ubl Aa uaydenus ¢yHkropa A —>I'(A). OxaspiBaercy,
YyTO A J1060ro mnyuka of MOMHO MNOCTPOUTH KaHOHHMYecKUM o0pasoM
8AAVIO Pe30ALBEHMY

0—>A—> C'X; u{)—» Cl X, AH—> ...,

SIB/SIOILYIOCA ,TOYHBIM® (YHKTOPOM Mo oTHOWeHWio k f. Tloaaras
C (X, A)=T(C™(X; b)), H"(X; )= H"(C*(X; A)),

Mbl TIOJy4aeM, COBePUIEHHO 9JEeMeHTapHHIM CMOCOOOM, TPH OCHOBHBIX
CBOMCTBA rpymnmn KOroMoJoru#,

[Taparpad 4 colepHUT Takke LOKA3aTeAbCTBA (UCMOMb3YIOUINE CMEK-
TpajbHble NMOC/E10BaTeNbHOCTH) 3HAMEHUTHIX ,OCHOBHBIX TeopeM“. B uacT-
HOCTH, AOKAa3biBAeTcd, YTO BCAKAA pe3osbBenTta

0> A—> P> P>
nyuyka of 10POMAAET KAHOHMYECKHE T'OMOMOP(UIMbI

H* T (F"))—> H* (X; A),
KOTOpbIe ABJAIOTC HIOMOP(HU3MaMH, eClH PP — Bssbie NyuKH (114 MATKHe,
B c/lydyae, Koraa X napakoOMIIaKTHO). DTO MOKa3biBaeT, YTO. AJs ONpele-
Aenust rpynn H® (X; A) He 0693aTe/bHO BHIGNPAThL ,KAHOHHYECKYIO“ BANYIO

'Y CM. Grothendieck A. Sur quelques points d’algébre homologique,

Tohoku Math. J., 9 (1957), 119—211 (umeercs pycckuit mepeBog: ' poTe H-

aAnk A, O HekoTOpHX BONPOCAaX roMoaoruueckod aarebpm, KMJ1, M., 1951). —
Ilpunm. nepes.
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pesonbBeHTY myuyka of. Hakodeu, Mbl I€TanbHO pacCMaTpHBAEM TOUYHYIO
T0C/IeJ0BATEILHOCTD KOTOMOJIOTHH, CBSI3AHHYIO C 3AMKHYTHIM MOANPOCT PaH-
CTBOM, & TaKxe pa3/HuHble NOMOJHUTEJbHBIE BOMPOCH, a4 MMEHHO COOT-
HOIIEHUS MeXIAy KOTOMOJIOTMAMH MOAMNPOCTPAHCTBA H KOTOMOJOTHSMH
ero OKPeCTHOCTEH,” KOFOMOJIOTHH €O 3HAYeHUSIMU B MHLYKTUBHOM Ipelele
NyYyKOB, CNEKTPa/bHYIO MOCIENOBATENLHOCTh PACCIOEHHOTO NMPOCTPAHCTBA,
KOT'OMOJIOTHYECKYI0 Pa3MEPHOCTb. ‘

B maparpade 5 usyuarorca cootHomenuss Mexay rpymnamu H" (X, A)

u H"(X; A), noayuyeHHHIMY MO MeToay Yexa (3TOT MeTOR, Kak H3BECTHO,
JaeT y.I1OBJAETBODUTE/AbHbIE PE3Y/AbTATH TOAbKO LJs NAPAKOMIIAKTHLIX IT1PO-
CTPAHCTB WJH ke [JIf CTeUHaIbHBIX Kareropu#t myuxoB). Mel nokasbizaeM
IpexJe BCero, 4To Kaxjaoe nokpuithe Il mpocTpauctBa X, xoTopoe au60
OTKPHITO, JUOO 3aMKHYTO U JOKAMbHO KOHEYHO, ONpeNesieT pe3o.Lb8enmy
C*(U; A) nnsa Besaxoro nyuka o Han X. DTO NMPHBOAUT K KAHOHHYECKHM
romomopdusmam H"(U; A)—> H"(X; A), KOTOpLe ONpelesOTCs ¢ Mo-
MOUIBKO HEKOTODOH CTeKTPalbHON 1OC/e10BaTebHOCTH. [lepexons Kk Tmpe-
Jesy, Mbl TOJAVYaeM CIEKTPadbHYIO MOC/AeN0BATENBHOCTb, CBA3bIBAKOILYIO
koromosorun Yexa ¢ ,xopomnMu“ xoromonoruamu. OTCIOAa BHITEKAET

H30MOp{U3M H"(X; A= H'(X; A,

CpaBeIUBHH, BO-TEPBHIX, /sl BCAKOrO Myuka, eciu X MapaKOMNaKTH?,
H, BO-BTOpHX, Maa J06oro X, korna AJds 3anaHHOro myuxa £ Haktzercs
»AOCTATOYHO MHOrO“ TAaKMX OTKPHITBIX B X MHOXECTB, YTO AJ5 BCAKOTO
MX KOHeuyHcro mnepecedenus U umeeMm ’

HY(U; A)=0 nas n> 1.

JToT mnocnenHuH pesyabrar, nupuxamiexawu#t A. Kaprawy, nosBoaser
YTBEPKIATh, YTO /I KOTEPEHTHHIX ajireGpauyecKUX MyYKOB, H3yYaBIIMXCS
CeppoM, koroMoutorur Yexa coBNanawoT ¢ ,XOPOWIMMH® KOrOMOJOTHAMHU,
C apyroft cTOpOHBI, MBI CMOIJM [OKa3aTb 0e3 BCAKMX MPeNNonOmeHUuH
o mpoctpancTBe X H3BeCTHHIH pe3yabraT Jlepe, COrJacHO KOTOPOMY AJs
3anannoro mokpeitus M =‘M,) npocrpanctBa X, TaKoro, uro

H”(M,—nﬂ ﬂML-p; a{):O s n 1,
FOMOMOpq)HSMbI Hn(we, d{)—>H”(X, (J{)

ABAAIOTCA M3oMOpduaMamu, koraa N iubo omipwimo, Au6O 3aMKHYMO
L N0KAABHO KOHEUHO.

K coxanennio, Mbl He CMOIIH HAHTH MOKA3ATEILCTBA, KOTOPOE GBLIO O
NPUMEHMMO OLHOBDEMEHHO K OOGOHM 3THM CAyyasM: B Cayuae OTKPBITOTO
nokpbiTua P HYxHO H3yuaTh ABOHHOM koMmaekc C*(M; @*(X; A)),
a B cayyae 3amxayroro N — nBoHno#t kommaexc C*(X; @*(M; A)),
rae @*(M; A)— pesoabBenTta nyuxa 4, onpeneneHHas nocpeacrsom M,

B § 6 Ha nyuku pacmpocCTpaHSIOTCA MOHATHSA LeKAPTOBA MpOHU3BEE-
HHS W U -TIpou3Befietinsl, JIErKO MpOBePUTh, YTO IS 33XAHHBIX MyuykoB
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M 4 Han NpoU3BOJBHLIMH IpocTpaHcTBaMd X 4 V TeH30pHOe NMpOH3BE-
nenHe KAHOHHHECKHX Pe30bBEHT A n % eCTb Pe3oJbBEHTA 11 TeH3Op-

HOrO [POU3BEIEHHUH ui@ # (cuMBon ® 0603HayaeT, 4TO ui@ﬁ’ ecTh
nyuok ¢ 6asoft X X V). 3ro maer orobpameHus

HP (X, A)X HI(Y; B)—> HPY (XX Y AR B),

06.1a1a1011He BCEMH CBOMCTBAMH, KOTOpPbE Mbl BIPaBe OXHIATH OT JeKap-
TOBa Npou3Belenus koromojorut. B cayuae X =V, paccymaas anano-
FHYHO HJIM ke HCMOJb3yS [eKapTOBO TNPOM3BEAEHHE M IMaroHajibHoe
oToOpaxeHHe, MOJyyaeM (U -TNPOHU3BeleHHE

HP (X; AYX HI(X; #)—>H (X, ARQP).

OTMeTuM TaKxe OIHO CyluecTBeHHOe oOcToATedbcTBO. [aa scsaxozo
nyuka of Hal npocTpaHcTBOM X CylieCTBYeT BsfiJas Pe30JbBEHTA

0> A —>F X A)>F X A)—> ...,

KoTOpas sBAsieTcs TOUHBIM ¢ysKkTOpoM 1o f W dudbgpepenyuan romo-
poii  onpedersemcss HeKOmMoOpol nNOAYCUMAALYNLAABHOL CMPYKMYPOL
(t. e. omepaTopaMH ,TpaHeH‘ u ,BHpOKIeHUH, ¢GOpPMaIBLHO aHaJOTHy-
HBIMH COOTBeTCTBYIOILMM ONEparopaM B TeOPHH MOJIYyCHMILIMIHAIbHBIX
Komniekcos finenbepra — Maxaefina — 3uapbepa). Ecau ucnonb3osats
9TY Pe30/ibBeHTY A% ONpele’eHus TPynn koromonoru#h, To naftaeMm, uto
siIBHbI2 GOPMYJIbl 14 (U -IPOU3BEAEHHA B TEOPHH NYYKOB OCTAIOTCA TEMH XKe,
YTO M B KJACCHYECKOH CHMILIMUMAJBHOR TeopHH!), a HMEHHO,

foglx, ..., Xprgd =F (X ooy )8 (X, o vs Xp0p).

JTO 3aMeuaHue HMEET He TOJbKO UHCTO MeTONMYeCKYI0 UEHHOCTb, MOKa-
3b1Bas, 4YTO MYJbTHILIMKATHBHAA TEOPUsS NYUYKOB $BJAAETCA YACTHHIM CJay-
yaeM oOuied TeopUH ,CHUMILIMUHMATBHBIX® KOMILIEKCOB; OHO HHTEPECHO
TaKKE€ TeM, YTO MO3BOJAeT aBTOMATHYECKH MEePEeHOCHTb B TEOPUI0 NMYYKOB
BCAIKOE MOHATHE, OCHOBAHHOE UCK/IOYHTENbHO HAa CYILECTBOBAHUM CHMIJIH-
UMaAbHOM CTPYKTYypH. B YacTHOCTH, CTAaHOBHTCA SICHLIM, HTO 8 meopuu
nyuwro8 moscHo onpedesums onepayuu Cmunpoda, TOCKOJIbKY IA1 HX
onpeleeHus JOCTATOYHO CHMILIHUHMAJAbHOR CTPYKTYpBl H IMATOHAJIBHOTO
oToOpaxeHHs. ITOT BONPOC, KAK MBI ye OTMeTuaH Bhllue, OyneT Mmo-
npo6Ho muajioxen BO Il ToMe HacToswero Tpyna.

Hakoneu, § 7 comepHT KpaTKoe MW3JOMKeHHe TEOPUM HHBEKTHBHBIX
Ny4yKOB, MPOU3BOAHLIX (YHKTOPOB U CHEKTPaJbHO# INOC/en0BaTeqbHOCTH
ans dynkropa Ext, kotopas Heo6xonuMa B aare6paudeckof reoMeTpuu 2).

1) To we caMoe, pasymeeTcs, clpaBejJUBO M Aaa koroMojorud Yexa; K co-
KaleHH0, MeTol Yexa paer y/JOBAETBOPHTENbHBbIE Pe3YyJ]bTAaTH TOJbKO jid Iapa-
KOMIAKTHRIX TPOCTpPAHCTB.

2) 3HauuTeabHO 060Jjee NOJHBIE DE3yAbTaThl (OCOGEHHO O ,KOrEPEHTHBIX®
nquz%x MojyJael) MOKHO HaliTH B pabore I'porenguka (cM. npuMevaHuse 1 Ha
CTp.
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M3 cKka3aHHOrO BbIllle HCKYWEHHOMY YHTATeJR GyleT ACHO, Y4TO Halle
H3/IOKEHUE TEOPHU NyYKOB 3HAYHTEJNbHO OTAMYAGTCH OT W3AOKeHHs Jlepe
u KapraHa, x0oTd oCHOBHble HIeH, GECCNOPHO, NPHHALIEKAT STUM ABTOPAM.
[To-BUIMMOMY, MOXHO CYATATH, YTO TeOPHA MYYKOB NPHHS/IA NPAKTHYECKH
3aBepUIEHHYI0O (POPMY, NOCKOJbKY, C OIHOH CTOPOHEI, OHAa NOCTHUrJa, Be-
pOATHO, MAKCHMaJbHOR CTeneHH OOWIHOCTH H, € APYrOH CTOPOHH, ee
METOABl BO MHOTMX OTHOIIEHMAX CTadd 3HAUMTEAbHO GoJiee MPOCTHIMH,
yeM MerTOnb Gosee panHux aBTOpoB. OnHAKO He C/eLyeT 3abBLBAaTE Ty
pOJb, KOTODYI0 OHM CHIFpPaJH; SICHO, YTO HAllle H3/J0XKEeHHEe OTAUYAeTCH
oT uanoxenus Jlepe u Kaprana B OO/MBIIMHCTBE CJy4aeB JHIb yayulle-
HueM Jfetajtefil). HauGosee BawHLIM 1ArOM HAa 9TOM OYTH_ 6BLIO, MO~
BUAMMOMY, [OCTPOEHHE DAa3yMHOH TEOpHH, HMelleH cMbICJA A1 BCeX
TOMOJOTHYECKUX TMPOCTPAHCTB. ITOT pe3yabTaT, KAK OTMEYEHO Bhllle,
npuHaaiexuT I poTeHIHKY, HO, BEPOSTHO, BONPOC He MOF Obl OBITH Aame
Tak noctasied Ge3 pabor Ceppa no aare6panyecKuM MHOTO0OpasusiM.

Yrobbl MMeThb CpPaBHHTEJNbHO [OJHOE H3JIOKEHHE TeOpUM IYuKOB,
HYXHO ObIIO OBl DPAacCMOTPETh ellle HeCKOJIbKO BaXHbIX BOMPOCOB: COOT-
HOUIEHUS] MEXKIY MYyYKaMH M CHHI'YJSPHbBIMH FOMOJOFHAMH, NBOHCTBEHHOCTH
B MHOroo0pasusix, pacc/iOeHHble NPOCTPAaHCTBA K NMYYKH C FPYNNaMu one-
paTopoB, KOFrOMOJIOFMYeCKHe Omnepalnuu M T. I.

$lcHO, uTO BKJIOUYEHHE 3TUX TeM B HACTOsAWUH TOM npuBeso Ob K 3Ha-
4UTeJbHON 3alepikke ero nyOJaMKauuu, MOTOMYy OHH COCTABAT BTOPOH
TOM 9TOr0 TPyld, B KOTODOM MOXHO Oyler y3HaTb, HampuUMep, KaK BbI-
YHCJSTb PPYNNb FOMOJIOTMH cdepbl (3TY 3anauy, K COXAaJEHHIO, Helb3s
peunThb, NoJAbL3ysICh pesy/ibTaraMu | Toma). :

BrnoJsiHe OueBMAHO, YTO 9T4 KHHMra HHKOTa He yBHIesa Obl CBeta Oe3
HEOLEHUMONH nOMOMIM M BIOXHOBJAILOWEHR nomlepxkH (XoTa u He O6e3
BIOJIHE MOHATHONH 3aMHTEPECOBAHHOCTH) CO CTOPOHBl MHOTMX MAaTEMAaTHKOB,
B ocobennoctu DByp6axu, A. Kaprana, Kaptbe, T'porenanka.u Ceppa.
C npyroff cTOpOHbI, mepBas pelaKlus 3TOrO TOMa Obila HANHCAHA B Te-
yenue 1954/55 yueGHoro roaa, xorga astop 3aHuMan B ManunnoHckom
YHUBEDCHTETE IIOCT NPHUrJalleHHOro npodeccopa M HAaXOMWICA MO3TOMY
B 0COOeHHO 06saronpusTHbIX yc/aA0BHAX. Hakoneu, neyataHue 3TOH KHHUFH
0Ka3a/10Ch BO3MOXHBIM Onaronapst MHCTHTYTY MarteMatukn CrpacGypr-
CKOFO YyHHBepcuTeTa. DBceM oOka3aBuMM nomoulb, OMM3KHM ¥ NaJE€KHM,
ABTOP CYACTJIMB BBIPa3UTh CaMyl0 ropsuylo 6,aroapHOCTb.

Y He Bxogsa B 0O6CYXIEHHE HCTODUMH MpeAMETa, CJAENYET HAaMOMHHTH, YTO
HEKOTODhIE OCHOBHbIE WJEH TEOPHM MYUYKOB M CIEKTPAJbHHIX MHOCJAEN0BATEAbHO-
cTedl 6baiu. BBeaednl Jlepe B 1945 r. ¥ B nocaenymoune roiel. O6luee NoOHsiTHE
CNeKTpaabHOH mocaexoBaTedbHOCTH Oblno 3ateM cdopmyaupoBano Komyaewm.
{lepBoe cBA3HOE U3NOKEHHE TEOPHHM NYUYKOB, OCHOBAHHOE HA IOHATHH ,pE30Jb-
BeHTH “, npuHaaaexut A. Kaprany. Hakonen, 6oabluyi pOdb B Da3BHTHH STOH
TEOpHM CHITPAAO JOKA3aTEALCTBO Teopemhl Jie Pama, nanuoe A. Beitnem B 1947 r.
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[laa uurarenefl, #He 3IHAKOMHX C BONPOCAMH, KOTOpbie paccMaTpu-
BalOTCA B 3TO{ KHHre, OynyT, BO3MOXKHO, MOJNE3HBIMH HEKOTOPHE yKasa-
HHY O TOM, KaK ee YHTaTb.

Heo6xomumo npouects § 1 u 2 ra. I u § 1 u 2 ra. II. TloTom
MOWHO uutath m. 3.1 ra. Il (Baawie nyuku), 3areMm n. 4.1—4.4, yroBu
3HATb ONpele/ieHHs W BaxHefimne cBoficTBa Tpynn koroMoaord#l ¢ kosg-
¢umiuertaMu B nyuke. Ilocae aroro HyxHO npouects § 4 ria. [ (cmek-
TpajdbHbie MOC/IeNOBATEbHOCTH), a Takke Ty uyacte § 3 ra. I, koropad
OTHOCHUTCA K MACKUM NydkaM. 3aTeM MOXHO 3aKOHuUTL greHue § 4 ra. [l
(camble CyllecTBeHHble HMYHKTH — 370 M. 4.5—4.10).

[Mepen wu3ydyeHnem KoroMmotoru#i Yexa nosesHo mpoyecTb Hayano
§ 3 ra. I, B ocobennoctu n. 3.1—3.5. Tlocae 3TOro npu nepBoM uyTe-
vun § 5 ra. Il moxHo orpannuuthes 0. 5.1, 5.3, 5.4, 5.5, 5.7—5.10,
onyckas BCe, 4TO KacaeTcd ceMelcTB HOcureneH.

B wactu, kacawlue#ics npousBeneHHH B KOrOMOJOTHAX, NPAKTHUECKH
HeoO6X0IMMO OIHOBpeMeHHO uayyatb Kowell § 3 ra. | (o 3.6—3.12) u
§ 6 ra. lI, mockoabKy 3Tu ABa nmaparpada TecHO CBfizaHul Mexay coboft.

TouHO Tak >ke MOAe3HO yuTaTb OAHOBpeMeHHO § Sra. [ u § 7 ra. I,
npobya B KayecTBe YNPa)XHeHHS NeHCTBOBATb B NPOM3BOJLHON abeneBo#
Kateropuu, o61ajaomer 10CTaATOUHBIM KOJHYECTBOM MHBEKTHBHHIX 00beK-
T0B. [lo/se3HO TaKKe TNOCTPOUTbL HUCTO (YHKTOPHHE [10Ka3aTenbCcTBa
OCHOBHEIX TeopeM § 4 ra. I

Hurareab, jxenaolHfl NO3HAKOMHTLCA C HEKOTOPHIMH IPUJIOXKEHUSIMHU
TEOpHH MYYKOB HAU YrAyOUTbCS B HEKOTOPHe acleKTH 3TOH TeopHH,
Moxer obpatuthcd K paGote Ceppa 0 KOTepeHTHHIX anreGpanyecKux
nyukax [Serre J. P., Aan. Math., 61 (1955), 197—278 1)], x pabore
Tpotenanka ?) u, HakoHell, K TpynaM cemuHapa A. Kapraua 3), nocss-
ILEHHBIM (PYHKUHAM HECKOJbKHX KOMILIEKCHBIX TepeMeHHuX. MoxkHo
TaK:me OOpAaTHTLCA K HelaBHeMy COYHHeHHIO Xupuebpyxa, H3AaHHOMY
B xopowo H3pecTHo#ft cepun Ergebnisse der Mathematik, koropoe

1) UMeetca pycckuit nepesonx: Cepp X.-Il., KorepentHnie aare6pau-
ueckre nyuku, cOGopumk ,Paccacennsie mpoctpauctsa®, WJ, M., 1958,
cTp. 372—450. — [Tpunm. peo.

2) Cm. npumeuanne | uHa ctp. 7.— ITpuns. peo.

8) Cartan H., Séminaire de Topologie. algébrique de I'E. N. S,, Paris,
1951—1952. — ITpuns. ped.
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CONEPKHUT BaXHbE MPHUAONKEHH TEOPUH NMYYyKOB K TEOPHH KOMIAKTHLIX
aHaJAUTHUECKUX MHOT00Opasuft 1).

3aMeTHM B 3aKJIIOUEHHE, YTO CCHLIKM THNA Teopembi 4.9.3 ykashiBaior,
yro peys uaer o 1. 4.9 u, 3naunT, 0 § 4 43 moii e 2.a8b., €CaH
He OrOBOpeHO NPOTUBHOE,

) Hirzebruch F., Neue topologische Methoden in der algebraischen
Geometrie, Berlin, 1956. [To stum BonmpocaM cM. Takke Yw aHb I 3 H-m 5 Hb.
KoMnnekcunie muoroo6pazus, WJI, M., 1961. — [Tpun. peo.
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§1. MOAYNN U ®YHRTOPDI

1.1. TouHsle MOCHEAOBATENLHOCTH MOgynei.

[Myctb A— koabuo ¢ eaunuuedt, L, M — apa naeBux A-Moayn..
MuoxecTBO romoMophusmMoB Moayaa L B M sapisercsa abeseBo#t rpyn-
no#t, kotopas 6Gyner o6oaHauaTecs uepes Hom, (L, M) uau opocro
Hom (L, M), koraia 3TO He TPUBOAUT K HeLOPA3YMEHHUIO.

Hdas saganxoro roMoMopdusMma f : L — M nosoxum

Ker (f)=f""(0), Im(f)y=f(L), Coker(f)= M/f(L).

dt10 cHOBa neBbie A-mMonpyau.
[Tocse10BaTENBHOCTD

jﬂ /ﬂ+1
L, L P Ly

A-Moayie#t u ux roMOMopdH3MOB Ha3uiBaeTcd Mmounod, ecan 'm(f,) ==
= Ker (fn+1) 1as Bcex n. HanpuMep, nocjeloBare/bHOCTb

0L 451 &51" 50

TOYHA TOTIA M TOJLKO TOrMA, KOTAA f — MOHOMOD(U3M, g ——STHUMOp-
¢usm 1) u, xkpome Toro, Im(f)=~Ker(g). B stoM cayyae L’ MoxHo
OTOXJECTBUTL C MOAMOLyJeM Moayas L, a L” —c dakrop-mMonysem LjL’.

1.2. Caoiictsa rpynn Hom (L, M).

B 9TOM nyHkTe paccMaTpHBAIOTCS JieBbie MOAY/H HAL (DUKCHPOBAHHBIM
KOJb1OM A.
[MpenmonoxuM, 4TO 3a1aHBl TOMOMOPQUIMBI

Sl —>L, g:M—>M;

") Tomomopduam f: L —> M Ha3biBaeTCa MOHOMOPHUIMOM, €CIH OH B3AUMHO
OJHO3HAUEH HJAH, YTO paBHOCHABbHO, ecau Ker (f) = 0. OH Ha3mnBaeTcs INUMOp-
gusmonm, ecau otoGpaxaer L Ha Bce M HIH, UTO PABHOCHABLHO, €CJIH
Coker (f) = 0. H3omopdu3mom Ha3nBaeTCA roMoMOpGHU3M, SBASIOIHACA OIRO-
BpeMeHHO MOHOMOP(QH3MOM H 3muMMOpGH3IMOM. 3aMETHM, UTO aBTOp ynorpebaser
IJS COOTBETCTBYIOINMX NOHATHH cjoBa ,injectif*, ,surjectif* u ,bijectif*. Mn
NpPEeAnoYJH HCHNOJb30BATh YKa3aHHbe BHIIIE TEPMHHH, yKe CTaBIIHe yrnorpelu-
TEIbHBIMH B HameH autepatype. B cayuae xorza peun uuetr o6 oTobpaxeHHsaX
a6CTPaKTHEIX MHOXECTB, MBI FOBODHM O ,B3aUMHO OJHO3HAUHBIX OTOGpPAKEHHSX*
H 00 ,0TO6pameHHAX Ha BCE MHOXECTBO®.— [Ipum. ped.
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TOTa MOXHO ONpeie/uTb rOMOMOpDu3M abeneBuX rpymnn
*
Hom(f‘, g):Hom (L, M)-—>Hom (L', M),

a WMMEHHO TOMOMOpQW3M, KOTOpHi# BCsKUH u#:L-—>M nepesosur
B gouof:L — M. 10T daxT BHPAKAOT CAEAYIOWHMH CJIOBAMYU:
rpynna Hom (L, M) roumpasapuanumusim 006pasom 3aBucuTr or L H
rosapuaumuoin 06pasoMm — ot M.

Ipynnet Hom (L, M) o6aanaioT cjelyiOWHMH AByMS OCHOBHBIMH
CBOHCTBAMHU:

Ecau 3a0ana mounan nocaedosamensrocms 8uoQ

0> M ->M->M,
mo 048 8caAK020 L coomsemcmsyou,as nocaefoBamessHoCms

0—Hom (L, M")—Hom (L, M)-—>Hom(L, M")
mouxa, .
Ecau 3adana mounas nocaedosamessHocms 8u0a

L —>L—>L"—>0,
mo 0an awbéonzo M coomaemcmﬂyroma;i nOCAE00BAMEABHOCMD

Hom (L', M)<-Hom (L, M)<«-Hom(L", M)<-0
mouna,
OTH cBOHCTBA OUYEBHMIHBI.

-

1.3. IpoeKTHBHBIE MOIYJIH.

JleBnilt A-Monynb L HA3bIBAETCA ApPOEKMUBHBM, €CIAH IS KamIoH
TOUYHOH MOC/eN0BATENLHOCTH ~

0> X —>X—>X"—>0
COOTBETCTBYIOILAs NOC/EN0BATENbHOCTD
0—Hom (L, X’) > Hom(L, X)—>Hom (L, X")—0 -

TOouHa. B cHay npenbyllero myHKTa RpOeKTUBHhE A-MOLYJIH XapakTe-
PH3YIOTCH C/ERYIOIHM CBOHCPBOM:

(PR) Myems p: X—> X' — snaumoppusn. Toeda dan raxncdozo
zomomoppusma 7 L—>X"  cywecmsyem maxol 20MOMODPUIM
fiL—>X, wmo f"=po/f.

Teopema 1.3.1. as mozo umober A-m00yap Goin RpOCKMUBHbIM,
Heo6X00umo & 00CMamoino, 4mobGs. OH ABASAACS NPAMBLM CARZACMbM
Hexomopozo c80000H020 A-m00yas.

3aMeTHM Npexae BCero, YTo CBOOOIHbIH MOIy/bL NPOEKTHBEH, TaK KAK
romoMopduamM CBOGOAHOrO MOAy.As L BnoAHe oOnpejeAdercs 3HAYEeHUd-
MH (COBeplIeHHO NPOH3BObHLIMH), KOTOPHE OH NPHHHMaeT Ha GasHce
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monyas L. C npyro#t CTOpOHH, SCHO, UTO MPAMOE CJIATa€MOE MPOEKTHB-
HOTO MOAY/A NpoeKTUBHO. [103TOMY YKasaHHOE Bhlllle YCJIOBHE SBJIAETCH
n0cTaTouHbM, YToObl nOKas3aTh HeOOXOLUMOCTL 3TOrC  YC/JIOBUA, Npel-
craBuM mnpoexTuBHud Moayiab L B Buae L= F/R, rne F — uexoropuil
csoGonubiit A-Monysab ¥ R — nonmonyas Moayas F. Tak kak L npoexruses,
TO TOMXAeCTBeHHOe OTOOpaxeHue L — L MOKHO DasJOXHTb B KOMIO3SHIHIO
HeKOTOpOro roMomopdusma L — F 1 kaHoHuueckoro oto6paxenus F— L,
YTO JOKa3biBAeT Hallle yTBepiKIeHHE.

M3 sT1oft Teopemb cJjelyeT, OueBHUAHO, UTO 8caxuii A-modyas
a8asiemca Paxmop-mcoyien npoekmusrnozo A-mooyasn. B nanbHefimem
(§ 5) nam nmorpebyercs caenyiowuit, 6ojee TOUHBIH, pe3yJbTaT.

Teopema 1.3.2. Ecau Odana ouazpamma A-mooyared

Pl P//
v v
0> X >X—->X" -0
v v
0 0

8 KOmopoil cmpora u cmoabuys moyust, a P’ u P” npoexmusnst, mo
MOXCHO Halmu maroli npoexmusuoli A-m00yse P u maxue 2om0mop-
gpuams PP—>P, P—> P’ P— X, umo duazpanna

0P >P—->P —0
ol

0>X >X—>X">0
v v
0 0 o

KOMMYMAMUBHA © O0PQA30BAHA MOYHBLMU NOCAe008AMEALHOCMAMU.
Ilas nokasateanctBa moaokum P == P’ X P” (Takum o6pasom, P AB-
JAS€TCS MPOEKTHUBHBIM MOJYJeM) U omnpefeadM roMoMopdusmel P’ —> P
u P—PY ucxons U3 3TOr0 pasjiomeHuss Moayis P B NPIMYyI0 CYMMYy;
noJyyaeM TaKHM 0O6Pa3OM NMATPAMMY TOUHBIX MOCJEN0BATEAbHGCTER

0>P —>P—>P -0
v v

0>X >X—>X"—0
v v
0 0

[as onpeneiedus romoMoppusMa P — X 00CTpOUM TOMOMOD(PH3M
P"— X tax, yroOu auarpamma

Pll

/l = FOC. NYEAMNHAR ’
/ HA}/HH STEXHUAECH AR 1
X X" AHOTEHA cCGP 1
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Gbl1a  KOMMYTaTHBHOH (3TO BOSMOXHO, Tak Kak P’ — MPOEKTHBHBIH
Moiyab W oTobGpawxenne X —> X" snuMopduo). TlocTpoum 3aTeM TOMO-
moppusM P’ — X kak komnosummio P’ — X' u X —» X. Cyuectsyer
(v npuroM eiuHCTBeHHBIH) roMoMOpdhuaM P — X, KOTOpHE Ha OpPAMHIX
cnaraeMbx P’ u P” coBmasaer ¢ MOCTPOEHHBIMH TFOMOMODGH3MAMH.
OueBHAHO, YTO STOT rOMOMOPGH3M 00JandeT TpeOyeMuIMH CBOMCTBAMY,

B sak/ioueHne OTMeTHM, YTO e€C/aH KOJbLUO A ABIIETCA KOAbHYOM
2/Q8HbBLX U0€QA08, TO BCAKUA npoexmusuuil A-#00yav c80600¢x U
Hao6opoT, Tak Kak B 3STOM CJAyuyae KawAwH 0oIMOAyab cBOGOIHOTO
Moayaa csoboren.

1.4. NabeKkTHBHLIE MOAYJH.

A-Monyab L Ha3bIBACTCH UHBEHMUBHbLIM, €CAA ILJA BCAKOH TOuHOH
NOCJE10BATENbHOCTH
0>X >X—>X" >0

COOTBETCTBYIOAs MOCAEA0BATENBHOCTD
0 <~ Hom (X', L)< Hom (X, L)<~ Hom (X", L)<-0

TOYHA. [ipyr¥Mu CcA0OBaMH, LOMAKHO BHIMOJHATLCA YC/AOBMe

(INJ) [lyemy j: X — X — monomopduam, mozoa 0as 8CAKOZO0
zomomoppuama [’ : X' — L naiidemcsa marois eomdrmoppusm f: X — L,
ymo f'=foj.

ITO 3HAYHMT, uTO BCAKHH roMoMopduaM J1060TO noaMonyas Moayas X
B L npoiomxaerca 1o roMomopduama modyas X B L.

Teopema [.4.1. Zasa mozo umobu aesuli A-mo0yae L Gua
UHBEKMUBHBIM, HEO6 X00UMO U O0CMAmoO4HO, 4mo0bl 04S1 BCAKO020 28020
uoeara I 8 A u nw6ozo zomomoppuima f:1— L cywecmsosar maroi
xEL, umo f(\y=h-x 0an rascdozo LC I

910 ycaosHe HEOOGXOAMMO, NOCKOJALKY [ MOMXHO HPOLOIKHTL 10
romomoppuama A— L. .

OO6paTHO, MpPEANOA0KUM, YTO YCAOBHE BBHIMOAHEHO, H MycTb X — He-
KOTOPHIA MOAYJb, X' — NOAMOLYJIb MOAyas X u f—roMomopdusM X' — L.
PaccmarpuBas napn (Y, g), rie Y aBiserca noaMonysieM X, colepia-
wuM X/, a g —romMomopduaMoM Moiyas Y B L, mpomomkaomum f,
MOXHO [MO0Ka3aTh, HCNO/Ab3ya Teopemy llopHa, uro f momyckaer Maxcu-
maabHoe npogosmxenre (Y, g). Ecmm V oramuen or X, TO MOXKHO yKa-
3aTh 3MeMeHT x € X, He npuHamaexkawuilt ¥, uekorophiil jesuift umean [
B A (a MMEHHO MHOXeCTBO Taknx AE A, uro A - x€Y) u romomMopdusm
h:l—L, a umenio A—> g (A - x). [1o ycaoBuio Hafinerca TakoH sJeMeHt
u€ L, uro cool‘Home‘H'PTe-TfG Y Bieuer 3a co6oit g (\x)=»>ru. Ho toraa g
MOKHO PbIO OB NPOLOMKUTL HA MOAMOLYAb MOAYJs X, MOPOXIEHHbR ¥
M X, 4TO IPHBOIME- K IPOTHBOPEUHIO.

XL vweae
13 AR
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Ecau, HanpuMep, OCHOBHOE KOJbLO A SABJSAETCA KOAbUOM 2AQBHBLY
udeanros, 70 L HHbEKTHBEH TOTAA H TOJbKO TOTAA, KOTAA A5 Kawaoro A==0
U3 Koapla A 3upoMopdusM x —Ax Moldyas L snumopdgen.

Teopema 1.4.2, Besaruli A-mo0yae A8aemes NOOM0O0YLeM HEKO-
Mmopo20 UHBEKMUBHO20 A-MOOYAS.

Ins 10KasaTenbcTBa DACCMOTPUM  KOJABIO Z 1edbiX PalHOHAaJbHBIX
upces, allMWTUBHYIO Tpynny R Bcex BeUIECTBEHHLIX YHCEa H Z-MONY/b

T=R/Z.

B cuay npenbioyuiero xputepusi Moayiab T umsexmusgen. S$lcHo, uTo
BCAKYIO HUKAUMECKYIO TDPYNNy (KOHeUHOTO HJAH BeCKOHeYHOro MopsiKa)
MOXHO morpyaute B T.

IMycrs temepwt L — jeBbift A-MOnyab, NMOCTPOHM

L =Hom, (L, T);
3TO, OYeBMANO, MpaBuit A-Monysie. Toullc Tak e
L=Hom, (L, T)

ABASIETCS JeBHIM A-MOLyJeM; He MeHee OYEBHIHO CYIIECTBOBANHE KAHO-
HHYECKOr0 roMoMop¢uama .
L—>L.

HokaxeM npexne Bcero, uto 3To oTobGpaxkeHue MOHOMOpPPHO. [las 3TOTO
IOCTATOYHO T10Ka3aTb, 4TO AJas Mboro x #+ 0 u3 L cyuecTByeT Taxoit
romoMopdusm f : L — T, uto f(x)+ 0. [lyctb ‘G — nukIMyeckas rpynna,
NOpOXK/IeHHAs 3JeMeHTOM X B abeieBofi rpynne L. [pynna G Bkaanwi-
Baercad B T, uTo mo3BoaseT onpeneauth f Ha G. Ho Tak kak T saBasercs
HHBEKTUBHLIM MonyJ/eM, TO f mnpomosmxaercs Ha L, OTKyIa W cieLyer
Haille yTBepKIeHHE.

Ipeacrasum Tenepb L kKak (akTOp-MOLYy/]b NPOEKTHBHOIO Monyas F

H JOKa¥eM, 4TO F siBisieTc JeBLIM MHDBEKTHBHbIM MOAyJeM. JleHcTBH-
TeabHO, NycTh X — neBbill A-Moayab U f — roMomopduaM noamonyas X’

moayas X B A-moayab F. lepexonss kK AyaabHEIM 0oODbeKTaM, NOJAYYUM
romoMoppusm f: F— X’ u, B uyacTHOCTH, Tak Kak F BxJaibiBaeTcs

B F, romomopdusm F B X'. Ho X sBaserca mnomMonytem X,
a T -— VHDEKTUBHLIi MOALY/Tb, MOSTOMY X ects ($hakTop-MoNy/b X.
B cuay npoektuBHoctu F romomopdusmy f:F—)X’ COOTBETCTBYeT
FOMOMOpCbHE{M F—)X, KOTOpHIH 1O AIBOHCTBEHHOCTH Olpelaeaser roMo-

Mopdusm X — F, npopomxaomut f, U TeM Oonee TNpoaoMmKeHHe f
Ha X. CrnpaBeiuBOCTL TEOpeMH BhITEKaeT W3 TOro, 4ro L sBaAsieTcs

noamMonyaem B F,

2*
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Mpl OCT4B/IAEM UHTATEN0 BO3MOXHOCTL yOEAMTbCH C MOMOLIBI) Npe-
IbiAyulero pesy/abTaTa B TOM, 4TO M00Yae L unsexmusen mozda u
moasKo moz20a, Ko20a OH SBASEMCS NPAMBM Crazaemoim 4106020
MOOYASL, €20 cO0epacau,ezo.

OueBuaHO, uTO N1 MHDBEKTHBHHIX MOLyJe# MMeeT MeCTO pesyabTaT,
nono6ueit Teopeme 1.3.2. Ero ¢oOpMy/MMpPOBKY M I0KA3aTeILCTBO MBI
OCTaBJIiEM YHTATENIIO.

1.5. TeH3opHble Mpou3BeneHH.

Mycrts L — npaswli A-monynb u M — sesoidi A-monyab. O6pasyem
., cBoboanyilo abeneBy rpynny (L, M), 6a3o#t KOTOpOH sABASeTCd MHO-
wectBo L X M, u paccmotpum B (L, M) noarpynny NA (L, M), nopo-
KIEHHYIO dJeMeHTAMU BHRA

(X" 4= x", y)—(x', ») —(x", y),
x, Yy +y)—(x, y)—(x, ),
(xa, y)—(x, ay),

rae x, x', x"EL, y, y, yEM n aC A. Tensopusn npoussedenuen
moodyzeil L u M naswiBaercs abeneBa rpynmna

LEM=(L, MYN , (L, M).

O6pas napu (x, y) B L@ M o6osHauaerca uepes x @ Yy. IIeMeHTH
A

TAKOro BUIA nopoxaaloT L & M, n uMeloT Mecto ¢opMysl (x' + x") @ y=
A

=x"@y+x"®}Yy, ..., COOTBETCTBYIOLIHE ,COOTHOIIEHUSAIM®, HATOMEH-
HbIM Ha cBoboanylo abemeBy rpymny (L, M).

IMycts G — nekoropas abeaesa rpynna. Orobpawenue f: L X M— G
HasblBaeTcd GuauHelHsiM, ecan Nas Moboro 3anaHHoro y (cooTeer-
CTBEHHO X) oroOpawxeHwe x> f(x, y) [coorBercTBeHHO y->f (X, V)]
sBasercs roMomMopdusamom abeneBHX Tpynn K ecAd, KpoOMe TOrO, uMeer
MecTo ToxAecTBO f(xa, y)= f(x, ay) aia kawiaoro a € A. Hanpumep,
CyllecTByeT KaHOHMYeCKOe OuiuHelHOoe oToOpameHHe

LXM-—>LRM,
A
a uMeHHo (x, y)—>x ®y. Doree toro, xascdoe GunuHeliHOe oTOOpaxe-

Hue L X M— G nofydaerci KOMOO3ULHeH nperblayllero OTOOpaKeHHS
¢ HeKOTOPHIM roMoMopduamMoM abedesnx rpymn L@ M—G.
A
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Ecau paccMarpuBath A kak mnpaBubi#h A-MOmyanL, TO 48 BCAKOTO
AeBoro A-monyas M uMzeT MecTo KaHOHHYeCKu# HsoMopdusm A @ M = M,
A

nonyyaeMuift 0TOXIECTBAEHHEM @ @ m ¢ a - m.

Mycte A u A" — nBa xoabna, L u M — cOOTBETCTBEHHO NpaBbIft U
nepbift A-monyau, L’ n M’ — cooTBercTBEHHO NpaBuift H JaeBbit A’-Mo-
aymu. [lycTh, kpoMe TOTO, NaHel roMoMopdusMm xonen u#:A—> A" u
romoMopduamsl f 1 L—>L' u g: M— M’, coBMecTuMbe ¢ 4, T. e. [ U
g — roMoMOphHaMbl a6e/eBHX TPYNIN, YAOBJIETBOPSAIOIINE YCAOBUSM

fay=f(x)u(@), gay)=u(a)g®y)
B sToM cayuae Hafinercd OMH U TOABKO OAMH TOMOMOpQHUIM

SR LIM—>L QM,
A A’

KOTOPHH TepeBoauT X @y B f(x) D g (V).
Teopewma 1.5.1. Ecau dana mounas nocae008ameAbHOCMY NPABLLY
A-mo0yaed
X i x x50,

mo 048 8cAK020 aego2o A-modyas Y coomsemcmsyou,as nocaedo-
8QAMEAbHOCHLL
Xy Ll8Lxey £2LXx gy >0
A A A

mo4Ha.

MonowuM f@1=f" u g&1=g’. EauHCTBEeHHEIM HeTPHBHANbLHBIM
MyHKTOM B [OKa3aTe/lbcTBe sABAseTc yreepwxienue Ker(g)clim (f7).
Monoxum M == f (X") = Ker (g). Slcno, uto Im(f’) aBaseTca moarpyn-
not B XQ@Y, nopoxnienHoft npousBeisenuaMu m @y (meM, yev).
Beakuit x” € X7 npeacraBum B BUle g (x), TAe X OLHO3HAYHO ONpeleseH
no wMoayao M. MoxHo, cnenoBarenbHO, ONpelenuTh OHIHHe#HOE OTO-
6paxenne X' XV > (XQY)/Im(f) dopmyaot (x”, y)—> xRy, rie x
onmpeleasercs ycaoBueM g(x)=—x". ITo OuIuHelHOe oOTOGpaNKeHUE
onpeleser roMomopdpusm X' QY > (XQY)/Im(f’), xoropu#t nepe-
BOINT g (x) @y B KJaacc ajieMeHta x ® Vv no Moayrwo Im (f’). Komnosu-
uust sToro romomopduama ¢ g@1 =g’ pasia 0 na Ker(g’). 3ro,
OYeBHAHO, 1OKasbiBaeT BkaAwouenue Ker (g/)cIm (f7).

Ecaun romomoppuam X’ — X gBisieTcs MOHOMODP(HHU3MOM, TO TOMOMOP-
busm X' @Y > X®Y, Boobuie ropops, He O6yleT MOHOMODP(UIMOM.
Onnako oH Gyzer MoHOMOphH3MOM, ecau Y -— c80600HbE MOLyJb.
Boobute ecau nepnit A-monyab Y o6nalzaeT TeM CBOMCTBOM, uTO AJ1
8cakoz0  MoHoMopdusmMa X' — X  COOTBeTCTBYWOLIHH TroMOMOpPGH3M
X QY >XQY saBasercs MOHOMOPPHUIMOM, TO MOLyab Y HaswiBaercs
naockum. B § 5 Mbl 1anuM ,BHYTPEHHIO“ XAPAKTEPHCTHKY MIOCKHX
A-monayaet.
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1.6. MHLYKTHBHbIE MpeneJbl.

Mycts [ — nanpasaennoe ynopsadoiednoe mnoxcecmsol). Tlpenno-
JOKMM, uTO 3auanbl MuoxectBa E; (i€ /) u uro maa Bcako# mapwm (i, j),
TakoH, uTO [ > j, 3a1aHO OTOOpaxeHue

i
fitE;—>E;,
NpHYEM BHIMOJHEHB! ClelyLiMe YCJIOBHA ,TPaH3UTHBHOCTH®:
i . i i . .
fi=1 onaa Bcex i fk:f{eofj g > 7>k

B mHoxcecmee, ABafouemcs 00vedunenuem 8cex E,;, BBeleM coor-
HOLIeHHe SKBHBAJAEHTHOCTH, COTJAACHO KOTOpPOMY OyileM OTOXIAECTBJAAThb
x,€E; n x;CE; TOoria M TOMBbKO TOra, KOTJa MOXHO HAaWTH WHIeKC
k<1, j, Tako#, uTo flé(xi):f{e(xj)- CootserctByoiee  daKkTOp-MHO-
KECTBO HA3LIBAETCH UHOYKMUBHOLM Npedesom 2y muoxects E; (otHocu-
TeJbHO 3aJaHHHIX OTOOpaxceHui f,’-); ero 0603HavalT

E=lim ind E,.
1

JLas BCAKOTO [ MMeeM KaHOHHYeCKOe OToOpakeHue

fE,—>E,
KoTopoe 06JanaeT CiaelyIOHMU CBOWCTBAMMU:

@ ff=/rofl ana i< .

(b) lag toro urobum f(x;)== f/(x;), Heo6XOZMMO H I1OCTATOUHO,
urobhl f5(x,)= f%(x;) npn nexoropom k <i,J.

(¢} O6venurenue B E obpasos fi(E,) cosnanaer ¢ E.

C npyrofl CTOpOHBEI, HMeeT MeCTO ,CBOHCTBO YHHBEPCANBHOCTH®:
nycTh 3afaHbl MHOMecTBO F u orobpaxenus h':E,— F, Takue, uto
B =h'of] nns Bcex < j; TOrMa CylleCTBYeT Takoe OTOOpaxeHHe
h:E—~>F, uro hi=ho f! pna Bcex i, u 9T0 OTOOGPAKEHUE €IHUHCTBEHHO.

Ecan E, ABAAIOTCA rpynnaMu (COOTBETCTBEHHO KOAbUAMH), a f;—
roMoMopdusmMaMi rpynn (COOTBETCTBEHHO KoJjel), TO fACHO, 4To Ha E
MOXHO BBeCTH (KaHOHMYeCKMM 06pa3oM) CTPYKTYypy rpynmnb (COOTBeT-
CTBEHHO KOJblA) Tak, yrobbl f! Obiiu npu 3TOM roMoMopdu3MaMH.

BooGuie npennosoxuM, urQ a8 Kaxaoro [€[ saname KoJabUO A,
npasbit A;-Monyib L, u jeBwmit Ai-moayan M;. TlpeanosoxuM, KpoMe
TOTO, 4TO A1 [ > j 3aaanel roMOMOpdHU3MEI KOJell

i
uj -Ai’_’Aj

) To ecTb HYaCTHYHO YNOPAAOYEHHOE MHOMECTBO, A KAXIBIX NBYX 3Je-
MEHTOB i, /| KOTOpPOro HaiifeTcs Takod k€ [, uto k=si, k= j.— Ilpun. peg.

2) B pyccko#i auTepaType ynoTpeGaseTcs Takme TEPMHH ,IpeRe] mpsMoro
cnekTpa®. — [Ipum. peo.
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1 TOMOMOD(H3MB! TPy
f;l:Li——>Lj, g;':Mi——>Mj

COBMECTHMBIE C uj’. [Tycrb

A=limind 4;, L==\imindZ, M=limindM,

Torna Ha L cyuwecTByeT cTpykTypa npasoro A-monyns, a Ha M — cTpyk-
Typa nesoro A-moayas, npuyeM oroGpawxenus f! u g! ABAAIOTCA rOMO-
Mop¢uaMaMu abesieBHIX TPYHI, COBMECTUMBIMH C TOMOMOPGHM3MaMH KO-
Jew ul,
[lpu Tex e MNPeLNOJOKEHUSX CYujecmsyem KAHOHUYeCKul u30-
MopPHu3m
LRM=limind L, Q@ M,,
A A
NnpuUyeM HWHIYKTHBHBLI mpejen B mnpaBoi yacTu paBeHcTBA OepeTcs OT-
HOCHTe/JbHO CceMeHcTBa TOMOMOP(U3MOB f;@g;, a YKa3aHHb# Bbille
H30MODGH3M MONKHO MOJYUYUTb U3 PACCMOTpPEHHS TOMOMODP(HUIMOB
[iRg: LM, —>LM.
A, A
1
[TpoBepka Bcex 3TUX yTBep:KIEHUH, He MpenCTABAAILAS HUKAKHX TPYyn-
HOCTeH, OCTaBJSETCH YUTATEIO.
OTMeTHM eluie cJelyloliee YTBepKieHHUe, OTHOCALLeeCS K TOMY ke
Kpyry wuleHi: unHOYKmusHsiii npedes moO4HbIX NOCAE008aMeLbHOCTELN
ecms CHO8a moOYHas nocredosamensvHocms. JIPYyruMH CIOBaMu, MyCTb

3a1anbl MHAYKTHBHAsA CUCTEMa KOJeu Ai U HHAYKTHBHBIE CHCTEMBbL MOAY-
aett L) L, L7 06pasyioliux Ias KamaOro i TOUYHYIO TOCJENOBAaTE b=

"HOCTB
B 4 14
Li-—)Li—>Li,
npuyeM AJs £ > j Anarpamma
14 ”
Li—>L,‘—>L[
v,
Lj——)Lj —>Lj
KOMMyTaTuBHA. Toraa, ecau TNOMOKUTH
4 . - 4 . . ” N . ”
L =limindL,, = lim ind L;, =limind L;,
TO TOCJIeN0BATENbHOCTDL "MOLY/Iel U TOMOMOP(H3IMOB
L —>L—>L",

NOJy4eHHass OYeBHAHBLIM CNOCOOOM M3 3aMAHHBIX TOYHLIX MOCJEIOBATE/b -
HOCTeH, - TaKKe TOYHa.
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1.7. Kateropun ¥ QyHKTOpHL.

B nanbhefmieM HaM NOHANOGATC HEKOTOphle CBelleHHss O KarTero-
pUsx M QyHKTOpax. MHb HM3J0XKHUM HX CefyaC C BOZMOXKHO 6ojee ,Ha-
MBHOH® TOYKH 3peHUs.

Kamezopus — 310 cobpanne ] 006bEeKTOB (KOTOpOE MOMKeT u He
6biTh MHOXECTBOM B CTPOTO MaTeMaTHYECKOM 3HAYEHUH STOrO CJ0Ba),
TaKoe, uTo:

(a) Das mo60#t napu 06nexToB X, Y € & 3anano unoacecmso Hom (X, Y),
3JIEMEHTH KOTOPOrO HAa3bBAOTCA 22MoMOIpPpusmant o6sexma X g Y.
Bmecto f & Hom (X, ¥) vacto nuwyr

[ X—>Y.

(b) KakoBel 6b1 Hu Obuin 06bekTH X, Y, ZE R, onpeneneno 0To-

6paxeHue
Hom (X, V) X Hom (Y, Z) —Hom (X, 2),

xotopoe o0603HayaoT (f, g)—> go [ W Ha3LIBAOT KoMNOZUYuwed 20M0-
MOpPu3Mmos ).

Hpu STOM JHOJXKHBI BBIIIOJHATHCH CJ'[ellleL[lPIe JABe AKCUOMBbI:

(K1) Ecau 3a0ans comomoppusms. f: X—>V, g:V—>Z, h:Z—>T,
mo

ho(gof)=(hog)ef.

(K2) Has raoscdozo XER cywecmsyem Maroi 20MOMODPUIM
ex: X—>X, umo exof—Ff 0an awbozo f:Y—>X u foex—f 0an
awbozo0 f:X—Y (roBOpAT, UTO ex eCTb MONCOeCMBEHHO6LE WU edu-
Hutnod roMomopthusM o6bekTa X B X; o06pidHO ero 0603HavamoT 4Ye-
pe3 e WA jaxe 1, eCM KOHTEKCT JaeT BO3MOMXHOCTb H30exaTb Helo-
pasyMmeHu#).

Hanpumep, TONOJAOTHYECKWE TNPOCTPAHCTBA 0OpPAasylOT KaTeropuio,
ecan onpesneauts Hom (X, Y) kak MHOKeCTBO HempepblBHHIX OTOGpa-
weHU# mpocrpaHcTBa X B Y, a KOMMO3UUHMIO TOMOMODGHM3MOB TaK, Kak
370 O6HIYHO JenaeTcsi. TOYHO TaK Ke JeBble MOAYJIH Haj 3a1aHHBIM
OCHOBHBIM KOJbLOM OGpa3yiOT KaTeropuio NDH eCTeCTBEHHOM onpejeJe-
Huu MHoxecTB Hom (X, Y) u xomnosuuuu romoMop¢usmos.

Mycts X u Y — nBa o6vexta kareropuu K. [oMmomopduam u: X —>V
Ha3hBAOT u30MopPuamom obbvexra X Ha Y, ecaum cylmectByeT rOMoO-
MopousM v: Y — X, yAOBIETBOPAIOMIUA YCIOBHIM

UoY—=ey, Voll =—~8Cxe

Kaxno#t kateropuu K coorsercTByer 0yassrasn Kamezopusn &, onpe-
JeasgeMas  caenyiowM o6pasoM: obbexkTaMu Kateropuu K" ABAAIOTCA

1) HekoTophle aBTOpH TOBOPAT ,MOPPUIM® BMECTO ,rOMOMOPUIM®.
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o6bexkTsl M3 ®, HO ecld NaHb IBa TakHx o6bekta X u Y, To K-
romomoppusMom X — Y OByner, mo onpenenenuo, K-romomopdusm
Y —> X. Komnosuuus romMoMopdusMoB B K* ompejenseTcs Tak we, Kak
B Kareropuu R.

[MycTsb R n & — IBe KaTeropuu; noj KOBAPUAHMHbLM BYHKMOPOM

F: 8-> &

noHUMalOT 3alaHue ob6bekta F(X)E R’ npam kaxaoro XE K u romo-
mopdusma F (u): F(X)— F(Y) nas xaxnoro romomopdusma u: X—Y,
[lpd 3TOM [OMKHB OHITb BHINOJAHEHB C/AEAYIOUIME JBA YCIOBUSA: eCAU
U~ MmoNcOecmBeHHull 20 MoMmoOpPussm, mo u F(u)-— moscoecmsennolis
20MmOMOpPUIM;

F(uov)y=F (u) F (v)

8cez0a, Koz0a 3MO COOMHOULeHUe uMeem CMbiCA.

Hanpumep, nas xaxaoro AC & dopmyra X—Hom (4, X) onpene-
JSeT OYEBUAHHIM 00pA30M KOBAPHUAHTHHIM QYHKTOp Ha & CO 3HAUEHHAMH
B KATErOPUM BCEX MHOMKECTB.

s 3anaHHBIX KOBapuantHeix (GyHxropoB F: R —>& u 0: { —> &’
OYEBUIHLIM 06PA3OM omnpenenserca koMmnoauuus yurropos Go F : § — &”.

Ecnu sananb nsa kosapuantheix ¢ynkropa F,G: & — &', 10 20-
MOMOpPUIMOM (WIH ecmecmBeHHbl M npeoépasoaaﬂuem) ¢dyukropa F
8 (G HaswbiBalOT 3amanue 1as Kaxaoro X C® romomopdusma T(X):
: F(X)— G (X), Takoe, uT0, Kakosbl 6b1 HU 66t X, Y € K u 2 € Hom (X, Y),
cAelyollas AMarpaMMa KOMMYTATHBHA

Fx) 225 F ()
T(X)| 7@y
G(X) 99, G(y)

B kauectBe npumepa paccMotrpuM Kateropuio &, nBa o6vexra A, BER
n oyukropet X—>Hom(A,X) u X—Hom (B, X). Kaxau#t romomop-
¢usM ¢ : A— B onpejenser roMoMopdusM BTOpPOro ¢yukTopa B nepBhifl,
KOTOPHIY INOJAyuaeTcd, eCAH COMOCTABUTL KawAoMy X € R orobpaxeHue
u—uot muoxectsa Hom (B, X) B Hom (A4, X).

Ilpenblayuine - pacCyxJeHus MPUMEHAIOTCS TaKKe K KOHMpasapuarnm-
o gynxmopan | — R, onpelenseMbiM KaK KOBADHAHTHHE (QYHKTOPHI

K —> K™,

1.8. AGeneBnl KATeropu.

Addumusnoil kKamezopueil HA3LIBAIOT KaTeropuio &, B KOTOPOY /s 10
6uix X, Y € R na muoxectse Hom (X, Y) onpenenena cTpykrypa abesesott
TPYNIb TaK, YTO BHLINOJAHEHA CJAeLYIOUIAf AKCHOMA:
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(KAl) Kaxosor 6oo nu 6oau X,Y,ZER, Kanonuseckoe omobpa-

JHcenue
Hom (X, V) X Hom (¥, Z) > Hom (X, Z)

Ouauneino.

Hanbonee BaxHbIMH CpENM ALIHTHBHHIX KaTeropudt ABAAIOTCA Te,
B KOTOPHIX MOXHO Da3yMHbIM O00pa3oM ONPEAeTUTb MOHATHE mMmOYHOH
nocaedogamessiocmu. Mupl cefuac MoKaxeM, KaKMM 06pasoM 3TO MOXKHO
CLeNaTh.

PaccMorpuM romoMopdusm

u:A—> B

B annuTueHOM kateropun K. HasoseM sdponm romomopdusaMa u mnapy
(N, J). obpasopannyw o6bekToM N ER M roMoMoppuaMoM (KOTOpPHIH
Ha3bLIBAOT ,KaHoHuueckuM“) j: N -—> A, yI0BATBOPAOWIYIO CJELyIO-
IeMy YCAOBHIO: 04 46020 XE K nocredosamesvrHocms aesessx
epynn

0 — Hom (X, N) - Hom (X, A) %> Hom (X, B)

mouna. ITO, OYEBHAHO, O3HAYAET, 4YTO IS 3alaHHOTO TOMOMOpP{H3MA
f:X—> A umeem uo f=0 Ttorza u ToAbKO TOrIa, Koraa f pasaaraercs
B KOMMNO3NLHIO TOMOMOD(HU3IMOB

XLI»NJ-»A,

M YTO, KpOMe TOro, 3TO Pa3fiokeHWe TOMOMOpGHI3Ma [ eIUHCTBEHHO.
W3 sToro ompenedenus HeMenJseHHO caenyeT, urto napa (N, j) enun-
CTBEHHA C TOUHOCTBIO A0 u3oMopduaMma, 1. e. ecau (N, j) u (N7, j/)y—
1Ba siapa TOMOMOpdH3MA #, TO CYLIeCTBYIOT TakHe B3aUMHO OOpaTHble
TOMOMOD(HU3MbI

iI:N—>N', ":N —N,

uto j=j'ci, j==jcl.

_Ananoruuno xosdpom roMmoMopdu3Ma # Ha3HBAT MO0YI0 TaKyl
napy (J*, N¥), o6pasosanhyw obvexktom N*E R u romoMopdu3MoMm
J*:B— N*, uro aan kaxioro Y ER nocrenosatenbHocTs abeneBhx
rpynn

0-—>Hom (N*, ¥)—LsHom (B, ¥)—“>Hom (A4, Y)

TOYHA. DTO 3HAUUT, 4TO ToMoMopduam g: B —Y yrosiaersopder ychio-
BHIO gou==0 TOrAa W TOJALKO TOTIa, KOTA3d g DAa3Jaraercf B KOMIO-
3MILHI0O TOMOMOD(UIMOB

B L N &y,

H, KpOME& TOro, 4To 9TO pasioxeHHe eauHcTBeHHO. Kak M Bbllle, JAerko
BHIETb, UTO KOSIPO roMoMoppHu3Ma «, eCId OHO CYLIeCTBYeT, elHH-
CTBEHHO C TOYHOCTbIO 1O M3OMOpdu3Ma.
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ByneM mnpeimoaarartb Tenepb, uTo & YAOBAETBOPSAET caelymomieft
aKcHoMe:

(KAQ) Has wascdozo zomomoppusma u: A— B cywecmsyem no-
cne0o8amenbHOCIY

N-Ii,a Ps; P,B ~>N*
06vexmos u3 & u 20MOMOPPHUIM08, 064a0010UWAR CACOVIOUUMY CBOL-
cmganu. (N, j) asanemesn aopom eomomopusma u, (j*, Ny — xosopon
u, (I, p*) ecmo a0po 2omomopgpusma j*,(p,I)—xoadpo j, u moi umeen
= p*op.

dcHo, uTO 4/ 3aJaHHOTO 4 TOC/eNOBaTe/bHOCTb, CyleCTBOBAHME
xoTOpoft yTBepxaaer axcuoMa (KA2), eIuHCTBeHHA ¢ TOMHOCTLIO 10 U30-
vMopdusma. [oBopsar, yro mapa (/, p*) ectb o6pa3 romomopdusMa u,
a mapa (p, I)— xoobpas u.

YKaxeM raaBHbie caencTsus u3 akcuomnl (KA2).

Ipexae Bcero B KaTeropun K cyuiecTByeT HV.2e804 o6sexm, 060-
sHayaeMbt 0, KOTODBI XapakTepuayeTcs C TOYHOCTBIO 10 M30MOpdU3Ma
TeM, yro abenera rpymna Hom (0,0) cocToOUT 43 eIMHCTBEHHOTO Hyle-
BOrO 3JeMeHTa. Jlas 3TOro JA0CTaTOYHO PaccMOTpeTh AApO eIMHHYHOTO
romoMopdusma X — X 1aa uekoroporo X € K.

Ouesunno, Hom (0, X)=Hom (X, 0)=0 mns moboro X¢C K.

C apyro#t CTOpDOHEI, roBopsaT, 4TO romomopdusm & : A— B aBasercs
MOHOMOPPU3MOM (COOTBETCTBEHHO INuUMOPHUIMOM), €CIU ero SApPO
(COOTBETCTBEHHO KOSAPO) eCTh Hyab. [IpeiNnoJomuM, YTO & — MOHOMOp-
dusm. as xaxaoro X orobpawenue Hom (X, A)—Hom(X, B), uu-
IyLHPOBAHHOE TOMOMOPGUIMOM «, SABARKETCS B 3TOM CJyyae MOHOMOp-
¢usmoM, T. e. uo f=0 Bsaeder 3a cobott f=0. OueBunuo, 4ro 310
CBOHCTBO XxapakTepusyer MoHOMOpduaMbl. PaccmorpuM, kpome TOrO,
koobpas (p, /) nas u. Tak kak (p, I) saBAsgeTcs KOAAPOM HYJA€BOrO TO-
MoMopduaMa, TO Aas Kaxaoro Y € K romomopdusMm p HMHIyHHpyer
otobpaxenne Hom(/, V)—Hom (A4, Y¥), xoropoe spasercs usoMopdus-
MOM; CJAeN0BAaTeNbHO, p ecTb u30mopgudm obbvekra A Ha /.

TouHO Tak e, ecad NPeANOJOXKHTb, YTO 4 — 3NUMOPU3M, TO NO-
JyyaeM, 4TO KaHOHHYeCKHH roMoMopdusm p*:[— B ectb usoMopdusm.
[ToatoMy, 045 mozo wmobws u: A— B 6bin nsomopdusmom, Heobxo-
Oumo u 00CMAMOUHO, 4MOOL it Gbla MOHOMOPPUIMOM U INUMOPPL3-
smom. OTMeTuM, MeNy MPOUMM, 4TO, KaKOB 651 HU Obla roMOMOpdU3M £,
romoMopdusmbnl j u p*, durypupywouue B axcuoMme (KA2), apasiorcs
MonomMopdusMaMu, a romoMopdusMsl p U J*-— snuMopduamMamu,

PaccMoTpuM Teneps roMoMOpdH3MbL

. AX2sB %5,
Takue, 40 vou=0. Ilyctv [—ob6pas u, a N—sanpo v. Tax kak
vou=0, TO u pasjaraeTcs B KOMIIO3UUUIO

A——'T—>N——j~>B,
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rie BTOpas cTpeaxa 0603HauaeT KaHOHHueCkuh romomopdusM obbekra N
B8 B. Tak KaKk jou aHHy/JuMpyeT AP0 # M TaK KaK j — MOHOMOpP(H3M,

TO u aHHYJHpYeT 84po roMoMopbusama u. ITosTOMy # pasnaraerca B KOM-
NO3UUUI0 FOMOMOP(H3IMOB

A—’”—)]j»N,

roie p obosHayaer KaHoHudyeckuH snumopdusm obvexkra A Ha /. B pe-
3yJbTaTe MOJY4YaeM, 4YTO CYUIECTBYeT BIOJIHE OlIpejeeHHbi roMoMop-
¢uam Im (z) —> Ker (v), TaxoH, 4to u pasjaraercs B KOMIO3HULHIO [OMO-
Mop¢du3MoB

A —> lm () =% Ker (v) — B.

TIpH 3TOM ACHO, YTO 4 — MOHOMOPPUIM, TAK KAK NPH €r0 KOMIO3H-
uuH ¢ romomopdpusmom Ker (v) — B noayuaercss Modomopdusm [m (1) — B.
ByzeM roBopuTrb, 4Yro noc/enoBaTe bHOCTb (1) aABAgeTCA MO4HOI,

eciu Vou==0 u ecaum u apasercs uzomopgusmor. Tlonsarne TOUHOM
N0CJ/IeJ0BATENbHOCTH, COCTOALLEH M3 NPOU3BOJLHOIO YHC/Aa YJAEHOB, Bbi-
BOAMTCA OTCI0Ja OYEBUAHBIM 06pasoM.

Hanpumep, romomopduam u : A—> B gBaseTCs MOHOMOPGHU3MOM TOT 1a
M TOJBKO TOrAd, KOria mnocaenoBareabhocts 0-—> A—» B touna. Ka-
KoB Obl HU Obl1 4 : A— B, UMeeM TOUHYIO NOC/AeLOBATELHOCTD

0 — Ker (#) - A—%> B — Coker (u) — 0.

Bce cooTHolieHMs, CHpaBeiuBble JJs TOUHBIX IOC/AEA0BaTe/bHOCTEH
MOLyJeH, ABIAIOTCA CNpPABeLJIUBLIMM M 31eChb ).

Paccmorpum, ¢ apyro#t cropoubl, ase kareropun & u &, yiosae-
TBOPSIOLINE NIpeJbIAYIMM aKCHOMAM, U KoBapuanThulll dynkTop F : & — &',
[osopar, uro F sapasercd adoumusnuim @BYHKMOPOM, eCIH NPH JIOOLIX
X, Y €8 orobpaxenne Hom (X, V)— Hom (F (X), F(Y)), uuayuupo-
BaHHOe ¢ynkropoM F, ectb roMoMopdusm aleneBblx rpynn. ARIMTHB-
HblH QyHkTOp F HasbiBaeTCs MoO#HbIM CA€8G, ecAn OH mnpeobpasyer
KQKAYI0 TOUHYIO INOCIENOBATENbHOCTh

0> X->Y—>2Z
B TOYHYIO IOCJAeL0BATEIbHOCTD
0—>F(X)—>F({)—F (),

U MOYHBLM CHAPASA, €CAU OH INpeobpasyeT KaxAyl0 TOYHYIO NOCJAeNO-

BaTe/JbHOCTb
X—>Y—>2Z2->0

1) 3uauuteabHo O6oJjee MOJHbIE CBEJEHUS [0 3TOMY BONPOCY MOXHO HaHTH
8 ctatbe [I. Bykc6ayma [Buchsbaum D, Exact categories and duality,
Trans. Amer. Math. Soc., 80 (1955), 1—34]. (Pycckuli nepeBol HMEETCHA B 10-
GaBienuu K xHure: Kapran A, DHaenbepr C., ['omonorudeckas anreodpa,
W1, M., 1960. — [Tpunr. ped.)
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B TOYHYIO IIOC/ENO0BAaTe/IbHOCTb

F(X)—>F{Y)—~>F(Z)—0.

Ecau F sB/sieTcss TOYHBIM CJeB3a M TOYHBIM cnpaBa, To F HasbiBaercs
mounsim HyHKTOpPOM. SlcHO, 4TO B 3TOM c/ayyae F npeofpasyerT Kax-
Lyl0 TOYHYI0 IOC/IelOBaTelbHOCTh B K B TOYHYI0 IOC/IeNOBATENb-
HOCTb B K.

B kareropun &, ynosaersopsiowedt axcuomaM (KA1) u (KA2), umeer
CMBIC/I TOHSATHE HNpPOeKmusHoz0 (COOTBETCTBEHHO WHBEKMUBHO020) 00D-
exta. O6beKkT A ABAAETCS MPOEKTHBHBIM, ecan pyHktop X — Hom (A, X)
ToyeH, B obflieM cayuyae 3TOT (PyHKTOP ABJIAETCA TOJbKO TOYHLIM CJeBa.
TouHo Tak e A sBJAeTCH UHBEKTUBHBIM, ecid pynkTop X — Hom (X, A)
ToyeH. PasyMeercs, He Bcerja cyllecTByeT ,JNOCTATOYHO MHOTO“ IpoOeK-
TUBHBIX HJIH HHBEKTHBHBIX OGBHEKTOB.

Yro6bl NONyuHTb NMOHATHE glenes0li Kamezopul, HaM ocTaercs cdop-
MYyJHpOBaTh aKCHOMY, KoTOpasi OOecrleudBaeT BO3MOXHOCTL 00OpasoBa-
Hust 8 & npamozo npoussedenusn AByx 06bEKTOB.

(KA3) Kaross 66 wu G6oiau A, BER, cywecmsyiom obsexm CE R
U 20MOMOPPUIMYL

p:C—>A, ¢q:C—B,
maxue, umo 0aa xascdozo XE K omobpascenue
Hom (X, C)— Hom (X, A) X Hom (X, B), .

3a0anHOe POPpMYA0lL u—>(pPoll,qou), ABAAEMCA UIOMOPPUIMOM,

Slcio, uro Tpo#ka (C, p, @) eNMHCTBEHHA C TOYHOCTbIO 1O H30OMOp-
¢usMa. C Apyroi cTOpOHB, JErKO NPOBepPUTb, YTO CYLIECTBYIOT TaKue
KaHoHMYeckue roMoMopousmul {: A—>C u j: B—C, yT0 cnpaBeiuBhl
paBeHCTBA

qoi=poj=0, poi=gqgoj=ioptjog=1.

C 3ToMt TOYKHM 3peHus NpaMoe NpouspeleHHe 06bekTOB A W B MOXHO
paccMaTpuBaTh KakK ,NpAMYI0 CyMMy“ o6bexkToB A u B.

Tak kax axcuoMbl (KA1) u (KA2) spasiorcs, O4eBUAHO, ,aBTONYyasib-
HBIMH®, TO OTCIOAA CAEAyeT, YTO KATeropus, AyanbHas HeKOTOpOH abe-
JeBOH kaTeropuu, sasiasercs abe/eBoH kateropued.

Mbl papuM Tenepr BawHbIN npumep abeneBOH KaTeropuu — KaTero-
puH ,TpeAnyYyKkoB abe/eBLIX IPynn“ Hal TONOJOTHYECKUM TPOCTPAHCTBOM.
Mu yBumuM B ra, II, § 2, 4To Teopus NMyyKOB TaKxke NPUBOAMT k abe-
JeBbLIM KaTErOpUsM, KOTOpble COJAepKAaT NOCTATOYHO MHOTO HHBEKTHBHBIX
(HO He NpPOEKTHUBHHIX) OGBLEKTOB.
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1.9. Mpeanyuxu HAjJ TOMOJOrHUECKHM HPOCTPAHCTBOM.

ITycts X — Tonmosoryueckoe npoCTPaHCTBO. PaccMoTpuM MHOXeCTBO
BCEX OTKDBITHIX MOAMHOXeCTB mnpocrpancTea X. Ero moxHo paccma-
TPUBATh KaK Kamezopuro, €CAM YCAOBHTHCA, YTO MAf ABYX OTKPBITHIX
noaMHoxects U, VX muoxecrso Hom (U, V) cocrour us oaxoro 3s.ae-
Menta, ecau UcV, u gapaseTcs NyCTHM B NMPOTUBHOM CJyuae (Tak 4TO
ONpejesiTb KOMIO3HLHIO TOMOMOp¢dHU3MOB u3aaniune). Ecau Teneps 3anana
npousBYJbHast Kareropus &, 10 npedayixom ¢ Ga3od X u co 3naye-
Husimu 8 & HaspBAOT MI0OOH KOHTPAaBapPUAHTHBIM (PYHKTOD, OmpeneneH-
HbHI Ha KaTeropuu OTKPLITHIX MHOXecTB B X U cO 3HayeHHs MU B K.

CrenoBatenbio, MPEANYHYOK oF  COCTOMT B CONOCTABNeHHH OOBEKTa
F (U)E & xaxaomy orkputomy MHOXectBYy UcX W B 3agaHuu romo-

MopdusMa
o F V)—>F (U)

BcAxku# pas, xorna UcV. Tlpu sroM Tpefyercd, uroGb OBl BHIMNOA-
HeHBI CJeLYIOLMe AKCHOMDL: pff TOXIECTBEHHO, KaKOBO Obl HM Oblio Uj
eciu UcVeW, 10

W VoW

Pg =Ppyoby-
FosopsT, uTo pY ecTb roMmoMoppusm ozpanuuenus obvexra oF (V)
B oF (U).

Mycte F’ u oF 7 — aBa npeinyuka Hag X cO 3HaveHusMu B K.
Tak kak peyb HIeT O (PYHKTOPAX, TO MOXKHO BBECTH [OHATHE 20MOMOP-
gusma 0:F ' —F 7. IT0T rOMOMOPPHU3M ABAAETCA COGPAHUEM TFOMO-
mopdusmos H(U): F (U)—>F " (U), rtaxux, uro aas UcV nuarpamma

(V)

F (V) >F (V)

5()
F(U)y —>F "(U)
(B KOTOpOH BepTHKA/AbHBIE CTPEJKU ABJAIOTCH FOMOMOD(PUIMAMH OTpAHA-
YeHus) BCerna KOMMyTaTuBHA. Tak kak roMoMopdusm oF ' B oF 7 ABageTCs
9JIEMEHTOM MHOJNCECMBa

I Hom(F7 (U), F7(U)),
uvcx . -

TO TOMOMOP(U3SMBL MPEANYUKA oF ' B oF ~ 00GpasyloT MHOIHCECHEO, KO-
Topoe oGosHayaercs Hom (F /, oF 7). Onpeneassi 0ueBUIHHIM 06pPA3OM
KOMIO3HUHIO ABYX TOMOMOPDUIMOB oF —>oF ' 4 of ' —>oF 7, NoayuaeMm
OTCIOLA, UTO npednyixu ¢ 3a0afHoll 6a30d X u cO 3HAHEHUAMU 8 3a-
dannoii Kamezopuu K 00pas3yom HOBYIO KAMezOpusw.

PaccmorpuM Gonee uacTHbH cayuall, koria & saBisercsa aberesold
Kateropuell. B sTOoM cayuae kateropua rnpeanyuxkos ¢ Gazof X m co
3HaueHusamMu B & Takke sBigerca abeneBoft. Ilpexnae BCEro aCHO, 4TO
MuoxectBa Hom (F /., oF 7) sBasiorcs abeNeBbMH TPyNNaMu K Ipel-
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NyYoK oF sBaAseTcss HyJeBbiM, ecad oF (U)==0 nas Bcex U. Axcuoma
(KA 1) aBeneBbiXx KaTeropuit npopepsercs TpusHaibHO. Axcuoma (KA 3)
TaKe TPHBHANBLHA: MPAMas CYMMa of ==oF ' oF | MOJdyuaercs, ecau

MOMOKHTL F (U)y=F " (U)+F"(U)

M ONpeje/uTh OYEeBHAHBIM 06PasoM TFOMOMOD(H3MBI OrpPaHHYEHHS B oF
(BupOueM SCHO, YTO MOXKHO ONpPEeAeJHTb Jaxe - GecKoHedHsle TpsMble
CyMMbl U Oeckoueunsie npsmble npoussenenus). Ocraercs nposeputh
akcuomy (KA 2). Bosbmem romomopduam f:F ' —F 7. Ilas Kak1oro
oTkpuiToro mMuoxecrsa Uc X BeibepeM B kaTeropuu { noc/ieioBaTenb-:
HOCTB

N (U)LY g7 (U 29 g (U LG g (Uy LY, o0 (U)

obbexTOoB u roMoMopdusmoB Tak; urobw i(U), p(U), j(U) u q(U)
6Ll COOTBETCTBEHHO fIAPOM, KOOOpasoM, 06pa3oM U KOSILPOM TFOMO-
moppusma (U): F " (U)—>F " (U). B cuay npeamayiiero MNyHkTa
aas UcV cywecrpyef, u NputoM eOurcm8esHasi, KOMMYTaTUBHAA Aua-

rpaMmma
N V)=>F V)> FV)>F"(V)>N(V)

o0 o0 '
: :

v
N (V) —>F (V) (U)—>F " (U)—>HN" (V).

OueBunno, yro orobpawenus U —dN(U), U— g U), U-—sHN*(U)
onpenensoT Hax X NpeANyYykH CO 3HayewusMu B K, mpudeM romMoMop-
(U3MBl  OrpaHMYEHHs /Il ITHX TPEANYYKOB MOJAYYaAIOTCA C MNOMOLLbIO
npelsiayliedd auarpaMmei. TakuM 06pa3om, Mbi HMeeM IOC/AelOBaTeb-
HOCTh -

- QN}__i_)G?—,___q_)g__!_)Ju_q_)oNﬁ*

NpeAnyyYkoB M roMoMopdusmos. HenocpencTBenHO NposepAercs, YTO 3Ta
MOC/AEA0BATENBHOCTb B KAaTETOPHH MpEeANyYyKOB cO 3HaueHUAMH B § yzo-
BAETBOPAET YC/IOBHSM, chopMyiuposanubniM B axcuoMe (KA 2) aGeneBbix
Kareropufi.

Tax kax mpeanyuku Hag X co 3HaueHusMH B & o6pasyior abeneBy
KaTeropHio, TO MOXKHO OIpefe/UTh MOHATHE FHOYHOL ROCAE008aMEAb-
Hocmu npednywiog. UuTaTenb sierkO MPOBEPUT, 4TO A4 TOYHOCTH NO-
C/1eN0BATELHOCTH '

oo >F g > F > F > e

HeOOXOAUMO M [JOCTATOYHO, YTOOH A KaXZOro OTKPBHITOTO MHOMe-
cra U coorsercTBylomwas moc/ael0BaTENbHOCTh

e > F G U)>F ,(U)>F , (U)—> ...

6nia. TouHo#t B Kareropuu ®. MexAy mpouMM, 3TO TNOKA3HBAaeT, YTO AJfA-
106010 oTkpuTOro Muokectsa U ¢yukrop oF —>oF (U) mouen.



§ 2. OBLYUE CBEAEHUA 0 KOMRNNEKCAX

B sTom naparpade uepes A 0603HayeHO KOJBUO C eNMHHYHBIM
3jeMeHTOM 1),

2.1. IuddepeHunaibHble MOLYJIH.

Jegoim Jugpgpepenyuanvioim A-m0o0ysem HA3HIBAOT JdeBult A-MO-
ayas X €O CTPYKTypoH, ompernedeHHOH 3anaHHeM 3HAOMOpGu3Ma d,
yIOBJETBOPAIOLLEr0 ycaoBHIO d2 = 0. Yauie Bcero Mo 6yneM o6c3nauaTh
anddepenunansHet A-moayab onHOR 6ykBo# X, HO HpaBUibHEee-—U 3TO
MHOTJa Heo6X0nMMO — 0603Hauath ero depes (X, d), rie ABHO YKa3aHbl
n A-moayib X, u anddeperunan d.

Fomomoppusm f (X, dy— (X', d’) ectb romoMopdusm A-Moly.el,
nojuvHeHHull ycioBuI0 d’ o f = fod. JleBoie nuddepenuuansusie A-mo-
Lyaun 0o0pasyioT, OUEBUAHO, Kamezopuio.

OueBuaHbiM 00pa3oM omnpenedsiorcsd MOHATHS AUQdepeHIHATLHOMO
noaMoayas u auddepeniuanpbHoro gaxkTop-mony.s naHHoro nuddepen-
IHAJIbHOTO MOALYJs. MOXHO TOBOPHUTb TaKKe O TOYHBIX I10CJ/elL0BaTe/b-
HOCTAX ILU(depeHLHaIbHbBIX MOLYIEH,

Ilycte X — anuddepeHunansuuift A-monyab, [1o10xuM

Z(X)=FKer(d), B(X)=1Im(d).
Torga B(X)c Z(X), 4T0 1n03BOJsIET ONpeleduThb RPOU3BOOHBLE MOOYAb
H(X)=Z(X)/B(X)

ara X, JlioGo#t romomopdusM f : X — YV nuddepenunanbHeix A-moryael
orobpaxaer Z(X) 8 Z(Y), B(X) B B(Y) 1, caemosarenbuo, orupe-
neaser roMoMopduam A-monyae f*: H(X)— H(Y).

Takum o6pazoM, X — H(X) MOKHO paccMaTpUBATb KAK KO8APUAHM-
Hbld @@yHKmMoOp, onpelefieHHbIH Ha KaTeropuu LuddepeHinalpHuXx A-Mo-
nLynel, cO 3HaueHUAMH B Kareropun A-monyieft.

!) BoJbIMHHCTBO OmpenedeHud 1 pes3yabTaToB Storo maparpada Moxer GHTH
060611eH0 Ha Cayuall, kKOrja BMecTO KaTeropuu JeBhx A-MoAyneid paccmaTpu-
BaeTca NpOH3BOJbHag abeneBa karteropus. Mbl ocCTaBageM 4UTATEN0 JETalbHOE
uccaenonanne srofi Gosee obued cuTyauwu, KoTopas He Aullena (Kak MOKHO
ObII0 6bl AyMaThb) NMPaKTHYECKOIQ HHTEPECA.
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>TeopeM3 2.1.1. ITycme
0>X' Ls X £ X" 50

— MmouHan nocaedosamensnocms Ougepenyuarsrox A-modyaei.
Toz0a cywecmayem maxoi 20MomopPuU3m
0: HX")—> HX"),

H(X)

7N

HX") <& HX")

4O noCAe008ameAbHOCNL

Mmo4Ha. KpOMe mozo, ecau umeemcs KOMMYMamugHas 01102])0./%./%(1
MOUHBLX NOCAE00BAMEABHOC LN

0> X o> X—>X">0
o | e

¥ ¥ ¥
0—->Y >Y >V >0,

mo Ouazpamma .
H(X") 25 H(X")

u*l l'u*

HY"-25 H(Y’)
KOMMYMAMUBHA.

Fomomopdusm 0 onpenenserca caenywouum ofpasom. Ilycts &€
€ H(X"); BosbMem sseMent 2”7 € Z(X"), npencrapasiomut &7, Tak kax
g — 3NUMODGHH3M, TO MOXKHO 3anucath 2’ = g (x) Jd HeKOTOporo x & X,
[Tockonbky g(dx)==dz"=0, 10 BcaeactBue rtouHoctu dx & f(X') u
gaxe dx = f(2’), rae dz’ =0. C gpyro#t cTOpoHb, Tak kaxk Im (f)==
= Ker (g), 10 3JeMeHT x onpejejeH OLHO3HAYHO C TOUYHOCTHIO AO 3Je-
MeHTOB Buia dy-+ f(x’) u, crepoBarenbHo, dX onpefefeH OIHO3HAUHO
C TOYHOCTbIO 10 5iaeMeHTOB BUaa f (dx’). Tak kak f— MoHOMOpP(DU3M,
TO 5JeMeHT 2’ onpejeleH OJHO3HAUHO NO Moayaiw £B(X’) u, cienosa-
TeJbHO, onpeneaser kaacc & € H(X’), KoTopu#t 3aBHUCHT TOJIBKO OT &7,
I'omomopdusM 0 npeobpasyer £ B &,

Jlokasare/bCTBO STOH TeOpeMbl OCTABJACTCA UHMTATENI0 B KAYECTBE
yNpaxKHeHHs.

Crenyowufi BaxHBIH pe3yabTaT COCTOMT B TOM, UTO PYHKMOp
X—> H(X) cosmecmum ¢ nepexodom K UHOYKMUBHWIM npederan.
JleHcTBUTENBHO, BO3bMEM CeMeHCTBO (Xi)iel anddepernalbix A-MO-
IyJefi, MpeanonoxumM, uro /—HanpaBaeHHOe YMNOPALAOUYEGHHOE MHOMKECTBO,
M, HaKOHel, 3aiaiuM AaA [ > j TOMOMODQUIML - IUdQepeHUHATbHBIX

3 P. TogeMman
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A-MonyaeH f;. : X[.—>Xj, YAOBJETBOPAILHE HALJMEKAHM YCJIOBUAM
TpansuTuBHOCTH. OueBunno, uTo nHddepeHunatsl B X; B npelene AalOT
auddepenunan d Ha A-Monyne

X=Ilimind X

W YTO KaHOHWyeckue orobpawenus fi:X;—>X sasasorcs romomopdus-
MaMu auddepeHiHatbHEIX Moayseft. BoasMeM Tenepb ceMefcTBO mnpous-
BOAHBIX Monyned H(X;) wn romomopbusmuel H (X)) — H(X)), unnyuu-
poBaHHBIE f; Torna MOXHO paccMaTpuBaTbh A-MOLYIb hmmd H(X)).

Fomomopdusmel X; — X onpenensior B cuny ,CBOHCTBA yHUBEPCaIbHOCTH"
HHIYKTUBHBEIX TIpellesIOB TOMOMOD®IaM
limind H (X,) > H (X).

OxasblBaeTCsl, UTO IMONM 20 MOMOPPUIM ABALEMCS UIOMOPPUIMOM.

lpu 10KasaTenbcTBE STOTO YTBEPMAEHHS CYLUIECTBEHHO HCTOJAb3yercs
TO, YTO HMHIYKTHBHLIH TIpejes] TOYHHIX NOC/EI0BATeNbHOCTER ecTh CHOBA
TOYHas NociefoBaTenbHocTb. [lepexons K mpefeny B TOUHOH moc/enoBa-
TeJNbHOCTH

0—>Z(X)—> X, ~%> B(X;) >0,
1oJyyaeM OTOXKACCTBJIECHHS
Z(X)=limind Z (X)), B(X)=limind B(X));
flepexoad K Tnpeleay B TOYHOH HOCJIEJJ.Oﬁa’I:eJIbHOCT,H
0—>B(X,)—>Z(X)—>H(X)—>0,

nonayyaem Tpe6yeMbfi pesy/abTar.
IMycte X — npasbit  nuddepenuuanisHbil  A-Moaynb, L — aesbiff
A-monyab. Toraa moayar X & L, cuabwenivit nuddepenunasom d @1,
A

MOXKHO paccMarpusath kKak auddepeHumansublt Moayab (HAL KOAbLOM Z
B ofuieM cayuae U Hal A, ecin A KOMMYTaTHBHO). 3aMeTHM, YTO Cylie-
CTByeT KaHOHHYECKHH IOMOMOpP(GU3M

H(X)@L—)H(X@L)

onpenenseMbit CAeIyIOUIHM 06pa3oM. HyCTb'EEH(X) u a€L. Tpen-

ctaBum & anementoM x € X, mis koroporo dx = 0. Tak kak x onpejesnen

OIHO3HAYHO C TOYHOCTBIO A0 9JeMeHTa BHAa dx’, T0 X @a onpe-

nenster knacc B H(X® L), saBucauiufl 1o16K0 0T ¢ U . Otcoona noay-
A

yaetca Guaunelnoe orobpamenne H(X)X L-—>H(X®L), kortopoe
A

onpelelfeT HCKOME# romomopdusM. PaszyMeercs, paccmMarpHBaeMuifi ro-
MoMopduaM dBigercs H3oMopdusMOM, ecau L — naockull  A-MOnyib,
TaK KaKk B 3TOM ciayuae ¢yHktop X — X & L ToueH.

A
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Ananoruudo, nycTb X -— et nuddepeHnmnasbHuit  A-Monyib,
L — neuit A-monmynb. Torma B aGesieoit rpynne Hom (X, L) Moxio
onpefeauth auddepeHnuan u —> uod, a B abenesot rpynne Hom (L, X) —
audgepennnan & —>dou. BosvMem Takoh u# € Hom (X, L), uTo uod =0.
ficHo, uTOo # paBeH HyJa1©0 Ha B(X); mo3TOMy # MHAyUHUPYEeT rOMOMOp-
¢ousm H(X)— L. HUrak, noctpoeH kKaHOHHYeckuH roMoMopdHaM

H(Hom 4 (X, L))—>Hom ,(H(X), L).
AHa/J0rH4HO OnpenensieTcs roMOMOpHU3M
H(Hom (L, X))—> Hom (L, H(X)).

TlepBbit M3 3TUX TOMOMODODHUIMOB A3AAeMCA  UOMOPPUIMOM 04
awbozo X Toraa w TOJbKO ToOrja, Korna A-Monyab L unsexmugex,
a BTOpOH roMoMopdu3Mm fB/IseTCs U30MODPUIMOM Aas Jaw6oro X Toria
i TOJbKO TOTIa, Korja L npoexmusex. DTO [IETKO CJAelyeT U3 Onpe-
neNeHUH.

2.2. KoMnjekch.

[lycts A -—— OcHOBHOe KOabLO. [padyuposarnuvim A-400yaem Hasbl-
BAOT JI00YI0 IOC/AeA0BaTeIbHOCTh X == (/ Dpcz A-Monyned. [osopsr,

yro X, eCTb KOMIIOHEHTAa CTeneHH n B MOAyJe X, a 3/meMenThl Moayas X,
[/ KPaTKOCTH HasbIBAIOT 3JeMeHTaMu CTeneHd n B Moay/ae X. Anajo-
FTHUHO  Guzpaldyuposartusim A-io00ysem HasbBAT moboe ceMelcTBO
X=(Xpqg), ,cz A-MOnyIeh.

IMycts X —rpaayupoBaHHbfl  A-mMony/ab, 00pa3soBaHHHIH JeBHMH
A-monyasamu. Ecanm L—npasuft A-Monyab, TO uepes L(?X 0603HavaT

rpaiydpoBanHy0 alejeBy Trpymiy, KOMIIOHeHTOH n-§ cTeleHU KOTOPOH
asasercsa rpymna L& X, Ecan L —uaesn#t  A-Monyap, TO 4epe3
A

Hom, (X, L) 0603Hayal0T rpasydpoBaHHyl0 aleseBy Tpymny, KOMIOHeH-
TO# n-# cremeHd KOTOpOM sBaserca rpymma Homg, (X, L).

IMycts X W ¥ — apa JeBbix rpaayupoBasusix A-moayas. [omomop-
dusmom mooyas X 68 Y cmenenu r Ha3uBAOT M000e ceMelCTBO
f=1(f,) romomopdusmor A-monyse#t f,:X,— X, ,. Ectu r=0, 1o
rogopat, uro f ectb 2omomopguzm Moayas X B YV'1). EcrecTBeHHbIM

1) AHanoruuHas TEpPMHHOJOIHA HCHOAb3YETCH B JadbHelimeM jia Ourpanyu-
poBanHbX Moayaed. Tax, saementsl rpynnbl X,; B OHTpasyHPOBaHHOM MOAyJe

X:(Xﬁq)p,qez HilamBaJOTca saeMeHTaMu  Oucmenenu (p, g). Yucao p-4gq
HasuBaeTCA noAnod cmenensro sneMenta u3 X, [anee, ecau X u Y —jBa

GurpajypoBaHHbIX MOAYAS, TO 20MOMOPPUIMOM Gucmenenu (r, S) Modyan X
6 Y Ha3blBaeTca CeMelCTBO f = (fpg) TOMOMOPYUIMOB fpg: Xpg—> Xpir, grg —
Tlpun. peo. - oo

3*
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06pa3oM omnpenensioTCs CyMMa JABYyX roMoMopduamoB X — ¥ oauHakoBO#
CTeNMeHH M KOMIo3ulus roMoMopdusma X-—Y cTeneHu r u romoMop-
¢usma Y -—>Z crenenu s. Ecaum kaxaod nape X, ¥ Jjesbix rpaayupo-
BaHHbIX A-Monynefl comocTaBuTh abeneBy rpynmy Hom (X, V), ob6paso-
BaHHYIO roMoMopdusmamu (crenenu 0) Moayas X B ¥, TO Ha COBOKYMHOCTH
JeBbIX TPaLyHPOBAHHBIX A-MOIyJeH IOAYUMM, OUEBMIHO, CTPYKTYPY
abenesoli Kamezopuu.

Komnaerxcom Haa OCHOBHBIM KOJbLOM A HasbBalOT rpaiyupOBaHHbLIA
A-Monyab X co cTpYKTYypoOH, 3anaHHON TakuM roMoMopguamom d 1 X — X
crenenu r, uto d od =10. OTMeTuM 1Ba Hanbo.ee BAWKHBIX CJyHuas.

Lienusvie romnaerce. Tlpeanonowum, uro X, =0 aaa n <0 u
uTo d wuMeeT cremeHb — . M3 ,reoMerpuueckux“ coobpaxeHu#i 3je-
MEeHTH MOAyas X, HA3bBAOT UeNaMH paaMepHoctu n B X, a d — rpa-
HHYHBIM OMepaTopoM. dneMent x € X, HAa3bIBAETCH JuKAOM, €Cau dx = 0,
W 2paHunell, ecad cyuwecTByer Tako#t x'€ X, ., utro x =dx’. llukan
B X, o6pasyior moaMonyie Z,(X), a rpaHuun — noamoayin B, (X).
I'pynnod zomoaoeuil xomnaexca X pasdmepHocmu n HasbBaloT GaxkTop-
MOLyb

H,(X) = Z2,(X)/B,(X).

Houenuve romnaexco. Ilpeanonomum, uro X, =0 a1a n <0 u
yro d uMmeer crenens 1. B 9Tom cayuae o6biuno mumyr X” mecro X,
M TOBOPAT O KOLENsX, KOLUKJIAX, KOrpaHUUAX CTelleHH /2 BMECTO uele,
LMKJAOB M rpaHul, pasMepHoctd n. [loaaras

Z"(X)=Ker (X" 25 X" 1), B"(X)=1Im(x" "' 45 x"),
OHpeﬂeJIHIOT epynnbot Kozomoao2ul
H" (X) = Z" (X)|B" (X).

Jns nmpousBOJAbHOTO KOMILIEKCA X:(Xn)nez' TAK Ke Kak W AJas

LErHOro KOMIIeKca, ompeneaswor moayan Z (X), B,(X) n H,(X).
O6puno moaarawr H (X)=(H,(X) )nez.

Ecau nanel aBa kommiaexca X u YV Jesblx A-monyaefl, auddepen-
uuansi-d B KOTOPHX MMEIOT OAMHAKOBYIO CTeNeHb, TO 20MOMOpPHUIMOM
KoMmiekca X B Y Ha3bBalOT M0060H roMOMOpQUSM TrpalyHpOBAHHBIX
A-Monyned, coBMecTuMbl#h ¢ onepatopamu d B X u Y. CyMma u Kom-
NO3HUHA TAKHX TOMOMOD(H3MOB ONpEee]sIOTCS OYEBHAHLIM 00pa3oM, Tak
YTO KOMILIEKCH JeBniX A-MoiyJ/e#t, umewwue iuddepedunaist d OnHOU
H TON e 3agaHHOR cTemeHw, 0Opa3yiOT, KAK JETKO BHIETb, alesesy
rnamezopuw. Ha sro#t kareropun oroOpaxenus X-—FH, (X) aBaswoTcs
aNIUTHBHbIMH KOBADHAHTHBIMM (PYHKTODAMU CO 3HAYEHUSIMH B KATErOpHU
aeBnix A-monyneft. Ecaim X m ¥ — uenHbie (COOTBETCTBEHHO KOLENHBIE)
KOMIIEKCHI, TO roMomopdusmul  H (X)— H,(Y) [cooTBercTBeHHO
H"(X)— H"(Y)), orBevaowmue romomoppusmy f:X—>V, 0bbuuo 060~
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‘

sHavailor vepes f, (coorserctBenHo f*) mmecto H,(f) [cooTBETCTBEHHO

H*(H1.
Myctb

O—>X’~Z—>X—g—>X”_—>O

— TOYHAs TOC/AEN0BATEJIbHOCTh KOMILIEKCOB, AM(M(PEPEHILHanbl KOTOPHIX
MMEIOT CTeneHb r. TOria npH NOMOLUM KOHCTPYKIHHM, TOAOGHOH KOH-
CTPYKIHH B3 T 1, MOXHO OTpeAe/’Tb TOMOMOPQUIMEI

0 H (XY—>H,,  (X),

TaK 4TO MMEIOT MeCTO |r| TOUHBIX MOCJEeNOBATENLHOCTEH

n+r

(X)L ..

con > H (X)L B (X) 25 H (X)) 2> H

n+r

B uactHOCTH, ecau peub HaeT O TOYHOH TMOC/AeL0BATENAbHOCTH YenHbLX
Komn.iexcos, TO TIOAY4aeM MOYHYO ROCAe008AMEAbHOCb 20 MOA02ULL

o> H (X)) > H (X)) > H, (X")y>H,_ (X)—> ...
= Hy (X" = Hy(X") = Hy (X) = H, (X")— 0,

a IS KOYenHsx KOMNAeKCO8 TIONYUYAEM MOUHYIO 1OCALO0BAMEABHOCMY
KozoMOA020U1E

0—> HO(X')—> HO(X)—> HO(X") > H' (X")—> ... |
> H* (X)) —> H"(X)—> H" (X") - H" "' (X)) —> ... .

[lycts X — koMmmiekc JjeBbix A-moayaed u L —mpaBuifl A-MOayib.,
Toraa rpaayupoBannyw rpyany L& X MOXHO CHAGAUTL CTPYKTYpO#
A

KOMIUIEKCA, MCIIOAB3YS TOMOMOPHHMIMEL
1®d:L@X, >LRX,,,.

ViMeem, OYEBHIHO, KAHOHUYECKHE TOMOMOpPGU3MEI
L?HH(X)QHH(L (?X).

Anajoryuno sHAomMopduam rpaayuposanpoft rpynnel Hom, (X, L), rae
L — neBuifi  A-MoAay/ab, noAyueHHHH 3 d TNpH TOMOIUM TPAHCIIOHHPO-
BaHufl, ABAAETCS AUPPepeHnnasoM CTeneHu —r, ecan d UMEET CTereHb /.
B uyactHocTH, nycThb X — UelIHOH KOMIUIEKC HAL KOJbLOM lenabx
unces1. Ecap 3anana abesesa rpynma L, TO rpynmet TOMOJIOTHH WenHoro
komnaekca X @ L uacto o6osnavawT uyepes FH,(X; L), a rpynnm koro-
Mosoru#l kouennoro xommiekca Hom (X, L) —uepes H"(X; L).
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2.3. KoMnaexkcs ¢ AONMOJHEHHUSIMH. Pe30JLBEHTHI.

IMycts X—uenHoU (COOTBETCTBEHHO KOLEMHOH) KOMILJIEKC Hal OCHOB-
HbiM KoabUOM A. Jonoaxenuem KoMIIekca X HasbIBAIOT rOMOMODGOH3M
A-monyae# e: X,—> A (coorBercTBeHHO & : A—> X9), Tako#t, uro eod =10
(cootBerTcTBeHHO doe==0). Komnaexcom c¢ 0onosnenuem Ha3bIBAIOT
KOMILJIEKC, CHaGXeHHbIi HEKOTOPHLIM MOMOJHEHHEM.

flcHO, uTO MAA 3aA3HHOrO LEeMHOro (COOTBETCTBEHHO KOLEMHOro)
KoMiiekca X C JONOJHeHHeM CYLIEeCTBYET KAHOHMYECKMH rOMOMOpdH3M

Hy(X)—> A [coorsercTBenno A— HO(X)].

FoBopsar, uto kKoMmaekc X ayuxauuer, eCAd 3TOT TOMOMOpPGhU3IM
apasieTca u3omopduzmom u ecam, kpome Ttoro, H,(X)=0 [coorser-
crBenno H"(X)=0} nas Bcex n> 1. 3DT0 3HAYAT, uYTO HOCJ]eA0BA-
TeJbHOCTD

voo =X X A0
(COOTBETCTBEHHO
0>A—> X0 4, X1 )
ABASIETCH MOYHOL.
Ecau X — u1enHo#l xoMmn/iekc ¢’ 10nOJHeHHEM, TO MOXHO ONpPENeaHThb
HOBBIH KOMILIeKC X creayrwuM o6pasom:

X, aaa 20,
Xn: A s on=—I,
0  amson<—1,

npuueM nHddepeHlual B X cosnanaer ¢ aupdepenuuaiom X B pasMmep-
HOCTH n > 1 mn ¢ nonmoanenueM e B pasMepHocTH O. AUMKINYHOCTB
KOMIIekca X 03HauaeT, YTO 8¢e MNPOM3BOJHbBIE TPYMNnl KOMIIEKCA X
TPUBHAJIbHb. AHAJOTMUHHH pe3yabTaT CHPABENJUB A/ KOIUEMNHBIX KOM-
TVIEKCOB € JOMOMHEHUSMHU.

OTMeTHM, HAaKOHel, MOHATHE 20MOMOPPUIMA LN KOMILIEKCOB C 1O-
NOJIHEHHEM: 3TO TOMOMOD(H3M KOMILJIEKCOB, COBMECTUMBIM C 3a/laHHBIMU
JOTIOJIHEHHUSIMH, N

[NouaTve auUKIHYECKOTO KOMILIEKCAa C JOnoJHeHHeM o6o6Lliaercs
caeayiowmuM 06pasoM. IlycTb L — neBuit A-Monyiab. omoarozudecxkod
pedoavgenmoi Moayns L nHasuBalOT MOV moumyw nocaedosamens-
Hocmpb JeBbiX A-Moay/ed Buia

.——>X2—;X1—+XO—+L—+O.

B sTOM ciayuae rpanympOBaHHBIH MOny.Ib X:(Xﬂ)ﬂez, CHaGXeHHBI}
augdepeHunanom, KOTOpuH copnafaer ¢ romomopdusMmamu X, —>X,
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Ang n>1 u pasen O B pasMepHocTH 0, AB/AETCS LENHBIM KOMILJIEKCOM.
OH uMeer cienylOllyMe TPyNNb FOMOJOTHH:

H (X)=0 ana n> 1, H(X)=L.
AHANOTHUHO KO020MOR02u4ECKOI pe30sbB8enmOi Mooyas [ HaseBalOT
M06YI0 TOUHYIO TOC/eL0BATENLHOCTh
0>L->X0 > X' X2 .,
B stom cayuae X:(Xn)nez €CTh KOUENHOH KOMILJIEKC U
Hi(Xy=0 nas n>1, HY(X)=L.
[TosTOMY aUMKJAHYHBI# UeNnHOA (COOTBETCTBEHHO KOUENHOH#) KOMIIEKC
C /NIOMOJHEHHEM $BJAETCS OMOJOrHYeCKOH# (COOTBETCTBEHHO KOT'OMOJIOTH-
yecKoft) pesoasseHTO#t A-moayas A.
Il nmocTpoeHust rOMOJOTHYECKOH pe3oJbBeHThl Moayasd L HanuleM
L :XO"/RO’ RO_‘/\I‘/R“’ Rl - Q/RQ, e

OnpenenuM romomopdusm X;-— L eCTeCTBeHHLIM 06pPa3OM, a rOMOMOp-
pusm X, —> X,_; — Kax KOMRO3UUKK 3snumopdusma X,—> R,_; 4 BjiO-
scenuss R, —X,_,. AHaJOTHUYHBIA MeTON TNpPUMEHUM L1 IOCTpPOeHHust
KOTOMOJIOIMYECKHX pe30JbBeHT Monyas L.

Mycts L u M—- A-modyau; pacCMOTPUM T'OMOJIOTHYECKUE pe30ib-

BeHTHl Monyie#t L n M:
o> X > Xy—> L0,
o>V > Y, > M—0.

MMycrb 3anan romoMopdusm f:L-> M. Toraa rosopsr, urs roMoMop-
¢duamM koMmniekcos g: X—> VY cosmecmum ¢ f, ecau auarpamma

X > Xy—> L -0
I
.Y Yy > M >0

komMyTaTHBHA. Pasymeercs, ecaum samausl X, Y W f, TO He Bceraa
MOXHO TOCTPOUTb roMoMopdusm g : X — Y, coBmecrumult ¢ f.
AnanoruyHoe TmoHsTHE WMeeTcs AJS KOTOMOJOTHUYECKHMX Pe30/bBEHT.

2.4. OnepaTopbsl TOMOTOMNHH.
IMycts X u YV — nnddeperunaipieie A-MOAYIH ¥
fo, fl : X—>Y

~— HeKOTOpLle rOMOMOpduaMbl. [oBopsT, uro fo M f, 20Momonns, ecas
CyllecTByeT Tdkoe A-lHHeHHOe orobpaxenue A : X—>V, yt0

fi—fo=hed+tdoh.
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Ecin dx =0, 10 f(x)— fy(x)=d (h(x)). CrenosareabHo, z20#o-
moppusmel. H(X)— H(Y), onpedesennne 2omomoppusmanu fy v fy,
cognaoaiom.

OTMeTHM, uTO, Kak /1erKko0 BHIeTb, OTHOLIeHHe ,f, u f; roMOTOMHH“
IBJIACTCS OMHOWEHUEM SKBUBAACHMHOCMU.

loopaT, yro aBa anddepenunanbupix A-moayna X u Y 2omomonto
IKBUBAACHMHBL, €CIAH CYIIECTBYIOT Takue romomopdusmu f: X->VY u
g:Y-—>X, uro fog U gof TOMOTONHE TOMIECTBEHHBIM H30MOPQH3-
MaM. B sToM cayuae mpousBoaHbie Moayau Moxyied X um Y naomopdHHL
loBopaT, B wactHocTH, uTo fnddepenuuansint A-Monynb X zomononer
Hyato (WIH 20MomonKHo mpusuaaer), ecan sHiomopgusmel 1 u 0 B X
romMotTonHel. QOueBuAHO, uyTO B 3TOM cayuyae H(X)=0, Ho o6patHoe
yTBepicAenne HepepHO. MMeercs, OLHAKO, ceAyIOLIHH pe3y/abTar.

Teopema 2.4.1. Ilycme X — aeswii oudppeperyuarvroii A-mo-
oyab. [Hdasn mozo umobet X Gboid 20MOMONHO MpUBUAALEH, Heo6XO0-
dumo 1 0OCMamo4Ho, YMoGbl BLLNOAHAAOCH OOHO U3 08YX CAe0YIOUUX
IKBUBANCHMHbLX YCAOBUL:

(@) HX)=0 u Z(X)— npamoe caazaemoe 8 X;,

(b) 0uas npoussoasnozo aesoeo A-mooyan L dugepenyuarsnasn
epynna Hom, (X, L) ayuxaunnal).

[Tpeanonoxum, 4ro X rOMOTOTHO TpHUBHAJAEH, JICHO, 4TO B HTOM
cayyae H(X)=0 u uro Hom (X, L) roMOTONHO TpHBHA/JbHA U, CJelO-
BaTeabHO, aumkanuHa. Jlas « € Hom (X, L) oTHowenne du = 0 osnauaer,
4T0 «# paBeH Hymo Ha B(X)=Z(X),. a cylecTBOBaHHE 3/JEeMEHTA
v€ Hom (X, L), n1a koToporo u#==dv, T. e. £ =vod, 03HayaeT, 4ToO
romomopduaM v : Z(X)-> L, onpeaensennut! (oaHosHauHo, ecaun du =Q)
paBeHcTBOM U (dx)==u(x), MOXHO npoaoskuTh Ha X. CirepoparesnbHo,
ecau X roOMOTONMHO TPUBHAJIEH, TO, COMOCTaBAAA Kawiaomy v :Z (X)-—L
romoMoppuam w=wod : X—> L, Mb Buaum, uto awoGo#i romomMopdusm
Z (X)— L npopomxaerca Ha X, a 3TO 3Hauur, yTo Z(X) ectb NpsaMoe
caaraeMoe B X.

ObpartHo, npeanoaoxuuM, yro (a) crmpasesiuso. [lycts Mc X -— no-
noavenue Kk Z(X) 8 X. Kawaw#t x € X 3anucniBaercs B Buie x == n -
~+-dy u, caenoparesbHo, B Buie x=m-+dm’', rae m, m' € M oaxo-
3HAYHO ONpelensdioTcd SJeMeHTOM x. Ilomaras m’==h(Xx), MB BHIHM,
470 -

l=hod—+doh.

Touno Tak e, ecau BbiNOJHEHO ycaoBHe (b), TO paccy:xjieHus,
UCTONL30BAHHEIE MDU J10KA3aTeJbCTBe HeOOXOLHMMOCTH, MNOKa3LIBAIOT, UTO
a060# romomMopdusm X - L, paBHbift Hyao Ha B(X), uMeeT BUL vod,
rie v:X->L, u, caenoBarejsbHo, paBeH Hy#l0 Ha Z(X). Orciona Bure-
kaeT, uto B(X)=Z(X). KpoMe Toro, paccyx/eHusi, aHaJOrHyHbe

") Ouddepesuuansian rpynna Y HasblBaeTcsi 4fuxAuuHol, ecan H(Y) =0,
~— Ilpum. peo.
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NPHUBELEHHBIM Bhillle, MOKA3LIBAOT, YTo J060H romoMopdusm Z (X)— L
MOXHO NPOAOMKHTE Ha X, OTKyla cjenyeT, uro Z (X ) siBAfgeTcs NPAMLIM
caaraeMbiMm B X. Teopema aokasana.

Iycts Temepn X u Y -—1Ba KOMIIIeKca JeBuXx A-moaynelt, and-
depeHLHaIBl KOTOPHIX MMEIOT cTenmeHb r. [iBa roMomopduama fo, f,: X —
—> Y Ha3bIBAOTCA TOMOTONHLIMH, €C/IM CYLIECTBYeT TaKO# romMoMopdusm
rpaiyupoBaHHbLIX Moayne#t A : X— Y creneHn —r, uTO

fi—fy=hod+4doh.

flcHo, uTo B 3TOM cayuae roMmoMopduamm H,(X)— H,(Y), onpenesnen-
Hele roMoMopdusMamu f, H [, paBHbL

OueBunHO, uro TeopeMa 2.4.1 ¢ TPMUBHAJILHBLIMH H3MEHEHUAMH DACIPO-
CTpaHsieTCsi Ha KOMIJeKch A-moayief.

2.5. Teopema 00 AUUKJAHUHBIX MOLEJAX.

B sToM nyHkTe Mbl OyleM HasblBaTb KOMAAEKCOM TIOGOH KOMIIEKC
neBblX A-Moayne#, B KkOTOpOM audbepeHunan d wumeeT creneH —1,
ByzeM roBopuTh, uTO KOMIIEKC X Quuriu4es 8 pa3mMeprHocmiu n, ecau
H,(X)=0, u aguxauven, ecnu OH aUUK/JMYEH B KaXIOM pPa3MepHOCTH.
QueBUAHO, KOMIEKCH 00pa3yioT abeleBy KaTeropHio.

IMycte & —npousBonbHan Kateropus. Msl OyleM paccmaTpuBaTh
KOBapHaHTHLIE (BYHKTODEI, onpelejeHHble Ha &, CO 3HAUYEHHAMM B KaTe-
ropuu kommiekcos. JloGoit Tako#h gyHkTop F OTONIECTBJASETCS C IO-
CJIeL0BATENbHOCTLIO (F,) KOBADHAHTHBHIX (HYHKTOPOB CO  3HAUYEHHUAMH
B KaTeropuu JeBbHX A-Moay/efl, TNOCAe10BATENLHOCTBIO, HageleHHOU
TaKUMHU ToMOMOp¢u3mMamu ¢yukropos d,: F,—F,_;, uwro d,_;0d,=0
npH BCex I.

[pesnonoxuM, uTO pa3 M HaBceria BbIGpaHO Kakoe-TO MmHOJcecmso I
o6wekros u3 K. [lapy (&, M) mbl Oynem HasuiBaTh Kamezopueid ¢ MO-
Oeasamu, a sneMenTol X € M — modesgmu 5TON Kareropuu.

KoBapuantHeit ¢yHkrop F, onpenesenusi® Ha K, CO B3HAYECHUSIMH
B KATErODUM KOMIVIEKCOB HA3LIBAIOT QUUKAUUHLIM 8 PA3MEPHOCHU I,
ec/d KOMIJIeKC F (X)) aumk/uueH B pasMepHOCTH 7 AAs Kawao#h modesu
XeM.

C npyro#t cropoubi, kosapuaHTHEIH ¢yHkTOop G, ompeieneHnbl na &,
€O 3HaUeHUSIMM B KarTeropud JeBhlx A-MOLy/eH Ha3bIBAIOT npedcmasdil-
meabHbiM ), €CN BHIOMHEHO Clelylollee ycioBue: 048 Kaxcdozo ME M
cymecmayem maroe MHoxcecmso By G (M), wmo dan awbozo XE K
A-monynb G (X) donycraem 8 xawecmse Ga3uca CeMelicmseo 34eMenmos

G(uw)m,
1) 3To ompeneneHHe fBASETCA HEMHOTO MeHee OOI[UM, YeM OMNpelcieHHe

ditnenbepra M Makneiina; OXHAKO OHO JAOCTAaTOYHO AAf BCEX IIPHIOKEHHH,
KOTOphIC Mhl HMEEM B BHIY.
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20e m npoGezaem pa3autinsie mHoxcecmsa By, a u dan m € By npo-
Gezaem mHooxcecmso Hom (M, X). ITo 3HAuuT, 4TO KaxiuiH x € G (X)
uMeeT eJHHCTBEHHOE pa3J/IoEeHHe BUIA

x=Xh - G@)ym,
rie miEBMl,, u, € Hom(M;, X), » € A.

Taxum oOpasoM, ecan G mnpencrasutened, To pas Kaxuoro X¢€ Q&
MMeeTCcs KaHOHWYeCKHM onpejedeHHnt 6asnuc moayas G (X) u Ja060#
roMoMopduamM X — V mnepepoaut 6asuc G (X) B 6asuc G (V).

Teopema 2.5.1. Iyems (8, M)— xamezopus ¢ modessamu;
F, G—0dsa rosapuanmnolx dynkmopa, onpedesennsix Ha K, €O 3Ha-
4eHus MU 8 Kamezopuu Komn.arexcos. IIpeonoroscun, 4mo dynxmop F,
npedcmagumener, a @dyukmop G ayguraiuven 8 pazmepHocmu q, zde
p 4 q— 3adannbie teavie wucaa. Tozda das aw0o20 20m0MOpPu3sa
T:F,—G, yoosremgopsouezo ycaosuwo doT=0, cywecmsyem
ma/cou zo/wo/wopgﬁusw T:F,—>G,,,, wmo T=doT,

Ina nocTpoeHus roMoMopdusMa

T'(X): F(X)—> G,y (X)

IOCTATOYHO OmNpeleanTs ero Ha Oasuce A-monyna F (X) [To npen-
NOJOXKeHHIO, i Kawkporo ME D cyuwecrsyer TaKoe  MHOKECTBO
BucF,(M), uto F,(X) nonyckaer B xauyectBe 0asica CeMeHCTBO 3Je-
mentos F,(u)m (mEBM, MEM, u€Hom (M, X)). [Mostomy nrocta-
TOYHO onpenenmb T/ (X) Ha saeMeHTax STOrO THMA, WU TpPH 3TOM 3Ha-
uenusi 77 (X) Ha 3THX 3JeMEHTaX MOKHO BHOHMpaTb NpoH3BoJabHO. Ho
TaK Kaxk 1’ [O/KeH ObITb ecrmecm8eHHbli Npeobpalosaniem, TO

T"(X)F,(eym =G, (@) T (M)ym.
CaenoBaTe bHO, JLOCTAaTOYHO BHIOPATH 5JEMEHTH T’(M)mEGqH(M)
OHu [O/MKHBL ONYHHATLCH E0UHCMBEHHOMY YCIAOBHIO

d(T"(Mym)=T(M)m.

OcTaeTcd NMOKasaTb, YTO MOXKHO 3(P¢eKTHBHO BHIOpATL B GqH(M) 3Je-
MEHT, YIOBJCTBOPAIOWIMH 3TOMY YCJAOBHIO; HO 3TO OYEBHMIHO, TaK Kak,
No NpeanoJoxKeHuo,

d(T(M)ymy=0, H, (G(M))=0.

Wrtak, TeopeMa NOKasaHa.

dra TeopeMa HMEET BaAXHble CJEACTBHUA, TJaBHOE M3 KOTOPbIX MBI
ceflyac pacCMOTDHM.

ITycts Ha & sananbl j1Ba KoBapuaHTHBIX -pyHkTopa F u (G €O ana-
YEHUSMH B KaTErODUH HenHbslX KOMMN.AEKCO8 HAl OCHOBHHIM KOJbUOM A,
Iag kaxJ0ro uenoro n Mbi pacCMOTPHM KOBapHaHTHble (YHKTOPH

H,(F): X— H,(F (X)),
H.(G): X—H,(G(X)),
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Ecau T: F — G—roMoMOpdH3M, TO OH ONpENEJSET, OYEBUAHO, FOMO-
Mopduamu T, : H, (F)— H, (G).

C npyro#f CTOPOHH, MBI CKa)eM, uTo ABa roMomopdusma Ty, T, : F —
— U zomomonwusl, ecAH M KaXAOFrO 7 CYLIECTBYeT TaKOH roMoMop-
dwsm D, F —>G, ., yro T)—Ty=doD,+D, od B crenenu n.
SlcHo, uTO MpousBoAHbie roMomopusmul H, (F)— H,(G), onpeneneHHbie
romoMoppuaMamu T, u T,, coBnanamor.

[MpeanonoxuM, Hakoweu, 4to B & 3a1aHO MHOXECTBO Mojejeft I,
Mu 6yneM roBOpHTb, uto F npedcmasumesen, ecid KawAbH GYHKTOP
F,(n > 0) npencrasutenen, u uro G ayurxauven, ecaw H,(G(M))=0
ans Bcex n>1 u MER.

Teopema 2.5.2. Iycme (R, M) — wamezopus ¢ modesamu, F
u G — xosapuanmusie GyHrmops. Ha K co 3HA4eHUAMU 8 KamezOpul
yenwolx Komnaexcos Haod xoavyom A. IIpednoasoocum, wmo F npeo-
cmasumenen, a G ayurxauven. Tozda aw06oi 2omomopgpusu Hy(F)—
— H(G) onpedesrsiemca nexomopoim 20monmoppusmon F—G, edun-
CHBEHHBIM € MOYHOCMBIO 00 20MOMONUL.

JleHCTBUTENbHO, paccMOTpuM GyHKTOp (5 CO 3HAYCHUAMH B KATErO-
pUM KOMIIEKCOB, KOTODHIH onpeiefuM ciaelyoliuM oOpa3om:

G, aa n>0,
G,=1 H,(G) ana n=-—1,

0 s n< —l1,
_ npuuem auddepenuuan B G cosnagaer ¢ auddeperunarom G B pasmep-
HOCTH n>>1 M C KaHOHHYECKHM roMoMopdusMom w,: Gy—> H,(G)

B pasMepHocTH 0. OueBunHo, ¢yHxkTOop ( alluK/JIHYEH BO 8CexX paaMep-
HOCTSIX.
Bo3sbMem 3aTem romoMopdusm

U : Hy(F)— H,(G)

M pAacCMOTPHM €ro KOMMO3HUHMIDO ¢ KAaHOHHYECKHUM TOMOMODP(H3IMOM
n, 1 Fy— H(F). Tlonydaem ecrtecTBenHoe npeobpasoBanue
Uom,:Fy—>G_,,

OuYeBHOHO, aHHyJupyemoe Hupdepenunasom d. Tax xax F; npencrasu-
tesied, a U aUMKJHYEH, TO CYLIeCTBYeT TakoH roMoMOpdH3M

Ty: Fy— Gy,
uro U Tp="Tg° To. PaccMoTrpum Teneps

Tyod: Fi— G,
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A1oT roMoMopduaM aHHyaupyeTcst audpdepenumanom d. To e camoe
paccyxIeHue 10Ka3biBaeT CylleCTBOBAHHE TaKOro roMoMopdusMa 7, : F; —
— G,, uro

Tood=d-T,.

flcHO, 4TO, HEOr paHHUEHHO NPOLOJKAA 3TY KOHCTPYKILHIO, MBI TO-
JyuaM romomopdusMm F-— G, unayuupyrowmuit U.

Ocraercst mokasats, 4To ecau roMmomopduaM T : F— G uniyuupyer 0
fia roMosorusx B pasmepnoctd 0, To on romoronen 0. Tak kak d o Ty =0,
TO npeislaylias TeopeMa ofeCnednBaeT CYLIECTBOBAHHE TAaKOTO TOMO-
mopduamMa Dy : Fy— Gy, uto Ty=d o D,. [Tosromy d o (T} — Dyod) =0,
OTKYyJla caelyeT cyulecTBoBanue takoro D, : F;—> Gy, uto T} — Djod =
=doDy, u 1. L

Canencrrue. [Iyems (R, M) — xamezopus ¢ nodeanamu, F, G —
08a KOBAPUAHMHUX GYHKMOPA Ha& K €O 3HAYEHUAMU 8 KaAme20puil
Lenuulx KOMRACKCOB HAO OCHOBHbIM Koasyom A. [Ipednoaoscun,
ymo F u G npedcmasumenvubl u ayuxsuyns o 4mo dyukmops Hy(F)
u Hy(G) usomopgpns, Tozoa F u G 20M0mOnHO 3KBUBAACHMHL.

B uacrsoctu, ang kaxaporo X€ K kommiaexkc F(X) u G(X) umeror
ONHH M TE€ e TOMOJOrHH BO BCEX Pa3MepHOCTSIX.

Mbl npennaraeM uuTaTENI0  OCMBICAWTb TNPENBLAYIIME  Pe3yabTaThl
B CJydae, KOria xatreropuss & COCTOMT TOJbKO U3 00HO20 OGbexTa.

2.6. JBOiiHble KOMIJIEKCHI.

JB8olinpim KOMNAEKCOM HAL OCHOBHHIM KOJbUOM A HasbBalOT 6urpa-

AyUpOBaHHBIH  A-MOAY/b X:(qu)p,qu CO CTPYKTYypOH, 3anaHno#t
roMoMopguaMamMu
7. n .,
d X, > X,.,, d .qu-—>Xp,q+r,

KOTOpble YyNOBJETBOPAIOT YC/JIOBUAM )
d'd =d"d" =d'd" +-d"d’' =0.

B s3TOM cayuae MOMXHO NOCTPOMTbL CaedylOWMH (MpOCTOH) KOMILIEKC: ero
KOMIIOHEHTA CTENeHu I ecTb

‘Xﬁ:: :g A}q’ -
! p+g=n
a nuddepenuuan
d: X,—»X,,.,

onpeneasiercs paBeHcTBOM d ==d’ 4+ d”. TIpousBoiHble MOLYJH 3TOrO
KoMm/iexca ofo3HavaloTcs uepes M, (X).

Kpome Toro, ornpaBassice OT X, MOXHO NOCTPOHTb [ABAa IDPYyTHX
koMniekca. [IlepBwifi, o6o03HauaeMmbit uepes ‘X, uMeeT OAHOPOLHHIMH
KOMIIOHEHTaMH MOLy/n

'angxm,
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H cHabxeH nuddepennnansoM d’. Ero npousponHble MOAYJIH 0603HAYAIOT
yepes 'H, (X). Bropo#i kommiexc, o6osHauaeMuift uepes "X, B KauecTse
OJHODOJHbHIX KOMIIOHEHT HMeeT MO/yJH

”Xn — ; Xpn

u cHabxen auddepenunanom 4”. TIpouspoanbie Monyau kommaexca "X
o6o3Hauaor uepes "H, (X).
BameruM, uyto KaxiAb# Moaynib ‘H,(X) nomyckaer pasioxenne

B TIPAMYI0 CYMMY

7 — ”

Hp(X)"_ ; /Hp( Xq)s
roe "H,("X,) ecTb npousBOAHBIA MOIY/Ib B DasMEpPHOCTH p KOMIIeKca,
00pa30BaHHOrO rpalyupOBAHHBIM MOLYJIEM (qu)pEZ n auddepenunatom d’.

Kpome rtoro, nudipepenumnan d4”, koMmyTupyiwouéh ¢ d’ ¢ TOYHOCTHIO
J0 3HaKa, HHAYUHPYET TOMOMOP(HH3MBI
” 7 4 7 ”
d,:'H,('x)>"H,(x,.)
KOTOpble TO3BOJAMIOT 00pasoBaTH KOMILUIeke u3 Mmoayaeht "H,("X))
(p duxkcuporaHo, ¢ Mensercd). [IpoU3BOIHLIH MOAYJbL Da3MEPHOCTH ¢
3TOro KoMmiaekca O6GO3HauaeTcd uepes

"H,(H,(X)).
AHaJIOl"H'—lHO Oﬂpeﬂe.’lﬂIOTCﬂ MOllyJIPl
"H,("H, (X)).

JIBOLHNM UeRHBLM KOMNACKCOM HA3LIBAIOT [NBOHHOH KOMIIIEKC X,
y kotoporo r=--1 u X, =0, eciu p <0 wm g <0. Lsodnoin
KOUenHsiM KOMRALKCOM HA3LIBAIOT ABOHHON KoMmIexkc X, y KOTOpPOro
r=-1, a X,,=0, ecin p <0 umu g < 0. B srom cayuae mumyr X7
BMeCTO X, H T. L.

OTMeTHM, uTO NOHATHEe ABOHHOrO KOMILJIEKCAa UMeeT CMBICJA B JOGOH
abe/ieBO# KaTeropuu, HO B O6LIEM CiIyuae HeMb3d ONMpeaeanTs urens H, (X).
Yro6bl onpeseanTb 3TH OGBEKTH, HYXKHO IONYCTHTb, YTO B DPacCMaTpH-
BaeMoft KaTeropuu MGKHO OO0pasoBLIBaTb OeCKOHEUHbIE MpAMble CYMMBI,
HJIM e OrPaHHUHTBLCH TOJBKO JMILbL ABOHHBIMM KOMILIEKCAMH, ¥ KOTOPHIX

CYMMBI
> Xpq

p+g=n

KOHEUHBl (KaK, HanpHMep, Y LUEMHEX HJM KOUENHbX ABONHBIX KOMIUIEKCOB).
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2.7. TeH3opHOe mpon3BeaeHHe ABYX KOMIUIEKCOB.

Paccmorpum komniekc X npaBoix A-Monyaefl u koMmmiaekc YV JeBHX
A-Moayne#h nal HeKOTOPHIM OCHOBHBLIM KoabuoM A, AuddepeHnuanu
KOTOPBIX MMelOT cTeneHb —1. O6pasyeM 6GurpasyHpoBaHHYIO TpyIly

XQY =X, @Y ), 4z

v onpejeJHM Ha Hel aBa auddepeHumnana, mnoJaras
d(a@b)y=da@b,
d"(a@b)=(—1)agdb,
rie a uMeeT cTeneHb p. HemenienHo mpoBepsercs, yTo npH 3ToM X QY
CTAHOBHUTCA JBOHHLIM KOMIIIEKCOM, MOJHBIK auddepenuuas KoTroporo 3a-
naercsi hpopMyJion
da®b)=da®@b+ (— 1)’ a@db, rie a uMeer crenenr p. (1)

Ecan X u ¥V — uenneie xoMmiekco, 10 X Q@ V ~— asotinol uenHo#t kom-
HJeKC.
ViMeloTcsl KaHOHHYECKHE TOMOMO P U3MBL

Hy(X) & H, (V) > Hy, ((X@ V), @)

onpeneJseMbie  cAenyiomuM  o6pasoM. BosbMeM kaaccw € H (X)
W Hy(Y) n NpeAcTaBuM MX LHKJAaMH ag X, n bet,. Ha (1) cae-
JAyeT, 4TO0 @ @b ecTb LMKJA CTeleHH p ¢, ONpelelsiOlIufl S7eMeHT U3
rpymust H,, ,(X@Y). llocrennu#t He sasucut oT BHOOpa UMKIOB & U b.
HeficTBuTesbHO, npu 11060M ApPYroM BO3MOXHOM BLIBOpe NpencTaBUTeNH
KjaccoB £ u M uMmewoT BHA @ +da’, b-+db’, u, tak kaxk da =db=0,
TO

(@a4da)Qb+4db)y=a@b+d(a’ Qb+ a’ @db +(— 1) a @),
ecan a uMeer cremeHb p. OTcloaa caeiyer Haule yTBepxieHHe. 3aMe-
THB 3TO, onpeieanM (2) kak roMoMopdusM, oTobpaxawwui £@ 7

B KJacc uMkgaa a & b.
I'omoMopdusm (2) onpelessieT ecTeCTBEHHmE TOMOMOP(HU3MBI

N H,(X)@H,(Y)—>H, (X®Y) 3 .

ptg=n A A .
3HauuT, ecaw Hale/ uTh TeH3opHOe mnpomssenenue H, (X)® H (Y) ero
NOAHOH TpaLyHpPOBKOH, TO MOAYYHM TOMOMOPDHUIM 2padyupoBaHHbLX

rpynn
H(X)@ H,(Y)—> H,(XQY).
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JTOT roMOMOpdU3M He sBAfSETCs, BOOOLie T'OBOPs, H3OMOphU3MOM, Ml
M3yuhM ero OoJjee jgeTanabHO B § 5.

Ecnu, omsako, X u ¥ roMOTONHO TPHUBHAJbHE, TO TeM Xe CBOHCTBOM
oba1agaer M KOMIJeKC X ® VY (HaneneHHHK ,NOJMHORK® rpaiayupoBxoft
H LNO0AHBIM® auddepenunasoM). JokaszaTeabcTBO OuYeBHIHO. B atoM
caydae fICHO, 4TO TOMOMOPQH3MBI (3) ABJAANTCA H3OMOpPU3IMAMHA.

2.8. Kommiexcsl roMoMOpgH3MOB.

Ilycts X u Y — aBa koMItekca JeBwx A-Moxysefi. [peanonoxum,
yTo AuddepeHunan B X umeeT cremenb — |, a anddepenunan B ¥ —
creneHbp - 1. TlonaraeM, mo ompepaeneHuio,

Hom,, (X, ¥) = (Hom,, (X,,. yq))p,qu-
Slcno, uto Hom (X, Y) ectb Gurpasyuposannas rpynna. Mbl HaleJuMm ee

nuddepenunanamy d’ u d”, uyrobbl noayuuTh JABolHOH# koMmjexc. Ecau
w:X,— VY% 10 Mbl nOtaraem

du=uod;, d'u—(— 1Y """ dou.
Henocpencreenno BuiHo, uto d’ u d” wumeror Oucrenenn (1, 0) u (0, 1)
u uro d'd”+d"d’ = 0.
OrmeruM, uto 118 x €X u u: X, — V7 nmeem
d(u(x))=(—D"" """ du) (x) 4 (— 1Y T u(dx)

(pasyMeercs, HYXHO cuuTaTh, uto # =0 na X, ana r + p). Tak kax u
MeeT MOJHYI0 cTenedb p-q B aABofinoM kommiaekce Hom (X, V), to
5TO PaBEHCTBO IIOKA3biBAET, YTO KaHOHMYECKOe OTOGpaxeHHe

Hom(X, V)@ X—V,

onpenejedHoe Gopmyiaolt u Q@ x — u(x), ecTb TOMOMOP(H3IM KOMIIIEKCOB,

ecad, KoHedno, Hageauts Hom (X, V) nonno#t rpaaynposko#ti H MOJHLIM

AHddeperudarom. IJTO ONpaBAbLBAET BBeleHHbie Bblle (OPMYIIHL.
[TokaxeM Tenepb, YTO HMEIOTCA KAHOHHYECKHE TOMOMODQU3MBI

H”*¥(Hom (X, ¥))— Hom (H, (X), H' (V). J

s storo BO3bMeM KJacc romoaorufi crenenn p—-+q B Hom (X, V)
W TPeICTABHM ero UHKJAOM 4 nojHo#H crenedn p—g. O6osnauas yepes
u”:X,—Y’® koMnonenty sneMmenta 4 Ouncrenexu (r, s), GyleM HUMeTb,
TaK xak dua =0, CcOOTHOlIeHHE

Vv S duPtLa=1 4 dupd - dyp-tatt L =0,
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INockoabky
dufs = uhso d+(— 1)r+s+ld o ur,s,

10, Gepa xKommonenth Oucrenened (p-+1,q9) u (p, ¢+ 1) B Hanucan-
HOM BHIIE COOTHOWEHHH d# =0, NPUXOIUM K CJELYIOLIUM pABEHCTBAM:

up,q°d+(~ 1)p+q+1doup+1,q—1:0
WP o d 4 (— 1T d o uP f =
Orciona caenyer, uro 4P otobpawaer Z,(X) B 2y n B, (X)

8 BY(Y), u nosromy npu nepexoie K (axkTOP-MOAYAAM Omnpene/ser ro-
momopduam H,(X)— HY(Y). Jlerko nposepsercs, 4To ITOT FOMOMOPHH3M
3aBUCUT TOJbKO OT Kaacca romoJoruf kommiekca Hom (X, V), mpen-
cTasjeHHoro uukiaoMm «. Mrak, TpeGyeMbit roMoMopdHusM HOCTPOeH.
Pazymeercs, oTcl00a BbITEKAIOT KAHOHHYECKHE TOMOMOD(H3MEL
H"(Hom (X, ¥))—> X Hom(H,(X), H(Y)).
p+rq=n

Kak u B cJayyae TeH3ODHBIX NpPOM3BENEHUH, 3TH TOMOMOPQU3IMBI He
ABJAIOTCA, BOOOLIE rOBOPs, M30MOPHH3IMAMH.



§ 3. CAMNNUUMUATNIbHBIE HOMNJIEKCDI

Llenblo 3TOro naparpada ABJAAETCA H3YUYEHHE KATETOPHH KOMILIEKCOB,
KOTOpaa BCTpeyaeTca B KJACCHYECKOH TeOpUH ,CHMIVIMUMAJIBHBIX KOM-
MAEKCOB* (FOMOJOTUH TPHAHTY/IUPYEMLIX [POCTPAHCTB), B TEOPHH CHH-
TYJAAPHBIX TOMOJOrMA H B TEOPHH KOTOMOJIOTHH CO 3HAUEHHAMH B NyukKe.
Bce ,cuMminuuasbHbie Onepauuu‘ KjaaccHueckod ajareGpanmuyeckoit Tono-
JOTHM HMEIOT CMBICA B 3TOH KATeropuu, a NOTQOMY MOHATHS W Pe3y.b-
TAThi, KOTOpbiE€ MOXNKHO BHIDA3UTb ,CHMIVIKIHANDPHO®, ABTOMATHYECKH M-
peHOCATCA Ha KOMILIGKCHI, KOTOPLIE Mbl HAMEPEHbl H3YyuaTh. B yactHOCTH,
3TO OTHOCHTCHl K TEOPHH , -~IPOU3BENEHUA,

3.1. Onpenenenus.

Hepes A, ana swoboro neaoro n >0 Mbl 6yneMm Bceraa o6o3sauarhb
muoxectso {0, 1, ..., n} leJslX palHOHaldbHbIX uucead oT 0 10 =,
a yepes U, maq mo6bx p, g > 0 — MHOkeCTBO OTOOpaenu# A, B 4.
OueBuAHO, UMET MECTO 3dKOHbl KOMIIO3WLNH

qu X Gq,—>GW,

TaKHE, YTO MHOMECTBO, COCTaB/ieHHOe u3 00beKTOB A, A, ..., MOXHO
paccMaTpuBaTh Kak Kamezopuio (0AHAKO Mbl He OyAeM NPUIEPKUBATHCA
3TOH dYepecuyp MEAAHTHYHOM TOUKM 3peHus ...).

[lycts A — ocHOBHOe KOAbUO. CUMAAUUUAABHELM UERHBM KOM-~
naexcom Hal A Mbp OyjleM HasblBaTb NPOU3BOJBHBIR I'DaRyHPOBAaHHELH
A-MOAYJIb X,(‘z(Xn)n>0 co caegymouwed crpykTypoit. Kawxosnl 6b Hu

6ottt p, ¢ n f€G,,, umeerca Tako# romomopdusM

[iX,—> X,
YTO BHIMOJAHEHH YycAOBUA: ecau [ moxdecmsenno, mo f— modcde-
cmeennbil 20moMop@dusm;, ecau f==goh, mo f = ho g, Yuraremo upen-
JlaraeTcsl MHTePNpPeTHPOBaTh 3TO ONpejeldeHue HA s3biKe (GYHKTOPOB. Ml
yacTo 6y/leM IOBOPHUTb, YTO TOMOMOp$H3Mbl BuAa [ ABIAKTCA onepa-
mopanu zpaneti B X,,

AHANOrMYHO, CUMIUTHUHANLHLIM KOUEMHLHIM KOMILIEKCOM Hax A Hasnl-
BAIOT MPOM3BOIbHLN rpaayuposauunift A-mopyas X =(X") _ ., B KO-
=

TopoM ans  awbux p, ¢ u fEG, onpelenen romoMopduam
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f:X?— X% y10BaeTBOPAOLIMA YCIOBUAM COBMECTHMOCTH, TOJOGHBIM
TeM, KOTOpHie Mbl cQOPMY/HPOBAIN Bhille.

Ecan X, ecTb cHUMMAMUMANBEHBIA uenHoO#W koMmaekc nag A, o6paso-
BaHHBIH JeBbIMH A-MOALYJAMH, TO Ha rpaayupoBanHolt rpynne Hom (X, L)
aast io6oro nesoro A-moayas L onpenensieTcss eCTECTBEHHBIM CHOCOGOM
CTPYKTYPa CHMILIMIMAJIBHOTO KOLEMHOro KOMIJIeKca, H AJs J106oro npa-
Boro A-moayas L rpaayuposanHas rpymnna L®X_ ABAACTCA CHMILIHILH-
aNbHBIM LEMHBIM KOMILIEKCOM.

OueBuAHbIM 06Da3OM ONMpele/siOT MOHATHE 20MOMOPEPUIMA CHMILIH-
UHAIbHBIX UENHBX (COOTBETCTBEHHO KOLENHBIX) KOMILIeKcoB. Tako# ro-
MOMOPGH3M ABIAETCS OAHOPOAHEIM cTeneHH O 0TOGpaxeHHeM, COBMECTUMBIM
C ONmepaTopaMH rpaHelt paccMaTpUBAeMbIX KOMILIEKCOB. JIerko 3aMeTuTb,
YTO CHUMIJIMLHA/JbHBIE LeNHble (COOTBETCTBEHHO KOLEMHbE) KOMIIEKCH
Hal 3aJaHHLIM OCHOBHBLIM KOJbLOM A 006pasyloT alfeaesy xamezopuio.

basucubim CUMRANLUGALHOM HeNHbLM KOMNAEKCOM Hal A Ha3bl-
BAIOT TNPOU3BOJbHBIA CHMIUVIMUHANBHBIN uenHOH KkoMmiexc X, Hal A co
cjaenyoue A0MoOMHUTeNbHON CTPYKTYpOR., i Kawaoro n 3aigaH 6asuc
A-Monyas X,, /MeMEHTH KOTOPOrO HA3bIBAIOT N-MEPHULMU CUMNACKCAMU
KoMIjiekca X,; TIPH STOM INpeanoJaramT, Yto ,TPaHM® cHMIJeKca H3 X,
Bcerja fIBAIOTCA CHMIVIEKCaMH KoMiiekca X,. Jlaa Takoro kommjaekca
HMeeTCsl KaHOHHYeCKoe donoaderue X,— A, a HMEHHO TO, KOTOpPOE
npuHuMaeT 3HaueHHe | Ha kawaoM O-MepHOM cuMIJIEKCe KOMIUIEKca X,.

B npensiaywux onpenenennsix Muowectso U, Ans moGHX p d ¢

MOXHO 3aMEHHTb €rO MOAMHOKECTBOM Gp,, KOTOpOe COCTOHT H3 803pa-~
cmanuux (8 WUPOKOM CcMpicae) OTOOpaxeHHH MHOKeCTBA A B A
B 9TOM ciayyae noayuaercs TOHSTHE NOALYCUMRAUBUAABHOZ0 ) uennozo
(COOTBETCTBEHHO KOLEMHOr0) KOMIIJIEKCa,

3aMeTuM, C Apyro#t CTOpPOHEBI, YTO ONpelesaeHHs, KOTOpHE Mbi BBeJH
B 9TOM MNYHKTEe, PACIpPOCTPAHAIOTCR Ha cJaAyuyad, Koria KaTeropus abene-
BLIX TPYNN 3aMeHeHa MNPOU3BOJBHOW abesesol rxamezopueid K. Hampu-
Mep, NOJYCHMIVIHLHAMbHLIN LeNHON (COOTBETCTBEHHO KOLEMHOH) KOMIIEKC
B & ecTb KOHTpaBapHaHTHBIH (COOTBETCTBEHHO KOBAapHAHTHEIH) GYHKTOp
AT —> R, rme uyepes AT oGosHaueHa KaTteropusi, OOBEKTaMH KOTODPOH
ABasioTCs MHOXecTBa A (n==0, 1, ...), a roMomMopduamamu A, —> A, —
BO3pacTamlLHe omépamenuﬂ A, B A Hanuuine nage npennonaraTb Ka-
Teropuio & abeneBof. Hanpumep, ecnu & — KaTEropus MHOMKECTB, TO
KOHTpPaBApUaHTHbE QYHKTOPH AT — & aBAfIOTCA He uYeM MHBIM, Kak
»TIONYCHMILTHUMAIBHEIMA KOMILTeKcaMu“ DHiaenbepra u 3unbbepa.

Mbl 1aauM Temepb HECKOJAbKO BAXHBIX NMPUMEPOB LEMHBIX H KOLEMHBIX
CHMITMUUAJIBHBIX KOMIIJIEKCOB.

) Jins HEHCKYIIEHHOTO YMTaTeNst MOxeT 6hlTh MOJE3HBIM chejylollee 3ame-
Y3aHHE. TOJNYyCHMIIMUKHAJbHBIE KOMILIEKCH B HacToAUlEE BpEMA HrpalT B TONO-
JIOTHH pOJAb, 3HAYHTEJALHO 6onee BaXHy10, YeM CHMILIHUHAJIbHBIE KOMIJIEKCHI,
XOTA 3TO W HE ClejyeT U3 npnmepoa, IJAaHHBEIX B HAacTOALIEM Naparpade. B 3TOM
MoxHo Gyrer ybeautoes B ra I, § 6
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3.2. Henu CHMIIHIHAALHOH CXEMBI.

Cumnauquaavnoll cxemoli (B xiaccuyecKof TepMHUHOMOTHM 3TO CUM-
RAUYGUAABHbLE KOMNAEKC, HO Mbl MMEEM Cepbe3Hbie OCHOBAHMSI Nepe#tH
K pyroMy TepMHHY !)) Ha3plBalOT NPOU3BOJbHOE MHOXeCTBO K €O CTpyK-
TYpOH, onpeleneHHOH 3aJaHHEM MHOMXECTBA TAKHX KOHEHHOLX U HEnYCHbLX
NOAMHOXECTB MHOXeCTBa K, HasblBaeMbiX cumnaexcamu cxemb K, uto
A1000€ KOHEUHOe U Henycmoe nOOMHONCECMBO cumniexca u3 K seasemcs
cHOBa cumnaexcom u3 K.

[ycTs, HanpuMep, 5))3:(Mi)161—r101<p51’me [POM3BOJILHOTO MHO-
wecTBa X. DyneM rOBODUTL, YTO KOHEUHOE U HEMyCTOe MOJMHOXECTBO S
MHO¥ecTBa [ €CTb CHMILIGKC, €C/IH MHOMKECTBO

=) M,

Ms 12} M,
tienycTo. TeM caMbiM Ha MHOXeCTBE HHIeKCOB [ onpelensercd CTPYKTypa
CHMILTHLHAJIBHOH CXeMbl, H MHOXeCTBO {, paccMaTpuBaeMoe ¢ 3TOH CTPYK-

TYpOH, Ha3LIBAETCH HEPBOM TOKpHITHA N,
[lpyro# npumep, BIpoYeM TpHBMAALHLIN, moayuyaercs, korja K =A ,
H Ka¥J10€ HenyCcTOe MOAMHOMXKECTBO B A ecTb cuMmmiexc. Tax noJyuaetca

CMAandapmuas CUMRAULUAALRAA CXeMA DA3IMEPHOCHMU N.

[ycte K u L — 1Be cCHUMNIHIHAJbHbIE CXeMBI; TOBOPAT, uTO L eCTh
cumnaunguasbHas noocxema cxemsol K, ecau LcK v ecau Kawibi#

cuMiieke u3 L ectb cummiexc cxembl K. Hanpumep, o6beaunenne "K
cuMmniaexcop cxembl K pasmepHoctn < n (T. e. cocroswux He 6oJee
yeM u3 n-+1 sseMeHTOB) sBJAsSeTCS CHUMILIMUMAALHOM moacxemo#t B K,

€C/H yCHOBUTbCS, YTO CHMILIEKCAMHM CXeMbl "K SBJAIOTCA CHMILTEKCH U3 K
paaMepHoOCcTH < n. Tak noJayuaercss n-mepuwiii ocmos cxems K.

TFomonmopdudmon (M CUMNAUGUAALHBLM OMOOPANCEHUEM) CAMILIM-
uMabHOM cxeMbl K B CHMITMLUMAJIBHYIO cXxeMy [ HAa3BIBAIOT IPOM3BO/Mb-
Hoe oTo6paxenue K — L, KOTOpoe NMepeBOANT KAK ALK cuMNIeKe cxeMbl K
B cHMIUIeKC cxeMbl L. fIcHO, uTo 3TO onpejnejeHde [aeT BO3MOMKHOCTD
TOBODUTb O Kamezopuu CUMILIMILMAJBHBIX CXEM.

[Mycts K — cUMMIHLManbHas cxeMa. Mbl 6yAeM HaablBaTb n-MepHbLM
CUHZYAAPEBM CuMnAeKcOM?) cxemb K mo60e CHMILIMUMATLHOE OTO-
6paxeHue

s:4, > K

) B HameH auTepaType NPHMEHAETCH TEPMHH ,a6CTPAKTHBIH KOMNAEKC®. —
[Tpux. nepes.

2) Mbl npHMeHsieM 3Ty HEOPTOJOKCAJbHYI TEPMHHOJOTHIO 1Jd TOro, 4toGbi,
C OIHOH CTODOHbI, H36eXaTb CMEUIEHHA C NOHATHEM cuMnaexca (CHMILIEKC —
8TO MNPOCTO NOOMHONcecmso H3 K), a ¢ npyroil CTOPOHH — OTTEHHTb aHANOTHIO
paccMaTpHBaeMOr0 INOHATHA C .TOHATHEM CHHIYJAPHOTO CHMILIEKCA TOMOJOTH-
4ecKOoro IpOCTPaHCTBA, KOoTopoe OyieT BBejeHO B I 3.4.

4*
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WK, YTO TO 3Ke camoe, JIOOYIO NOCIeN0BATENbHOCTh §==(Xg, ..., X,)
Toyek 3 K, MpHHALneKALIHX OLHOMY H TOMY e CUMIIekcy cxeMbl K1).
Mycte s —g-Mepubift cuuryaspHeit cuMmmiexc cxembi K u fiA,— A,

Torna uepes f(s) Ml OyleM 0003Ha4yarh p-MepHH} cmlrynﬂpl-xbm CPIM-
MJeKc So f: A,—>K B K.

O6o3Haun tenepp uepes C, (K) cBo6oanyio abeneBy rpymmy, umeto-
uyt0 6a3UCOM MHOMXECTBO - MeprIX CHHTYJIIDHBIX CHMILIEKCOB cXeMbl K.
Jlo6oe oTobpamenue f:A,—>A, onpereiser, COIJIacHO CKa3aHHOMY

Bbiie, romoMmopdusm f:C,(K)—C,(K), xoTOpbift, OvesHaHO, ABIAETCA

»MYJbTHITHKATHBHOU® dyHKuMe# or f. Ecau Temepb 0603HauuTh uepes
C, (K) rpanyupoBaunyio abe/seBy Ipynny, COCTABJIEHHYIO U3 [0CKEL0BATEb-
nocru C,(K), o na C,(K) Mbl monyuaeM CTPYKTYPY 6a3uCHO20 cumnau-
HUAABHO20 YenH020 KOMNAEKCA HAL KOJLUOM LEMBX PALHOHAMLHBIX YiCel.

Boobuie, ecim 3anaHa npoussosbHas abeseBa rpynna A, TO MOMXHO
TIOJIOXUTD

C,(K; A=C,(K)® A

u ob6osHauuTb uepes C,(K; A) rpaiyupoBanHyl0 rpynmy, o6pa3oBaHHYIO

rpynnamu C, (K; A). Daementw rpymnet C, (K; A) naswiBamoTcs n-mep-

HbLMU  CUHZYAAPHUMU yenamu cxems K ¢ Kosgppuyuenmamu uz A.

Mx MOxHO Take ompenenuTh Kak ¢opMajbHble JHHelHbe KOMOHHALUU

n-MepHBIX CHHTYJADHBIX CHMIJIEKCOB cxeMbl K ¢ koadduunentamu us A.
Ananorudno onpenensior

C"(K; A)=Hom (C, (K), A),
C* (K; A)==Hom (C, (K), A)=(C"(K; 4))

n>0"
Anementw rpynnu C" (K; A) — 9TO CuxzyasapHble KOUenu cmeneny n
8 K co 3unavenunmu 8 A. VX MOXHO omnpeiejntb eile Kak QYHKUHH,
3a/laHHBlE HA MHOMXeCTBE N-MeDHLIX CHHIYJAPHBIX CHMILIEKCOB CXeMb K,
CO 3HayeHHsIMU B A.

flcho, uro C,(K; A) u C*(K; A) kaHOHHUeCKH HajeJieHbl” CHMILIH-
LLHAABHEIMA CTPYKTYpaMH B CMBbIC/I€ NPeAblAylero MyHKTA.

Ecnu uMeercs cummiuinaissHoe oto6pakenue K — L, TO eCTeCTBEHHBIM
CIOCOBOM  OMNpelefsioTcd rOMOMOP(H3MEl CHMIUIMIHAALHBIX KOMIIEKCOB

C.(K; A)—C,(L; A); C*(L; A)—C*(K; A).

Mostomy K —C,(K; A) [cootserctBenno K —C*(K; A)] moxHO pace
CMAaTPHBATh KaK KOBAPHAHTHHI# (COOTBETCTBEHHO KOHTPaBapHAHTHLIH)
¢GyHKTOp, Onpele/ieHHBH Ha KaTerOPHU CHUMILIMILMAJLHEIX CXeM, CO 3Ha-
YeHUSIMH B KATErOpHH CHMIJIMIKAJBHBIX UIEMHHX (COOTBETCTBEHHO Kolel-
HBIX) KOMILJIEKCOB.

) Takum 06pa3soM, CHHrYJASIDHBIH CHMIIEKC eCThb HE 49TO HHOE, KaK ymops-
JMOUYEHHRIH CHMIIEKC B OGBIUHOH TepMHHOMOTHH. — [Ipus. nepes.
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[lycts K — cuMnauuxaibHag cxeMa M L —noacxema B K. Kommiekc
C,(L) oTOMIeCTB/IAETCS, OYEBUAHO, C HEKOTOPHIM CUMILTHUHAIbHBIM MOL-
koMmiekcoM B C,(K). JTo naer BO3MOXHOCTb 06pa3oBaTh (hakTop-
rpynny

C.(K mod L) =C, (K)/C, (L),

KOTOpas CHOBA $BJIAETCH CHMILIMHLHAMbHBLIM LEMHBIM KOMILIEKcOM. B o6uiem
cayvae naa Bcako# abeneBof rpynmbl A OnpenessiOT CHMIIHLHAMbHBLE
KOMILJIEKCHI

C,(KmodL; A)=C_(KmodL)® A4,
C*(K mod L; Ay=Hom (C,(K mod L), A).
Otciona HeMelJNeHHO TOJNYYAIOTCSl TOYHBIE IOC/I€10BATEIBHOCTH
0—>C.(L; A)—>C (K; A)—C,(KmodL; A)—0,
0—>C*"(KmodL; A)—C*"(K; A)—>C*(L; A)—0.

IHo cux mnop Mbl paccMaTpMBaJdM NPUMeDPHl CUMITHUMAABHBIX LEMHbIX
KoMIiekcoB. Temepb Mbl HaAMM B PaMKax TEOPHH CHMILTHUMAMBHBIX CXeM
NpUMEpPHl MOJAYCHUMIIMUHUAIbHBX LUEMHBIX KOMIJIEKCOB.

Ynopaodoweunoli cumnauyuaibHod cxemoli Mb  OyleM HasblBaThb
NPOU3BOJbHYIO CHMILIHUHMAIBHYI0O cXeMy K ¢ TakuM OTHOILEHHEM IMO-
paika, 4TO KaxAbd cuMmmiekc u3 K dBAsieTCA BROAHe YHNOPALOYEHHBIM.
B sToM cayuae ecTecTBEHHO oOmNpejensieTCsi IOHATHE 803PACMAOU,EZ0
CuneyAApHO20 Ccumnierca cxeMbl K (KOHe4YHO, HMeeTcs B BHIY, UTO
CTaHIApTHHle cXeMbl A, cHabxeHBH HX eCTeCTBEHHBLIM OTHOIUEHHEM IIO-
paaka). PaccMaTpuBas lesouMC/eHHbIE JIMHeHHble KOMOGMHALMM BO3pa-
CTAOWHUX CHHTYJIAPHBIX CHMILIEKCOB cxeMbl K, MOJy4aeM OUYeBHIHBIM

06pa3oM MOJYCHMILIHLHAMbHEIN LEeNHOR KOMILIEeKC C: (K). Hmeer MecTO
BKJIIQUEHHE

cHyeC, (K),

COBMeCTHMOE C MOJIYCHMIVIMUHAMBHEIME CTPYKTYpaMi paccMaTpHBaeMbiX
rpaiyupoBannbeix rpynn. Hasnee, aas kawao# ab6emeso rpymmbl A onpe-
JeSI0TCs OUYeBUIHBIM CIOCOGOM NMOAYCHMIUIMNHAALHEHA LEMHON KOMILIEKC
C: (K3 A) 4 noJaycUMIIUUHAIBHBHA KOIENHOH KOMIJIEKC Ci (K; A).

B 3akaiouyedne 3aMeTHM, 4TO JIOGOH CHMIIMUMAILHOH cxeMe K MOXKHO
ClenyiownM o6pasoM KaHOHHYECKH CONOCTABUTL MONOAOULECKOE NpO-
cmpanemgo P (K). PaccvoTpuM Bce oro6paxenus f cxeMbl K B MHO-
HECTBO BeleCTBEHHBIX YHCEJ, KOTOphHle YAOBAETBOPAIOT CJEAVIOLUM
YCIAOBHAM: »

(a) MHOXKecTBO Tex Xx € K, mas kotopbix f(x) -0, ofpasyer CuM-
nrexkc |f| B K;

(®) f(x)>0 naa scex ¥E€K;

© Xf@=L

XEK
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HckoMoe mpoctpatctso P (K) sBASeTCs He yeM HHBIM, KaK MHOXECTBOM
BCeX 3THX OTOOpaxeHUH ¢ TOMONOTHeH, KOTOPYI0 MBI ceHuac OMpelennM.
Ilpexae Bcero, Ans Kaxaoro cuMmiexca S u3 K o6osnauum uepes P(S)
MHOxecTBO Takix f & P(K), uro |f|<=S. Ecau S aBasercsa pepuinHoft x
U3 K, 1o sicHo, uyro P (S) cBomuTCs K eNuHCTBEHHOH Touke P (x)
w3 P(K). B cayuyae npousBoabHOro cumiiekca S muoxectso P (S)
IBASIeTCs, OYEBHAHO, BBIMYKJAOH 06OJOYKOH (B BEKTOPHOM MPOCTPaHCTBE
Bcex orobGpawmenuit K —R) muoxectsa touek P(x) (x€S). Tak kak
NOC/AeJHHe TOUKH, OYEBHJHO, JHHEHHO HE3aBUCUMBI, TO A fL-MEPHOTO
cummiekca S MHOowkectBo P (S) oToxAectBiadercs (P 3AMMCH BepIIHH

cuMniekca § B ompeleqeHHOM TMOpfAKe) ¢ MHoxecTBoM J, TOuek

(g ..., t,) u3 R* YAOBAETBOPAOILMX ycaoBuaM £, > 0, Zti——_l
(»CTaHIAPTHEIH reoMeTpHUeCKHH CHMILIEKC PasMepHOCTH A%, cM. 1. 3.4).
[locae storo mul onpesesuM Ha P (S) TOMOJOTMIO CHMIIEKca J,, 4TO
npespaiaer £ (S) B KOMNaKTHOE NPOCTPAHCTBO. ByaeM rosopurth, uro
noamuoxectso U muoxecrsa P (K) omkpwmo, ecin U P(S) otkpbiTo
B P(S) nis kaxnoro cummaexca S us K. Jlas asyx cummiekcos S/, S”
3 K wumeeM, ouesunno, P(SHYNPESH=PE' NS u P(§) u P(S")
MHAYUHPYIOT HA P (8’1 S”) Tonosoruo, onpeledeHHYI0 HENOCPEACTBEHHO
Ha 3TOM TNoc/aelHeM MHOxecTBe. Takum o6pasom, TomoJorus, omnpeje-
nennad Ha P (S), uHayuuposana ronoJaoruel npocrpancrea P (K), u P(S)
IBAAIOTCA KOMMAKTHBIMH MuoKecTBaMu B P (K), KoTopbie, pasyMeerc,
nokpupaioT P (K). losopsar, uro P (K) ectb n04u3dp, conocraBieHHLIH
cxeMe K.

Tonoaornio B MHowectBe P (K) MOXHO 3alaThb ele CJeAYIOLIHM
obpasom. Kawan#t x € K onpeneaser otobpaxenne P (K)—>R, a uMeHHO
f—> f(x). Torna tomosoruss B P (K)— 3T0 HauMeHee TOHKAs TOTOJO-
THSl, OCTABASIOLLAS HEMPePHIBHBIMH BCe 3TH OTOBpa)eHHs.

SlcHo, uro orobpamenue K — P (K) MOXHO ecTeCcTBEeHRO AOOMpeje-
JAATb 10 KOBAPUAHMHO20 BHYHKMOPA HA KATETOPUM CUMIIMUHAALHBIX
CXeM CO 3HAUEHHAMHM B KATErOPUM TONO/OTHUCCKHX TMPOCTPAHCTB. Eciau

vMeeTca CUMIHUManbHoe oTobpaxenne K 25 L, 10 cooTBetcTBYOLICE He-
npepruiBHoe orobpaxenne P (K)— P (L) crpoutca ciaeayioliuM o6pa3oM.
Ono nmepepoaut ,Bepumny“ P (x) mnpocrpancrtsa P (K) B BepuHy
P (6 (x)) npocrpanctea P (L), v nas xaxaora cummiexca S us K orpa-
HHYEHHE 3TOro O0TOOpaxeHus HA reoMerTpuueckiit cuMmiexkc P (S) apasercs
AUHELHO-AhPUHHBLM.

[Iycts K — HekoTopasi cuUMIIMuManbHas cxemMa u P (K)-— cooTser-
CTBYIOLUMHA el moausap. Mbi ompejeluM KaHOHHYECKHM 06pa3oM OTKphi-
TOe MOKpbiTHE (UxxEK npoctpanctBa P (K), HepBOM KOTOPOTO ABJAAETCH

haHHan CHMIMHHAIbHasa cxeMa K. [lis storo BosbMeM B KauecTse U,
MHOXecTBO Takux f € P (K), uro f(x)=0.
I 3apaHHbIX 9/IeMEHTOB X, . . ., X, H3 K MHOxecTBO Uy 1 ... A Uy

HEMyCTO TOrjJa M TOMbKO TOTAa, Korja cyluiecTsyeT Takoe f &P (K),
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uro | f| comepxur X, ..., X, T. e. KOrAd X, ..., X, NpHHALJIeKAT
OLHOMY M TOMY :Ke cumiekcy cxeMmbl K. CrenoBaTenbHO, HEpBOM pac-
cMaTpuBaeMoro NokpeitHa anaserca K. To, uto U, ABIAIOTCA OTKPHITBIMYU
MHOXXeCTBAMHM, CJelyeT H3 HelpepblBHOCTH orobpawenus f—» f(x).
losopar, uyro U, saBaserca 38e3doii sepuwunn x 8 P (K). Boobue
36e300fi cumnaexca S 8 K HaspBaoT MHOXecTBO Ug=— nUx. 3ro,
€S ’
CJ/Ie10BATe/IBHO, MHOXeCTBO Takux f € P (K), uto f(x) >0 aaa Bcex x € S.
3ameTHM, uTO eCqM 00pasoBaTh Gapuyenmp g, TeOMETPUUYECKOTO CUM-

miaekca P (S), To nas moboro fE Us 3aMKHyTLIE OTpe3ox ¢ KoHuamud f
U gg colepxurcs ueankom B Us.

Ormerum eute, yro noxpurue (U )eex npocrpanctsa P (K) aensercs
mouesHo KonewrsiM: 148 kaxaoro f € P (K) uMeercs TOJAbKO KOHeUHOE
UMCJI0 HRAEKCOB X, Takux, uro fE U ..

Jlerko BHIeTb, KakUM 006Pa3OM MOXHO IMOCTPOHTb BCe HENMpEepbIBHbIE
oTOOpaKeHuss 3alaHHOro ToloJjoruueckoro mnpocrpaucrea E B P(K).
Ilycth ¢ — Takoe otoGpaxenue, noaoxuMm M,=¢ 1 (U,). Toraa nony-
YygeM OTKpPHITOE TOUYEYHO KOHEYHOE MOKpPBITHE (Mx)xEK:EDE IPOCTPaH-
crBa E, HepBOM KOTOPOTO $BJS€TCS, OUEBUIHO, HEKOTOPAs CHMIIMUUAIE-
Hag noacxeMa cxembn K. PaccmMoTpum, kpoMe Toro, Ads Kaxaoro x € K
dyrkuuio &, f— f(x), onpeneaennyio Ha P (K), 1 KOMIO3ulHIO 0T06pa-
KeHUH ¢ . ==u o ¢. [Ipn 3TOM NmoayuaeTCst ceMeRCTBO (7.)¢ ¢ x ViCTIPEPBIBHBIX
orob6paxennt E-—R, koropoe, oueBuaHo, ofJagaeT CiaelyOULHMH
cBOHcTBaMu: ¢, Bceraa >0 u pasHa 0 BHe M,, cymMa dyHxuuft o
pasHa 1 Bcooay Ha E.

O6paTtHO, BO3bMEM OTKpPHITOE, TOUEUHO KOHEUHOE MOKPHITHE (M.r)xek
npoctpancrTBa E, HepBOM KOTOPOro fBJAETCS CaMa CHUMILIMUMAJAbHAS
cxema K!), u nexkoropoe pasbuenue eOuHuys, ROOHUHEHHOE NOKpbL-

muro (Mx)xek’ T. €. CeMeHCTBO HenmpepelBHHIX ¢yHkuu#t ¢, na L,

yIOBJeTBODPSAIOIIMX IpelblAylinM ycuaoBuaM. Toraa mis kawaoro (€ E
Jerko TNposepsieTcd, uTO GYHKUMA f,: X —> ¢ (f) ompeleiseT 3JaeMeHT
npoctpauctsa £ (K). OTcona BosHukaer oToOpaxenue ¢ :f{-— f, mpo-
crpanctea £ B P(K). 910 orofpameHne HenpepuiBHO, TaK KakK (PyHK-
UHH U, o @==¢, HenpepuBHH Ha E.

KoHCTpyKilMe, KOTOPYIO Mbl TOJbKO UTO ONpelenuau, rpebyer Bhbopa
pa3buenus eIMHHLEBI, MOJYMHEHHOrO LAHHOMY NMOKpPHTHIO. OIHAKO ¢ mou-
Hocmer 0o eomomonuu?) ona or srToro BhiGopa He sasucur. Ias sTOro
I1OCTaTOYHO 3aMeTUTb, 4YTO €CJM HMMEITCA IABa pa3bueHHs eLHHMLbI
((‘Px)xEK " (“Px)xek’ [OAYMHEHHbIE JAHHOMY IOKPLITHIO, TO CeMeHCTBO

1) Ecan HepB sIBAAETCH CHUMILIHLHAIbHOH moacxemoit K’ cxemul K, T0 MOX-
HO MOayuHTb oOTOGpawenune E-»P (K), ucnoassys orobpaxenne E-—>P (K')
B KaYeCTBE NPOMEXKYTOYHOTO.

’271’5(;Hmue TOMOTONHHX OTOGpaxeHHH OylNeT ONpPENeNeHO NO3ke (UpH-
mep 3.7.2).



56 IJi. 1. TOMOJIOTMHECKAS AJITEBPA

(A =D, +M) e M3 0LAL ] ABasercs cHoa pasbueHueM elu-
HULB, MOAYMHEHHBIM NaHHOMY HOKpPHITHIO. [[0STOMY MOMXHO CKasaThb, 4TO
KQodor OMKDLLMOe MOYELHO KOHEHHOEe NOKDbLMue (Mx)xU( npocmpan-
cmia E ¢ nepson K onpedeasiem KAGCC RONGPHO 20 MOMONHbLX He-
npepuisroix  omobpadcenuii E— P (K). TIpyu 3TOM HYXKHO TOJABKO OLITh
yBEPEHHBLIM B CYLIeCTBOBAHMH Pa36UeHHs EAMHHILE, TOJYHHEHHOIO 1aHHOMY
nokpwrnio M npocTpancTBa E (3T0 HUMeeT MeCTO, HampuMep, B Cuayuae,
koraga E mapakommakTHO; cM. ra. II, Teopemy 3.6.1).

Ecau cyuectByer romeoMopdusM mnpoctpancrsa E una P(K), 10
ropopsat, 4ro E jomyckaeT TpuHaHryaauuio co cxemolt K. Kawnas rakas
TPHAHIYJSILUS BASETCA, IO ONpeleJeHHIO, IOMEeOMOP(HH3MOM IPOCTpaH-
crBa E na P(K). IlpoctpanctBo E HasbiBaeTCS mpuaHzyiupyemsii,
€CIH XOTA OB 119 OJHOH CHUMIIMUMAAbHONK cXeMbl K BO3MOXHA TpuaH-
ryaauus npocTpaHcrBa E co cxemoit K.

3.3. Konenu co 3HayeHHAMH B cHCTeMe Ko3bdHUHEHTOB.

[Tycte X —6as3ucHoi CUMNIMUKHAIBLHEIA LenHOH KoMIIekc. OG03HauuM
yeped S, (X) MHOXECTBO rn-MepHbHIX CHMIIJIEKCOB KoMmiekca X, a yepes
S (X) — obveaunenue MHoxecTB S, (X). Kaxiomy orobpamenuio

fia,—>4,
COOTBETCTBYeT OTOOpaXeHue

[18,(X)«S,(X),

,MYJIbTHIUIMKATUBHO® 3aBUCsllee OT f.

Cucmena xoagpduyuenmos Had X COCTOUT B CONOCTABIECHHH Kay10MY
SES(X) Modyas _F(S) Han 3a1aHHBIM OCHOBHBIM KOJBLOM H KaXAOMY
otoGpawenuio f:A,—>A, u mobomy sCS,(X) zomomoppusma ozpa-
HU4eHUus

L ()= 2 ().

EcTecTBEHHO NpeanoNOKHUTb, YTO STOT FOMOMOP(U3M OrPAHHYEHHS MY/ib-
THIIMKaTHBHO 3aBHCHT OT f M YTO OH TOMXAECTBEHEH, eC/IH f TOXIECTBEHHO.,

B uacthHoctH, aas Ja06o# cumnauuuaabHo cxembl K cucmemoi
Ko3ggunnenmos Hao K HasbiBaloT OO0bekT &, COCTOAWMA B 3ajaHuH
a4 Kawnaoro cumiiekca S u3z K Moayas Z(S) u aas Kaxiol napel
cuMnaexkcos S, 7, yloBaeTBOpAOWUX yciaoBHi0O ST, Takoro roMomop-
¢duzma L (S) — £ (T), 4TO BLIIOJIHEHB! CAeLyIOlIHE YCIOBHA: 3TOT rOMO-
MopduaM ToxaecTBeHeH, ecad S=T; eciu ScTc U, 10 roMoMop¢uam
Z(S)—> Z (U) ssasercs xommnosuiuel romoMopdusmMos & (S) — 2 (T)
u Z(T)— _#U). Orciona noayuaercs cucteMa KOI(QQPUUHEHTOB Haj
6a3MCHBIM CHMILTHLHMA/BHBIM UeNHbIM KoMIekcoM C, (K): ¢ KaXABM CHH-
ry/AsPHBIM CUMILTEKCOM § : Ap—>K cBsi3blBaeTCs MOAyIb (F (S)=.L (s (Ap)),
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a naq [ A,—> A, romMoMOphu3M 3(f_(s))—+,7(s) onpenensercd oye-
BHAHBIM CMOCO6OM, ncxols u3 otHowenns f(s) (8, s (B)).

[Mycts, uwanpumep, £ — TONOAOrHYeckoe NPOCTPAHCTBO, & — npen-
ny4yok abeseBnix rpynn ¢ 6azoft £ u S.Rr:(Mi)iel~0TKpmoe MOKPHITHE
upocrpancrea E. Ompenenss Ha [ CTPYKTYpY CUMILTMUMAABHOR CXeMBI,
KOTOpas BHITeKAeT OTCI0Ad, MLl MOXEeM MOCTPOHTb HEKOTOPYIO CHCTEMY
Ko3pduunentos Hax /. Jnsg 3TOro cONOCTaBUM KAXKIAOMY CHMILIEKCY S
u3 [ rpynny

Z(S)=Z (M), tae Ms= [M..
i€s
Jas ST roMmoMopduam

Z(S) =L Mg)—> Z(Mp)=.2(T)

omnpeleseTcss CTPYKTYpoH mpeanyuka & u oTHowenueM MsD My, Mu
IETaNbHO H3YYuM TO Nojoxenue B ra, I, § 5.

Mycty & — cucreMa ko3ddHHeHTOB Hal 6a3HCHBIM CHMILIHLHABHEIM
nenuoiM koMmuexcoM X. Jlis kawaoro uenoro s> 0 nomoxum

c'x 2= I 26.
SES,(X)

Torna Ha rpaayupoOBaHHOM MOLYyJe
C (X P)=(C"(X; D))o

UMeeM CTPYKTYDY CUMAAULUAADHO20 KOYENHO20 KOMNACKCA, TIONYYEHHYIO
ciaenyomum obpasom. [lycts 3anana xouens

o ==(a(S) )SGS,, xy 20 E.Z(s)
u oTobpamenue
fid,—>Ay
TOr1a KOlenb CTENeHH ¢

Oyler omnpeneieHa no dopmyie
B (s) == orpanuuenuio d1ementa a(f(s)) na s

Bas Kakaoro s &€ S, (X). HenocpencTsenHo mpoBepsioTcs akcHOMb 1. 3.1,
B wacrHocTH, ans cuMmauuuanbHol cxeMml K ¢ Kawao# cucteMmoi
K03(dPUIHEHTOB & Hal K MOXHO CBA3aTb CHUMILIHUHAJbHBLIA KOLEMHOH
koMmieke C*(K; _%), a umenHo kommiexc xouene#t Han C,(K) co 3Ha-
YEHUAMU B cHCTeMe KO3GhPULIHeHTOB, onpeleentoll cuctemot (& nanC, (K).
B kadecTBe elle 60Jee 4YacTHOTO Cayyas PacCMOTPHUM TOMOJOTHUECKoe
npocTpaHcTBO E, ero oTKphTOE NMOKPLITHE WE:(Mi)iEI U TIpeAnyusoK &
abeneBbix rpynn ¢ Gasolt £. CeasniBas ¢ &, Kak 6bIO U3JIOKEHO BhIIle,
cHCTeMy Ko3(h¢uuueHTOB Han HepsoM [ NokpbiTHs TN, mMOdyyaeM CHMIIH-
WHanbHBIH KouenHo# koMmiexkc. Q6osHauum ero uepes C*(M; ).



58 rji. 1. rOMOJIOrHYECKAY AJITEBPA

[Myctb % 1 o/ — nBe CHCTEMBI KOS (DPHUIUHEHTOB HAL GAZUCHBIM CHMILIA~ -
UHAJIbHBIM LelHbM koMmiaekcoM X. Tlon zomomopgpusmon 0. F — o/t
MBI MOHHMaeM 3anaude Lad Kaxiaoro s€ S(X) romomMopduama Mony.eH
0(s): . Z(s)—>of(S) NIpn YCAOBHM, UTO, KAKOBH Obl HU OblIU seS,(X)

nof A, —> A, uMeeT MecTo CleAyOWAd KOMMYMAMUGHAS JHArPAMMA:

F () > (f(s))
¥ v
P (8)—> oM (s)

Onpenenss oueBHAHLIM O06GPa3OM CYMMY H KOMMIO3HIHIO ABYX FOMOMOp-
hU3MOB, JeTKO BMACTh, YTO CHUCTeMBl KO3DDHUMEHTOR Han 3alaHHbiM X
cOpasylT afesesy xKamezopuro M Y4TO Hal TOH Kareropueit orobpaxe-
e & — C*(X; &) ecTb mounstii ko8apuanmmusili @OyHxEmop O 3Ha-
YeHUSIMH B KaTeroPHH CHMILIHUIMAJBHBIX KOLEMNHBIX KOMN1eKCoB. JleTanbHoe
J0Ka3areibCTBO 3THX YTBEPKIAEHHH OCTaBIAeTCA 4UTATETIO,

Myctb, B 4dacTHoCTH, IX — OTKPBHITOE MNOKPBITHE TONOJOTHUECKOTO
npocrpanctea E. Torma oroGpawenne & — C*(M; _F) ecTb TOYHLIA
KOBapUaHTHLIM (QYHKTOp, oOnpeleqeHHBIH Haa Kateropueft npeanyykos
abeneBbix rpynn ¢ 6a3off £, cO 3HaueHHAMH B KaTerOPHH CHMIIIHIHAJDL-
HBX KOUENHHX KOMIIEKCOB HAX KOJbUOM UE/LIX PallHOHAMBHBIX UHCe.

3.4. CunryndpHbie OenmH TOMOJOTHYECKOrO MpocTpaHcrsal)

Yepes J, Mul 6ynem 0603HaYaTh MHOXKECTBO TAKHX TOUEK £ = (fy, ..., £,)
B (n - 1)-Mepuom apudmernueckom npocrpaucrse R'F!, uro

820, fo4 ...t =1

910 KOMMAKTHOE TPOCTPAHCTBO, KOTOPOE HA3BIBAIOT CALAHOGPMHbbM
200 MeMPUHECKUM CUMRAEKCOM DA3MEPHOCHL N.

Oto6paxenue f:A,—> A, KaHOHHYECKH ONpele/seT JMHEAHO-adpduu-
Hoe oToOpameHue

fd,—>J,
nepepoasiuee Touky (fy, ..., £,) B TOUKY CHMIJeKCa Jq, KOOPMHATH
14 ’
KoTOpOH Zg, ..., f; 3anaioTca HOpMyTaMH
14
tj -, 2 . ¢
i=5d

’ N "
[Mbl noaaraeM f; =0, ec/n j He NPHHALIEKUT MHOKECTBY f(Ap)J. Mosxkno

TaKKe ONpelenTh f Kak JHHeHHO-adduHHOE OTOOpAMEHHE CUMILIEKCA Jp

1) Mbl 43yuuM B 3TOM 1aparpacde TOAbKO Haubojaee 3JAEMEHTAPHYIO 4aCTh
TEOPHH CHHIYJSPHBIX POMOAOTHH. 3HauMTeabHO 6ojee JEeTanbHOE HCCAENOBaHHE
B CBa3H C TeopHel nyuikoB MoxHO 6ymer Ha#itm B ra. III sToro tpyna.
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b J,, KOTOpoe OTOOpawaer i-I0 BEPLIMHY CHMILIEKCA J, B f()-10 Bep-
uMHy cuMiexca Jo. .

OueBMAHO, YTO COOTBeTCTBME Mexay f ¥ f sB/ifercd My/ibTHIUIM-
KATHBHBIM. .

Iycts Temeps E — TONOJOTHYECKOE TNPOCTPaHCTBO. CuneyaapHbim
cumnaexcom padmeprocmu n 8 £ HAasbIBalOT M060€ Henpepusroe QTo-
GpaxkeHue

s:J,—>E.
Mycrs X, (E) — MHOXeCTBO 3THX cuMIekcoB. Toraa Jo6oMy oTobpaxe-
uio f 1 A, — B, cooreercrayer oropawenue f : X, (E) — X, (E), a uMento
TO, KOTOpoe npeoGpasyer s:J,—E B sof:J, —E. Ouesnado, uro

yCAOBHA ,TDAHSUTHBHOCTH®, HeOOXoAuMble A 00pasOBaHus 0a3UCHOZ0
CHMILIHIIMA/JIbHOTO LENMHOr0 KOMILIEKCa, BbiMOJHeHH. (OO003HaYuM 3TOT
komnzekc dwepes CS, (E). Ero azneMeuTaMu SBJSIOTCS 4eA04UCACHHbLE
cuneyaspuole yenu B E. Takum o6pasom, CS,(E) ecth coGoanas
aGeaeBa rpymnna, wWMeiowas B KauecTBe Oasuca X,(E), a cTpyxTypHbie

onepatopsl f omnpelefdloTcs MO JHHeWHOCTH H3 ONepaTOpOB, BBeJEH-
HBIX BHILIE.
Ecau A — npousBo/bHas afeneBa Trpynnd, TO MOJOKUM

CS,(E; A)=CS,(E)® A.

ST0 NPHBOANT HAC K CUHSYAAPHOLM UYeNAM ¢ KodPduyuenmanu 8 A.
IToasaras
CS*(E; A)==Hom (CS,(E), A),

nOAyYaeM CcuHzYAApHELE Kotenu npocmpancmsa E co snauenusanu 8 A.

C xaxaniM Henpepvignsim oTo6paxieHneM 0 : E— F cBsazan roMoMop-
¢$u3M Ga3HCHBIX CHMILIMUHAJALHBEIX KOMILIekcOB CS, (E) — CS, (F), noayuex-
HbIlt TpeoBpasoBanueM CHHryIApHOTO cuMiiekca §:J, —>EBlos:J —F,
OT1c02a CIEAyIOT FOMOMODEHU3MBL

CS,(E; A)—>CS,(F; A), CS'(F; A)—CS*(E; A)

nas aieboft abeneBo# rpymner A.

BossmeM, B uacTHOCTH, MPOCTPAHCTBO E M ero noanpoctpauctso F.
Toraa kanonuueckoe Baoxenne F B E oroxaecrsiser CS,(F) ¢ He-
KOTOpbiM  OasucHbiM  moakoMmexcoM Kommiekca CS,(E). Drto naer
BO3MOXXHOCTb ONpPENeJHTb TPYIIy

CS, (E mod F)=CS, (E)/CS, (F),
KOTOpad fABJAAETCsA CHMIIIMUHAJAbHBIM KOMIIJIEKCOM (HO HeE 683HCHblM CHMIIJIHU -

LHAJBHBIM KOMILVIEKCOM). BooGlue aas mpoussoabHOl abeseoft rpymnmsl A
ONpeleaqloTCs CHMIIHUHAABHBIE KOMILIEKCH

CS (EmodF; A)=CS,(Emod F)R A,
"CS"(Emod F; A)=Hom (CS,(E mod F), A)
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H MMEIOT MECTO TOYHHIE MOC/EN0BATEIbHOCTH
0—>CS,(F; A—CS,(E; A)—>CS,(Emod F; A)—0,
0—>CS*"(Emod F; A)—CS*(E; A)—CS*(F; A)—0.

3ameuvanue 3.4.1. [Iyctb K — cuMnauuuanbhas cxema. Mu moka-
’KeM ceflyac, 4TO MOXHO KAHOHHYECKHM 06pPa30M OTOMIAECTBUTL CHMILIH-
udanbHbiit kommiaexe C, (K) ¢ HEKOTOPBIM CHMIUIMIHAIbHBIM IO LKOMIJICKCOM
B CS,(P(K)), rae P(K) ecTb NOMH3LP, CONOCTABJAEHHHH cxeMe K.
[ast 3TOro NOCTaTOYHO OTOMAECTBHTb KAWAHN CHHIYJAAPHBIH CHMIUVIEKC

s:4,—>K

C HEKOTODPBIM CHHI'YJASADHBIM CHMILJIEKCOM TOINOJOI H4€CKOI0 NpPOCTPAHCTBA
P (K). Tlockoabky oroOpaxeHue s CHMILIMLHAALHO, TO OHO HHAYUUpPYET
HenpepbiBHOE 0T0Opaxenue P (A)— P (K). Beuny Toro uro P (A,) kaHo-
HHYECKH FOMEOMOP{HO CTAHJAPTHOMY NPOCTPAHCTBY J,, Haule yTBepxie-
HHe J0Ka3aHo.

Mbl yBHIMM B ja’nbHefinieM, 4YTO € TOMOJOTHYeCKOH TOYKH 3peHus

kommtexchl C,(K) u CS,(P (K)) 5KBMBAaJeHTHHI,

3.5. JuddepeHnnan CUMIUIUILHAJILHOTO KOMILJIEKCA.

[ycty X, — nojaycuMnIMUMAAbHBIA uermHO# koMmmiekc. s kasaoro
geaoro n >0 u uenoro f, takoro, uro 0 < i< n, paccCMOTpPUM CTpOro
po3pacrampllee oTobpaxeHue

F;I : A‘n—l_)An,

KOTOpPOe OMNpelesieT CHHIYJASPHHHN CHMILIEKC

O, ..., ..., n
pasMepHocTH #— 1 B A, JTOMy OTOOpaKeHUH) COOTBETCTBYET rOMO-
Mopdusm .
Fp:Xnp—> Xu1

Ecaun s€ X,, TO rosopsr, uTo F,, (S) ecTb iz 2panb Yenu s.
OnpenenuM Ttenepb auddepenuunan B X, dopmynoh

n
) i i
ds=A(—D'Fu(®  GEX).
i=
PasymeeTcsi, 9TO oONpeleleHHe HMeeT CMBICA TaKkKe M/ CUMIIMUMAIb-
HBIX UEMHbIX KOMIUVIEKCOB, TAK Kak Ha HMX 3ajdHa, B YaCTHOCTH, 4 NOJY-
CHMIIMUMANbHAS CTPYKTypa. Ilpexie dYeM INokasbiBaTh, uTo d?=0, ce-

naem caenytouwee 3amevare. [Tyctb CJ (An) — KOMIVIEKC ULENOYUCAEHHBIX.
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BO3PACTAIOWUX  CHHTYAAPHHIX  ueNel  CTaHAAPTHOH cuMnIMuMaAbHOH
cxemn A,. ToxnecTsensoe otobpawenne ,:A,—A, onpelenser cuum-

mieke 2, € Crf (Bp), HacTO HA3LIBACMEIL (YROQMEHMANDHOLM CUMNALKCOM

pazmeprocmu n. SlcHo, uto Aas Kakiaoro p abeqeBa rpymna C; (An)
JONYCKaeT B KauecTBe 6a3uca MHOKECTBO CHMIIEKCOB f(4,), rie f € G;ﬂ.
OTcioaa caefyeT, 4TO ecan X — NOJNYCHMIIMUHKAAbHbIY LEeNHOA KOMMJIeKC,
10 04 Kaodozo SE X, cyuwecmeyem zomomopgpusm C. (A,)—>X,,
omob paxcanuuii &, 8 S, & 4MO MAKOI 20MOMOPPUIM eQUHCIMBEHEH.,

Tak KaxK onpereneure oneparopa d 4BifgeTcd, OYEBHAHO, ,PYHKTOP-
HEIM¢, TO M3 NpEbAYUIErO 3aMeyaHus CAeNyeT, YTO LA YCTAHOBAEHHA
coornouierng dd =0 0CTAaTOYHO clenaTh 3TO B TOM CaAyude, KOrjha
X=C, (8,). Tem 6osee I0OCTATOUHO CIe]aTb 3ITO B TOM CJyuYde, KOTAA

X=C_(K), rie K — mpoussBoibHasd CHMIJHIHEATbHAA cXeMa. B srtom
noc/ielHeM CJyyae OUEBHAHO, uTO ONepaTop @ ONpeieaseTcd Ha CHHIY-
IApHBIX CHMILIekcax cxeMul K ¢(opMyaoH

(g ooy X)=20(=D" (g oy % oty X

¥ TpebyeMoe PaBEHCTBO NPOBEPAETCA TPHBHAILHLIMH BBHIYHCACHUSMH.

PaccMOTpHM Temepb INOJAYCHMIIHUMAALHEY KOLEMHOH KOMMieke X*.
Huddepenunas B X* onperesior, ,TPaHCIOHUPYS® NAHHYIO Bhillle (op-
Myady, T. €. MoJaras

. ds= N (—1'Fii(s) (sEXM.

PasyMeercd, CHOBA BHINOJMHEHO paBeHCTBO dd = 0. B kauvecTse mpumepa
npeanoaomiM, 4ro X =C*(K; A4), rie K — cuMnanuuambuan cxema
u A—abGesera rpynna. Kouenbto crenenu n sipaserca yukuus f(x,, ..., x,)
€O 3HauYeHusIMU B A, onpejeNeHHas M Xg, ..., X, K, NpUHALIeKAWUK
ONHOMY # TOMY Xe cHMIUeKCy cxeMbl K. Kmeem dopmyay

n+1

df (X «vvs %) =2(—D"+ f(%g «vvy X oves Xyp).

i=0

Drn onpefeneHns AAIOT BOIMOKHOCTL [OBOPUTL O 2PYNNAX 20MOA0-
2ui H,(X) CuMIIKUMAALHOTO UENHOro KoMmmiekca X u 0 zpynnax
KozoM04020i H" (X) CHMIIMUKAKLHOrO KOIENHOTO KOMILAEKCA.

Mpumep 3.5.1. Ecau K — cuMmiuuna’pHas cxema, TO TIpymns
romosoru#t kommiekca C, (K; A) oGosnauarorca uepes H, (K; A), a rpynnu
koromosoru#t kommnekca C*(K; A)— uepes H” (K; A). Kaxnoe cumnau-
uuagbHoe orTobpameHue

0:K—>1
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ompelne/sieT rOMOMOpPGhUH3MbI
b,: H,(K; A)— H,(L; A),
6 : H*(L; A)— H"(K; A).

C apyrofi croponsl, ecau L ecTb moicxeMa cxeMbt K, TO mpOM3BOXHbIE

rpynnsl jas
C.,(KmodL; A) u C*(KmodlL; A)

o6o3navaorca yepes H,(KmodLl; A) u H"(K modLl; A). B stom cay-
yge B CWIY TOYHBIX MOC/AEIOBaTeNbHOCTEH M. 3.2 UMEEM MOYHYIO 20MO-
A02UHECKYI0 NOCALO08AMENLHOCTLL

> H,(L; A)— H,(K; A)—> H,(K mod L; A) 2> H,_,(L; A)— ...
oo Hy(Ly A)— Hy(K; A)— Hy(K mod L; A)—0

H MOUYHYIO KO2OMOA02UYUECKYIO noc.ae008amenbHOCMb

0— HO(K mod L; A)y— HO(K; A)—> HO(L; A) > ...
-S> H" (K mod L; A)— H"(K; A)—
— H"(L; A)-25> H™' (K mod L; A)—> ... .

Ecaun tenepp K — ynopadotexnas CUMILIMHUHAJIBLHAS CXeMa, TO pac-
CMOTpeHHe KOMILIeKCa CJ (K) npuBonut K rpynnaM romonorutt H; (K; A)
M TpynnaM KOTOMOJOTHH H"® (K; A). 3aMeTuM, 4YTO BKJIOYEHHE
CJS (K)cC, (K) npuBOIMT K KaHOHMYECKUM TOMOMOP(HH3MaM

H"(K; A)— H'\ (K; 4), Hj(K; A)— H,(K; A).

Mbl mokaxeM B najbHeHINeM, YTO STH TOMOMOP(H3MBI fBJIAIOTCH H30-
MOp(U3MaMH.

MMpumep 3.5.2. Ilycth X — GaauCHEH CHMIVIHUMAMLHBIA HENHOH
koMmiaekc A — cucreMa koadduumentoB Han X. [pynmet koromosaorut
komnaekca C*(X; o) ob6osnauawrcs uepes H"(X; ). Kawan# romo-
mopduam 8 : A —> & onpenenser romoMoppuamst §*: H*(X; A)— H" (X; &)
M BCAKOH TOYHOH MOC/AEN0BATENbHOCTH CHCTEM KO3(PQOUIUEHTOB BiAa

O->A—>A->A"—>0

COIMOCTABJISIETCS MOYHAR KO20MOA02U1eCKAs NOCAeO08AMEABHOCM b BUA

0—> HO(X; A")—> HO(X; A)— HO(X; A") 2> HI(X; A)—> ...
o HY(X A — HE (X A)—> H (X A = H (X A — ..
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B uactHOoCTH, KaxIOR cucTeMe KO3(PEHUHEHTOB _% Hal CUMIIHLHAILHOH
cxeMot K conocrasasiorcs rpynnut H*? (K @)= H*(C* (K; &)).
B euwe 6osnee vyacTHOM  cayvyae, KOrja HMeeTCs TOMOJOTHYECKOE Mpo-
crpaictBo E, oTkpuitoe nokphite M npoctpanctda E M mpeanyuok _&
aeneBblx rpynn ¢ 6asoft E, noayvamoTcs 2pynnst K020MO0.402Uf TIOKpHI-
tast M co 3nauenuanu 8 F

H'M; &)= H"(C*M; &)).
C xawpIo# TOYHOR MOC/JIeNOBATENLHOCTLIO NMPEANYYKOR
0> % > 7> >0

CBSI3aHA MOYHAA KO20MONOZUHECKAS NOCAEC08AMEALHOCMS

Lo H R, > H' M, Y>> HTTY O > L

Mpumep 3.5.3. Tlycte E—10M0/10rHUECKOE TPOCTPAHCTBO H A— abe-
fepa rpynna. Ioa0oxuM

H)(E; A)=H,(CS,(E; 4)), H"(E; A= H"(CS*(E; 4)).
Toraa noJdyuaeM 2pynns. CUHZYAAPDHBLX 20MO0A028I, W CHHTYJAPHBIX

xoromoiornit npocrpauctea E. Kawaoe HenpepbiBHOe OTOOpameHue
[ E— F onpencasieT roMmoMopdu3Msbi

f. H,(E; A—H,(F; 4); f*: H"(F; A)— H"(E; 4).

B uvacrHoctu, ecau F asaserca nodnpocmpancmeonm B E, To, onpeneass
OYeBHAHHIM CIIOCOO0M ,OTHOCHTE/bHbIE® TPYIINBI, [TOJAY4aeM TOUYHLIE NOCJAe-
NOBATEIbHOCTH CHHTYJAAPHLIX FOMOJOTHE W KOroMoJoruf

{...-»Hﬂ(F; A)— H,(E; A)—> H,(Emod F; A) 2> H, ,(F; A)— ...

.o. > H"(Emod F; A)—~ H"(E; A)—
— H"(F; A)-2> H""'(E mod F; A)— ...

3.6. JlekapToBO npou3sBefeHHE CHMIVIMIHAJLHBIX KOMILIEKCOB.

Mycte X w YV — Ba cUMNANUMATBbHBIX LEMHBIX KOMIIEKCA Hal
OCHOBHBLIM KoabuoM A. [IpeamonoxuM, d9tro X 00pa3oBaH NPAaBLIMH
A-MonyasMu, a Y — nesuiMn A-monyasmu. Kpome kommiekca X @V

A

(xoTopuit He obaanaer ecTeCTBEHHOH ,CHMIVIMIKATbHOR® CTpykTypoft),
Mbl Byaem paccMaTpHBaTb HOBH LEMHOH KOMMJIEKC, KOTODPLIH HAaszbBaercs
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dexapmosuim npoussedenuer (Han koabuoM A) kommiaekcoB X u ¥V u

KOTOPHIfl NOMNyCKaeT CUMILIHUMAJAbHYIO CTPYKTYpy. ITOT KOMIIekc, 060-

3HauaeMbifft Yepes X x YV, ompenensiercs cienyiowum ob6pasom. Ero kom-
A

TIOHEHTOH DA3MEpPHOCTH A ABJSIETCS

‘ XxV), =X, 0V,
A A

n At aoBoro orobpawenua f:A,—>A, CTPYKTYpHbill roMOMOpQH3M
7Xx}’ : (X: Y)q—>(X;< ),

3anaeTcsl opMyoh

| Feur=Fe®7y

fcHo, yTO akcHoMm 1. 3.1 BLINIOJHEHHI.
AHaJ0rMYHO OnpenessseTcs [EKAPTOBO TNpOU3BeleHMe ABYX CHMILIH-
IIHAJABHBIX KOUENHBIX KOMIIJIEeKCOB

XxYY=X"@y" FX>*XY=FXgf"
A A

[Tycte X U ¥V — nBa CHUMIIMUMANBHLIX UENHbIX KoMIekca. [Haa sa-
JaHHBIX 3JeMeHToB a€ X, u OEY, Mo OyaeM 0003HAauaTb 3JMEMEHT
a®@b w3 X,®V, uvepes axb, ecin xoTuM ykasarh, uTo a @b pac-

A

CMaTpUBaeTCs Kak djaeMeHT dexapmosa npousBesenna X xVY, a He

£

men30pH020 mpouaBefenus X @Y (Tak yto 4 x b UMeeT pasMepHOCTL R,
A

TOraa Kak a® b — pasMepHOCTL 21). Ananoruutivie 0603HaueHus GyayT
NpHUMEHEHbl MO0 OTHOWEHHIO K CHUMIXHUMAJIbHBIM KOUENHBIM KOMIJIEKCaM.
Mycts Temeps X u ¥V — nBa 6a3ucHslX CHUMILIMILMAJIBHBIX IENHBIX
kommiexca. Torma X xV Oyner 6asucnsts CUMIIHUHAIBHBIM LETHBM
A
KOMIIekcoM. [lo oOnpepeneHuio CHMIIeKcOM pasMepHocTd n B X x ¥V
A
AB/IAETCA 9/7eMEHT Sx £, Tle S eCTb n-MepHBH CHMILIEKC KoMIiekca X,
a t — n-MepHbft cuMmmiexkc koMmiekca Y. Ilostomy aas xaxaoro n >0
fiIMeeM paBeHCTBO

Sp (X xV)=35,(X)X S, (¥).
A

Nyere f: X —>X u gV —Y —roMoMOphU3ME  CHMIIKUHAILHBIX
UenHBIX (COOTBETCTBEHHO KOLEMHBIX) KOMIJIeKCoB. Toria CyllecTByer
€JMHCTBeHHbLIH roMoMOopdu3M

fxg: X xV —>XxV,
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KOTODHIH YAOBJETEOPAET  CAelyIOUleMy  YCIOBUIO: fxg(@ x b)=
—~f(a) x g(b) aas @’ EX Wb € Y 3To 0eKapmoso npouasedexue
2omomopghuamos f u g.

[penw ayiye omnpefeleHHs pacnpoCTPaHAIOTCA OUEBMIHBIM 06pa3oM
Ha MOJYCUMILIMIHALHBIE CTPYKTYPH.

[Tpumep 3.6.1. INyere K u L — ABe CHMIIMUMATbHBE CXEMBI,
O6osnaynm yepes K X L creayiomylo cumMnauuuasbHylo cxeMy. Muoxe-
¢tB0 K X L ectb npsMoe npousseneHne MuomecTs K U L B OGHUHOM
CMbIC/IE CIOBA, M KOHeYHOe Hemycroe noaMHoxecTBO B K X L dBisercs
CUMIJIEKCOM TOrjJa M TOJbKO TOTIa, KOrla €ro IPOEeKUUH §BJSIOTCSA
cuMnaekcamMu cxeM K u L. SlcHO, 4TO aKCHOMBI CHUMNJMUHAABHOH CXeMbl
BLIMOJIHEHbI.

B 3ToM ciyuae umeeM KaHOHMYeCKuPt H3OMOpP(hH3M Ga3HCHBIX CUMILIH-
UHAMbHBIX KOMILIEKCOB

C.(K)x C.() =C,(K X ). :

JleHCTBUTENbHO, CHHTYJASPHBIY cHUMIIekc pasMepHocTH n B K X L ectb
NOC/1e10BaTeNbHOCTL TOYeK ((Xg, Vo), - .., (X, ¥,)) w3 K XL, npn-
Hajmexamux cuMniekcy cxemol K X L. 3ro o3Havaer, UTO MOC/el0Ba-
TENLHOCTH

S=(Xgs vy X)),  E=gs +++s Vo)

ABASIIOTCSI CHHTYJAAPHBIMU CHMILIeKCaMH pasMepHocTH n B K u L. HMnaue
TOBOPS, MOXHO OTOXIECTBHTH MHOXKecTBO X, (K X L) CHHryJIspHBIX
cuMnaekcos pasmeproctd n B K X L ¢ npoussenenueMm X, (K) X X, (L).
TpebyeMoe OTOMIeCTBJIEHHE NOJYYAETCS OTCIOAA HEMeIJeHHO.

CoBepllleHHO OueBMAHA (B CHJIYy aCCOLMATHBHOCTH TEH30PHOTO MpO-
H3BeleHusa) dopMyaa

C.(K; A)yx Cy(L; By—C,(K X L; A®B),

crnpapejanupas Aas no6bx abenesbx rpynn A ¥ B. Hanporus, anaso-
rudnas GopMyna A8 KOWENHHIX KOMHAJAEKCOB, BOOOie rOBOPA, HeBepHa,
€C/Id TOMBKO CHMIUIMUHMAJBHBIE cXeMbl K M L He ABAAIOTCA KOHedHblmuU.

Mpumep 3.6.2. Tlycts £ u F— nBa TOMOJOTHYECKHX NPOCTpPaH-
CTBa H

u:J,—>EXF

~— CHHTyJsIpHBIH CHMILIEKC Pa3MePHOCTH 7 B NMPOHU3BEleHHH MPOCTPAHCTB.
Ero koMnosuuui ¢ NpoeKkuHSIMH NAIOT CHHIYJISipHblE CUMIIIEKCH

s:J,—E, t:],—F,

5 P. I'ogeman
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3a1aHue KOTOpPBIX ompenenseT 4. Hao6opor, nas 3a0aHHBHIX CHHTYJAPHBIX
CUMIJIEKCOB § W ¢ pasMepHoctH n B E u F cyumectByer cuMIIIeKC #,
KOTODBIH [IONycKaeT HMX B KauyecTBe ,Npoeknud“. MHawe roBops, Mol
umeeM 3aech cuosa X, (EX Fy=2X,(E) X £,(F), OoTKyaa HeMelJeHHO
clenyer KAHOHHYeCKMH M30MODGU3M OGa3MCHBIX CHMIIMUHMAJIBHBIX KOM-
JIEKCOB

I CS,(E) x CS, (F)=CS,(E X F). ‘

Boofuie umeem

( CS.(E; AyxCS,(F; By=CS,(E X F; AR B), '

KakoBbl 6Bl HHM Obutn abeneBwl rpynnst A n B.

[MTpumep 3.6.3. llycte K u L — nBe ynopado4esnsle CAMIIHLHANb-
Hple cXembl. OnpesenuM B npousBeneHud MHOwecTB K X L oTHOlenHe
nopsixa

(%, ¥y < (X" Y7
ecau
x/ <xll H y,<y”;

M HazoBeM cummniekcoM B K 3 L /11060e KOHeYyHOE Henmycroe MNOAMHOMKe-
CTBO S, KOTOpOe YAOBJETBOPAET CJACLYIOLHM YCAOBUAM: MPOEKUHH MHO-
wectBa S aBiasiorcss cumniekcamu cxeM K u L 4, KpoMme Toro, S BHOJHE
ynopsinoyeno. Toraa noayuaercsas ynopsaoueHHas CHMIUIMUMA/IBHAS CXeMa,
KOTOPAasd Ha3bIBAETCS 0eKapmosvim RpoU3sederuem YROPACOUEHHHLX CUM=
nauguarouelx cxenw K u L. $lcHo, 4TO BO3PACTAOWWMM CHHTYAAPHBIM
cumnaekcoM B K X L pasMepHOCTH n ABAfeTCH Takas I[0CJAe]OBATeNb~
HoCcTb  ((Xg, ¥o)s -y (X, ¥)), uTo (Xg .on, X)) H (Voo «vny ¥Y)—
BO3pAcTaloliie CHHryJspHbie cuMmiekcsl cxeM K u L. Orciona noay-
YaeTC KaHOHHYECKUH H30MOpPQU3IM

CHK X Ly=C}(K)xCF(L).

8.7. CuMniuuuajdbHbLie TOMOTONHH.

B stoM nyHkre Mb OydeM o6o3nauarb uepes [, xommaexc C,(4))
(1eJOYUCTeHHBIX (WM ¢ KO3(EPHUHEHTAMH B OCHOBHOM KOJblle A) CHHry-
JAPHBIX Uenell CUMIIHLMAILHOR CXeMbl A;. DTOT KOMIAEKC OyAeT Urparb
pOJb, QHATOrMYHYI0 pPOJH ,eJMHHYHOrO cerMeHra“ B ,reoMeTpHueckoH
TEOPHUH IOMOTONHU. 3AMETHM, YTO OCHOBHOe KO/bIO A AeHcTByeT crnpaBa
M ciaesa Ha /[, Tak 4T0 ecam X — CUMILIHLHMA/JbHBIA UENHON KOMIJIEKC,
00pa3oBanHbifl JeBLIMH A-MOAYJISIMU, TO MOXHO 00Pa30OBATL MPOU3BeeHHE
I, x X, KOTOpOe CHOBA fBAAETC CHUMIIMUHMAJbHLIM IIENHBIM KOMIJIEKCOM

A
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¢ JeBbiMu omepatopamu u3 A l). B naibHeHmem Mb OyieM nucathb X x Y

BMecTO X x YV, ec/nu, KOHEUHO, OCHOBHOE KO/MbIO A (QHKCHPOBAHO.
A
OnpejieuM mpexje BCEro AAf KaXAOr0 CHMIVIMUMAILHOTO IENHOro

KOMIIJEKCa X I‘OMOMOp(pl/ISMbI CHMIIVIMIUANBbHBIX KOMIIJIEKCOB
-
JO X T x X

JlAA 3TOTO DPACCMOTPHUM AAs KamKAOTO N CACAYIOUIHE n-MepHble CUMM-
JdeKCH KoMIIekca [/,:

W=, ..., 0, aul=(,... 1.

n
TMoaoxum

)= xx, jJ(x)=ulxx, ecan dim(x)=n.

Iposepka Toro, uro ;% u j! KOMMYTHPYIOT ¢ ONEpaTopamu rpaHeH,
oueBHAHA. 3ameTHM K ToMy ke, uto O u j1 MOXHO ompesenuTh eule
caenyomuM  06pasoM. PaccMOTpHM  CHMIVIMIHAAbHYO cxeMy A, [as
Kakjaoro X uMeeM OuUeBMAHLIM 00pa3oM KaHOHMYeCKHH H3oMOpduaM

C.0px X=X

C 1pyrofft CTOpOHB, HMeIOTCAd 1Ba CHMILIMUHMAJIbHBIX OTOOpaxeHus
Ay— 5, a umenHo 0—0 n 0— 1, OTKyda noayyaloTCs 1Ba TOMOMOp-
¢usma

C,Apx X—>C,(4) x X.

PaccMaTpuBas HMX KOMIIOBHIUM C TPEIBLIYLIHM H30MODGHM3MOM, TOJIY-
yaeM jO u j1.

Hanpumep, ecan X=C,(K), rme K —Hexkoropas cuMnaunuaibHas
cxeMa, 10 jO u jl onpepensiorcss OUeBMIHBIM 00PA30OM CHMILIMUUATbHBIMH
orobpaxennsmn x — (0, x) 1 x— (1, x) cxemsl K B A X K.

O6osnauuM yepe3 &, KAaTeropuio CUMILIMIHUAJbHBIX IENHBIX KOMILIEK-
coB. ConocraBienns X—>X u X— [ x X MOXKHO paccMaTpuBaTh Kak
KOBapuaHTHele (YHKTOpPH Ha R, €O 3HAYEHUSIMM B KaTeropuM LEMHBIX
xommaexcoB. Torga jO u j1 sBagioTca ecTecTBeHHBLIMU Tnpeobpa3oBa-
HUSIMU.

Teopema 3.7.1. Ecmecmsennsie npeotpaszosanus jO u j' 20m0-
monHei.

VlHaue roBops, CYWIECTBYIOT TakHe ecmecmseHHbie npeodpas3osanis

D,:X,—>{,xX),.\
YTO
J'—j%=doD,+D,_,od B pasMepHOCTH 7.
") Ecau L — jaBycroponnud A-Monyas ¥ M — jeBni#i A-Monyas, 10 L @M

MOXKHO PacCMaTpUBAaTh Kak AeBell A-monyab, moaaras A({Qm)=MNQm, rie
Ac A, leL, meM. —ITpum. nepes,

5*
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OrpaHnyuMca cHauana Kateropuedt f cumniuyuarsnux cxen, nuHaye
roBOpS, PACCMOTPUM CHauana xommiaekch suaa C, (K; A), rae A — OcHOB»
HOe KOoapluo. Has onpeleneHus roMoMOpgH3Ma

D:C.(K; A)—C, (A XK; A)

JOCTATOUHO CJheaaTh 3TO Ha CHHIYJIAPHBIX CHUMILIEKCAX CXEMbl K. Mu
T10J10KHUM

D(xg . or %) =2(—=1" - (0, ) ..., (0, x), (I, ), ..., (L, x,)

(paBas 4acTb ABJSETCA CHHTYJISDHOH lenblo pasMepHocTH 721

A X K). Tak kax

g o oer x)=((0, xp), ..., (0, x))
(g ooy x)=((1, X0, ..., (1, X)),

TO mnpoBepka TOro, uro D ects romoronus, cesa3wBaoowas j° u ji,
IBASIETCS YNpaXKkHeHHEM B TPHBHAJbHBIX BbiKJagkax. Kpome Toro, scHo,
yro D sBJsleTCS eCTECTBEHHbLIM Npeo6pa3oBaHMEM B KATErOPHH CHMILIH-
uuanpHbix cxeM. K ToMy ke cnpaBennuBa dopmyna

D()=X 1, f-uxf(s) (dim(s)=n),

rie & npobGeraeT MHOXeCTBO CHHIYJASIPHBIX CHMILIEKCOB pa3MepHOCTH
n—+1 B A, f—wMHOXecTBO oToOpawenu#t A ,, —A, u riae kosddu-
UMEeHTB Y,(#, [) ABAAOTCA WENBIMH PALUMOHATLHBIMH YMCJIAMH, HE 3aBU-
cAlUMH OT K.

B cuayyae npousBOJBLHOTO CHMILIHIHAABHOTO LEMHOrO KOMmJekca X
Mbl onpejleseM [D ¢ NMoMoLIbIO npexwblaynieft GOpMyaH, Fae § Ha 3TOT
pa3 o6o3HauaeT NPOU3BOJbLNLIA 9geMenT Moayas X,. To, uro D saBasercs
cHOBa romoronde#t mexay j9 W jl, BhTekaeT MO CyTH JAela H3 TOrO,
YTO yKe J0KasaHo, M3 Toro, uro jO, jl, d m D sapasiotca ecmecmesen-
Holmu 1peobpa3oBaHUAMH HAa KaTeropud R, 4, HAKOHell, U3 TOr'O, UTO
ans moboro x € X, cyllecTBYIOT CHMI/IHUMAAbHAA cxeMa K M roMoMop-
dusm C, (K)— X, o6pa3 KOTOPOTO COLEDKHT X.

Baxuoe caencTBMe M3 NpelblIyllero pe3yabTaTa HOJyyaeTcs, KOria
pPaccMaTpHBaIOT JBAa CHMILIHUMAMBHLHIX LenHHX KoMmmiekca X u Y M 1Ba
roMoMopgdu3ma -

60, 01 X >V,

[oBOpAT, uTO 9TH TOMOMODQHU3MBI CHUMAAUYUAALHO 20 MONMONHSLL, €ClH
CYIIECTBYEeT TaKOR roMOMOpPdUSM CHMILIMUMATLHBIX KOMILIEKCOB '

0:I,x X—>Y,

uro 00=100 40 01=00 1. flcno, 4ro B 9TOM Cayuae HMeercs cnenylo-
Wy pesyJabrart, :
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Teopema 3.7.2. [8a cumMRAuyuUQAbHO ZOMOMONHBX 20MOMOpS:
PuIMQ CUMNAUBUANBHOLX YENHbLX KOMNACKCO8 ABAAIOMCA 20MOMON=
HOLMU U KAK 20MOMOPPUIMbL KOMILALKCOB.

Mpumep 3.7.1. MNycte K u L — zBe cuMniHuualbHble cxeMu:
PaccMOTpUM CHMILIMUMABHEIE OTOGPAXKEHHUS

60, 61 K — L.

[oBOpAT, UTO OHU CUMNAUKUAABHO 20MOMONHBL, €CAH IS Kawaoro
cumniekca S u3 K muoxecrsa 0°(S) u 01(S) comepxarca B omHOM M
TOM e CHUMIlIeKce u3 L.

Onpegeanm B 3TOM cayuae 0TOGpameHHe

: 0 XK—>L,
MOJOXHUB -
000, x))=0(x), 61, x))=6(x).

SAcHo, uto 0 cumnauyuaasno (4, Haob6opoT, ecay O CUMIAMUUATBHO,
1o 60 u §' cumnamnmanbHo romoronuwl). [lepefizeM Temepb x cuHryasp-
HbM UenHbiM koMmaekcam iad K, L u A X K. B cuay ¢opmyn us
npumepa 3.6.1 mnoayuaeM ycaoBus npeldbiyule Teopemrl. Ilostomy
HMEET MecTO

Teopema 3.7.3. Mycms 00 u 01— dsa cumnauyuarsio 2o0mo-
MORHBLX CUMRAULUAALHOLX OMOCPANCEHUS CUMNAULUALLROL cXembl K
8 cumnauyuarsnyo cxemy L. Tozoa 20momopduames

C.(K)—~C, (D),

uHoyyguposannve omobpasicenunanmu 60 u 01, zomomonnv u 048 410606
abenesoli 2pynnol A 2040M0pPHUIMbL

H (K; A)— H,(L; 4), H"(L; A— H"(K; A),

tmayuupoeaunbte omobpascenuaru 0° 4 0, cosnadawom.

PaccMOTpHM, B YaCTHOCTH, KOHU4eCKYIO CUMIAHUMATBLHYO cxemy K,
T. €. CXeMy, B KOTOpO{ cyllecTByeT Takad Touka a € K, 4TO LSl J06Oro
cumnaekca S u3 K muoxectso SU {a}. rakie SBISETCA  CUMILIEKCOM
13 K. OTO yc/OBHe SKBHBAJEHTHO TOMY, YTO CHMILIMHMAJIbHLEE OTOGpa-
HEHHSs X -—>X H X—>a CHMIIHUKaIbHO roMororun., Otciena cilenyer;
yro ecau obGo3Hauuth uepes C, (@) noaxommiexc kommiekca C, (K),
COOTBETCTBYIOMIMA CHMILIMIIMAABHON MOACXeME, COCTOAUleH TOMBKO . M3
TOYKHM @, TO TOXjlecTBeHHoe orobpawenne C,(K)— C,(K) roMoTONnHO
ortobpaxennio C_(K)—C,(a), onpeilenreHHOMY OTOOpaXEHHEM X —a.
Tak KaKk TOCAeAHMA TOMOMOD(U3M ABAAETCA, OUEBHAHO, MPOCKMUPOBA-
Huem xomnnexca C,(K) Ha C (@), TO nonyqaeM YTO KOMILICKCHE C,(K)
u C,(a) roMOTONHO SKBHBAACHTHBI

OTMeTHM KpOMe TOrO, UTO LISl KaXIOW CHMILAMIHATLHON cxeMmul K
B Kommiaekce C,(K) onpemeieHo oOonoanenue Co(K)—>Z, a WMeHHO
oTOOpaxeHHe, - KOTOPQE - NPUHAMAET 3HAUEHHE. | H,a Kaw oM (-MepHOM
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cuMmaexce cxeMbl K (KaK Mbl BHIEJH, 5TO Xe CnpaBelIuBO H B OoJjee
obuiem cayuae aJjs J11060T0 6Q3UCHO20 CHUMILIHUKAILHOIO UEMHOTO KOM-
naekca). Bynem rosopuTb, uto cxema K auyuxauina, eCld KOMIIEKC
C, (K) ¢ nonoanenueM auuKauueH. TOraa 13 NpeiuiecTBYIOMINX 3ameyanuit
HEMENIEHHO CJAeLyeT, UTO Kaxn0as KOHUYeCKAs CUMNAULLAALHAA
cxema QuuKAu4Ha, ITO Ke MOXHO MOJYYHTb, HCNOAb3YS caelyloluH
onepaTop FOMOTONHH (KOTODHIH He COBMAajaeT C ONepPaTopoM, MOJayvalo-
WMMCS M3 JOKA43aTeqbCTBA TeopeMbl 3.7.1):

Koo v o vn X )—>(a, X ..., X,).

Ero nasuiBalOT KOHUHECKUM OREPAMOpOM C BepULUHOL a.
3aMeTHM, YTO U3 3THX pPesy/bTaTOB CJeAayeT
TeopeMma 3.7.4. Kaowoan cumnanyuarsuas cxema euoa

Ap, X oot XAy,
QuuUKAULHa.
Mpumep 3.7.2. Ilycrs £ u F— B2 TONOJIOrMYECKUX NPOCTPAH-
CTBAa H
00, 01 : E—>F

— Henpepoisubie oTo6pamenus. OO6osnauas uyepes J, cTaHAapTHbHIH reo-
MeTpHYECKHMH CHMIIEKC Pa3sMEpHOCTH 1, HMeeM [1Ba HeMpPEPHIBHBIX OTO-
OpaxkeHus

SO S E—J XE,

onpeje/eHHble PAaBEHCTBAMHU
@)= %), jHx)=EF" x)

(P°—>s10 Touka (1, 0), a P'—rouka (0, 1) B J, Tak uro J; B R2
ABJIAETCA NPAMO/IMHEHHEIM OTpPe3KOM ¢ konuamu PO u PY).

Tosopar, yro 60 u 6! 2omomonus, ecnm cylleCTByeT Takoe Henpe-
pbi8HOe oTOOpaNeHue

\ :/, X E—~F,
4yTO 60=60j0, 0t =00 ji,

Teopema 3.7.5. Ilycms 6° u 0'— zomomonnsie opyz dpyey
nenpepoigrsie omoGpascenus npocmpancmea E 8 npocmpancmso F.

Toz20a zomomopusme
CS,(E)—CS, (F),

unoyyuposannsie omobpaxcenuanu 60 u O, cumnauguarswo 20Mo-
monns. u 04n aw06ol abenesol zpynns A 20 mMOoMOpHu3mol

H, (E, A)—» H (F; A), H*(F; A)— H"(E; A),
undyuuposannse omobpascenunmy 80 u 01, cognadawm.
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JedcTBUTEAbHO, HempepbiBHbie oTOGpaxenus JO, j' u O onpeneadtor
rOMOMopqmsMbl

. j1:CS,(E)—>CS,(J, X E)=CS, (J;) x CS, (E),
0 :CS, (J; X E)y=CS, (J;) x CS, (E) — CS, (F).
ﬂanee, A9 KAWIO0ro LeJsioro n UMeeM eCTEeCTBEHHOE BJOXKEeHHE
C,A)=CS, (),

noJjayvyatomeecss IMNPpH OTOKAECCTBJEHUH CUMIJIMLHAIBHOTO OTOﬁpa)Kel{PlH

f:A,—>A, C COOTBETCTBYIOUIUM HENPEPLIBHLIM OTOGpaKeHUEM f: >,
Torna 1erko nposepsercs, uro j? u jl ceoaarca B ReHCTBHTEAbHOCTH

K K4HOHMYECKUM TOMOMOpGHU3MAM
CS.(E)y—1,xCS, (E),

ec/ii ydyeCcTb BGLINIEYNIOMAHYTOE OTOXJECTBJAEHUE KOMMjaekca J/, ¢ moi-
kommexcoM B CS,(J,). Paccmarpusas romomopdusm [/ xCS,(E) —
— CS, (F), apagouwuiica orpaHuyeHueM romomopdusma 6,, noayuaem He-
MelJeHHO HCKOMBIH pe3yabrar.

B kauecTtBe c/aeACTBUSI M3 TIpeAbiayllel TeopeMbl pPaccMOTpUM MpO-
crpaHctBo E u ero moanpocrtpadcteo F. Tosopar, uro F sBasercs pe-
mpaxmom mpocTpancrBa E, ecau cyulecTByeT HenpepbiBHOe oToOpaxe-
Hue npocrtpaHcTBa E Ha F, koropoe coBnasaeT Ha F ¢ TOXIeCTBEHHBLIM
orob6paxenueM. Ecau 3To orobpamenne, KpoMe TOrO, FOMOTOIHO TOX-
necTBeHHOMY (Kak orobpaxenue E —FE), To roBopdar, yto F ecTb de-
dopmayuonnsii pempaxm mnpoctpavctsa E. B 3TOM ciayyae KaHOHHue-
ckue romoMopdusmn H, (F; Z)— H, (E; Z) asaswomca u3omopgdus-
Manu.

HeHcTBUTENMBEHO, pPAaCCMOTPHUM, C  OJHOH CTOPDOHBI, KAHOHHYECKOE
Blo)enue j:F —E U, ¢ Apyroft CTOpOHH, peTparupymllee OTOOpame=
uue p: E— F, romoronrnoe towaecrseHHoMy. OueBuaHo, yto oTobpame-
HUe

p* ° j:k : CS::: (F) > CS* (F)

roxaecrsenHo. C  apyro#t cropousl, orobpawxenune j o p, :CS,(E)—>
— CS,(E) cBoautcs K p, U FOMOTOMNIIO TOMXAECTBEHHOMY B CHJIY npe-
apayued reopemsl. ChenosatensHo, kommaekcw CS, (F) u CS,(E) romo-
TOTMHO 3KBUBAMEHTHH, YTO W JOKA3HIBAET HAlle yTBepJAeHHe.

B yactrocTH, FOBOPAT, UTO MPOCTPAHCTBO CmMA2U8AeMO, €CIH OHO
nonyckaeT Ae@OpPMAUMOHHBIA DETPAKT, COCTOAIWHH M3 OAHOH TOUKH.
B sToM cayuae HMeer MecTo

Teopema 3.7.6. CunzyasapHsie 20M040241 CMA2UBAEMOZO npo-
cmpancmea E 3adaomca dopmyramu .

Hy(E; Z)=1Z, H,(E; Z)=0 021 n>1.
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JTOT pe3y/bTdT NPHMEHSETCS, HANpUMeD, B cileayiomed CHTyauuu,
[Mycts V — BelllecTBeHHOE TONOJOTHYECKOe BEKTODHOE NPOCTPAHCTBO M
E — HexoTopoe moaMHoxecTBo B V. [oBopar, uto E ecTb Konyc, ecin
CyumecTByeT Takas Touka a € E, yto ans moboro x € E 3aMKHYTHH OT-
pe30K ¢ KOHUAMM @ M X LeJUKOM cojepxurcs B E. B 31OM cayuae cuH-
TyJAsPHBE POMOJIOrUM NMPOCTPAaHCTBa E TPHBHAMbHEL.

Ecay uMeercs, B 4acTHOCTH, CHUMILIMLUHKa7bHas cxema X U paccMa-
TpUBAeTC OTKPBITOE NOKPHTHe mnoausapa P (K), ofpasoBaHHOe 3Be3-
namu U, Bepmun P (K) (m. 3.2), To 3aMeuaeM, YTO CHHTY/spHLIE FOMO-
JOTMH KaXJOr0 KOHEYHOro NepeceueHus MHoxecTs U, TPUBHAIbHBL

Meronsl M pes3ysabTaTH, KOTODble Mbl H3JMONUIM B 9STOM IYHKTE,
pPacnpocTpaHAIOTC ¢ COOTBETCTBYIOIHMM H3MEHEHUSIMH HA TEOPUIO CHM-
AAHIMANBHBIX KOUEMHBIX KOMILJIEKCORB.

[Tp 9TOM BMeCTO KOMINIEKCA [, CHHTYJADHHIX Henei cxeMbl A
¢ kosbdHIMeHTaMid B 32JaHHOM OCHOBHOM KOJble A HYXHO paccMarpH-
BATb KOMILIEKC /* CHHTYJADHBIX Kodeneft cxeMbl A, cO 3HayeHHAMH B A,
JIlast kaxnoro ueaoro n rpynmna /? aBiasieTcs MHOXECTBOM TOMOMOpdH3-
MOB Moayas [, B OCHOBHOE KOJAbUO H, B HaCTHOCTH, KaXAbH 3/MeMeHT
rpynasl /? uMeeT ,3HayeHue“ Ha M1000M CHMIIEKCE Pa3MepHOCTH A B /..

[Mycte Temepb X — CUMIIHLHAAbHBIR KolenHOR kommiexc. Ha stor
pas uMeeM KaHOHHYeCKHe rOMOMODPGU3MBI

Joo i1 I'xX—X,
onpenefeHHble caeaylowiuM o6pasom. [aa a € " u x € X" nonaraem
. 0
Jo(ax x)=0a () x,
, iy
jl(axx)._a(un) x,
rae 4 w ul— onpene/neHHbie panee ChMILIeKcH (cTp. 67).

Ecau paccmatpuBaTb jJ, U J; Kak roMoMopdusmbl (hyuimopos co
3HaueHHMSIMH B KATErOPMH KOIEMHBIX KOMIVIEKCOB, TO j, M J, 2omo-
MOnHBL, T. €. CYIECTBYIOT TaKie ecTecTBeHHble NpeolpasoBaHus

P, x X)) —> X"
4TO B CTeNeHH A
h— Jo=do D"+ D" od.

STH rOMOMODdU3MEL MOXHO, BIPOYEM, ONpele uTh N0 GOpPMyaaM mpes
Abliyuiero nmyHkta. TouHee, €ciu B3aTbh dopmyay

D, (x)=X 1, f)-uxf(x)

fipeapiayuiero nyskra [x € X, CYMMUDOBaHHe pacnpoCTPaHseTCa HA CHM-
miekcol u pasMeproctd n—+1 B [ n orobpaxenus f:A, ., —A,

a ko3hduuneHTH 7, (U, J) ABAAIOTCH erslmu payuoHAAbHO MY HUCLA ML),
TO JeTKO BUAETb, YTO MOXKHO ONpeaenuts D" no caenyiouie#t dopmyie:

. bDn(a x X):E Tn—l(u’ f)a(u) : f(x)’



§ 3. CUMIITHUUAJTIBHBIE KOMITIEKCHI 73

rie CyMMHpDOBAHHE DaclpOCTPaHAETCS HAa CHMILIEKCHl 4 PA3MEPHOCTH 7
B I’ u orobpaxenus f: A, —A .
PaccmoTpuM Tenepn 1Ba roMoMopduaMa

0 B : XY

CHUMIIMILHA/IBHBIX KOIENHBIX KOMIJIEKCOB. [OBOpAT, YTO OHH CHMIINLU-
A71bHO TOMOTOTHbI, €C/JAM CYHIeCTByeT TaKoH roMoMopdusm

B: X—>I"xY,
4TO
0,==j,00 (i=0,1).
V3 npeabiaymiux pe3yabTaTOB SICHO, UYTO CUMAAUGUAABHO 20MOMONHbLE
20 MOMOPPUIMEL 20 MOMONHEL KAK 20 MOMOPPUIMbL KOUENHOLX KOMULACK=
€08. ITOT pe3yabTarT OyleT HaM MNoJe3eH NpU WU3YYEHHUH KOTrOMOJIOrHH
Yexa (ra. II, § 5).

3.8. OpuHeHTHpOBaHHbIE UENH W AJbTEPHHUPOBAHHBIE KOUEIH.

IMycts X — cuMnauuuaibHef LenHOR Kommiekc. [t Kaxaoro Ie-
aoro n > 0 moboe otobpamenue A, — A, KaHOHMYecKHM oOpasoM onpe-
Jenger suaoMOopdusM Moayas X,. OTcioAa BHAHO, B YACTHOCTH, HTO
rpynna mnoACTAHOBOK MHOWecTBa A, nefictByeT Ha monyne X,. Yepes
e (u) Mbl OyneM 0003HAuaTb HeTHOCTH JI00OH 3amaHHON MOACTAHOBKHU u.

Llenb x € X, HasbBaeTCHd B6LPONCOLHHON, €CAM OHA TPUHALIEKHUT
NOAMOLY N0 MOAyas X,, MOPOXKIASHHOMY CJ/eLYIOWIUMU 3JIEeMEHTaMU:

(a) uensamu Bula 4 (y) —e(u)y, rie y — NPOU3BOJILHLIA 3/eMEHT U3 X,
¥ 4 — NPOM3BOJIbHAA MOACTAHOBKA MHOXeECTBA A ;

(b) uensMu BuOa f(2), roe f— npousBOIbHOE OTOGPAMKEHHE MHONKE-
cBa A, B A, (p<{n—1) U Z—npousBOIbHBIA 3aeMeHT Monyas X,

MHOKeCTBO BBIPOXK/IEHHHIX 3/eMeHTOB B X, o6o3Hauum uepes D, (X),
a rpaLlyMpOBAaHHBEH MOAMOLY/Ib MOLyas X, UMEIOUIHH OJLHOPOLHBIMU KOM-
moHentamMu Moayau D, (X), — uepes D (X). Toraa D(X) ssaserca noo-
KOMRAeKcOM KOMIJleKca X, T. €. UIBADHAHTEH OTHOCHTE/BbHO T'paHHMY-
Horo omneparopa B X (HO, pasymeeTcsl, He OTHOCHTEJNbHO OfI€PaTOPOB
rpanelt B X). JlokaxeM 3TO yTBep:/IeHUE.

OueBUAHO, LOCTATOYHO NOKA3aTb, YTO UeNb dX BHPOMXKIEH3, KOrjad X
uMeeT BHA #(y)—e(u)y wm f(y). C npyro# CTOpPOHHI, SICHO, YTO
Kaxabi# romomopdusM X — X’ CUMINIHILHANBHBIX 1LEeMHBX KOMILIEKCOB
orobpaxaer D(X) B D(X’). Ilpu nomown paccyxineHult, yxe He pa3
HAMH HCIIONb3OBAHHEIX, W3 3THX [BYX 3aMeyaHu# MOXHO BBIBECTH, UTO
ZIOCTaTOYHO NOKA3aTh Hallle YTBEPXK/IeHHEe B TOM HACTHOM CJyuae, Koraa X
nmeer Bua C,(K), rae K — CuMIIMUMANbHAS CX€Ma, M KOrja y — CHH-
TyAspHbil cuMmiekc cxeMs K. Mu npesoCTaBlseM YMTATENIO nposecm
JOKa3aTeNbCTHO B 3TOM C/ydvae. : : :
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Snementn dakrop-Monyas X,/D, (X) HA3LBAT N-MEPHOLME OpULeH-
muposanHoimn yenamu xomnaexca X. Komniexc opuenmuposanublx
yenei B X onpeneasiior kak X/D (X).

Korna X sBasieTcss n0AYCUMAALYUAABHbIM LENHLIM KOMILIEKCOM,
MOX»HO CHOBa OMpefequTh noaxommiaexc D (X), a uUMEHHO rpaiyHUpoBaH-
HBIf TOJAMOAYAb, HOPOXKAEHHLH uenamu f(y), Tle y HMeeT NMpPOHU3BOJb-
HYI0 pasMepHOCTb 7, a f npoferaeT COBOKYNHOCTb BO3PacTalOLIHX OTO-
Gpaxenuit Muokects A, B A, (p=n—1, n+2,...).

B sToM cuayuae Jserko 10kasaTb !), HCIOJIB2YS KaHOHHueckoe oTOOpa-
KeHHe

X—> X[D(X),

yro uennble koMmiekcsl X u X/D(X) ecmecmsennsim 06pa3oM 20xo-
MONHO 3KBUBAAEHMHO. MOXHO, OYEBUIHO, TIIPEINOJOKHTE, UTO aHaJO-
FHYHBIH pe3y/AbTaT CNpaBel/IUB /I8 KaTerOPUU CUMAAUGUAAbHOLX UETHBIX
koMIaexcoB. K coxajeHHIO, aBTOp He 3HaeT, BePHO JU 3TO.

Mpl mOKaxeM, OJHAKO, YTO HMEETCs HHTepecHHH pe3ynbTaT, OTHO-
cALKHCA K KaTeropuu 77 ynopAdouenHbX CUMNALGUANHELX CXEM
(romoMopdusmaMu K —> L 31ech ABJAITCA CMPo20 BO3PACTAIOLIHE CHM-
nauunaibasle otrobpaxenus). Ha smod ramezopuu hyurxmopel

K—>C, (K) 2 K—C (K)[D(C.(K))

2O0MOMONRHKO IKBUBQAAEHMHBL.

o+ +
Ipexpae Bcero sameTuM, uto 1as kKaxmoro K€t CyllecTByeT pas-
Jgoxenue kommiexca C, (K) B npamyn cymmy

C,(K)=C." (K)+D(C,(K)),

rae uepes C; "(K) o6osnauen mnoaxommiexc B C,(K), uMeiomu#t B Ka-
yecTBe 6as3nca CMPo20 BO3IPACTAIOIINE CUHTYASPHBIE CUMIVIEKCH § 1 A, —> K
u K.

HeHcTBHTENBHO, NYCTh (Xg, ..., X,)==8§ — CHHTYJAAPHBIH CHMIJEKC
cxembl K. Ecau x; He sBAAIOTCA TNONApHO pAa3JAHYHBLIMH, TO 3TOT CHMI-
nexc Haxomutes B D(C,(K)). Ecam xe x;, nonapHo pasauuHsl, TO,
OY€BHIHO, CYWIECTBYIOT CTPOrO BO3PacTalOWIUM CHHIYAPHBIH CHMILIEKC { 1
NOACTAHOBKA 4 MHOXECTBA A, yROBAETBODAIOLUIME PABEHCTBY § == u(f),
oTkyla S==u(t)—e(u)-t4e(u)-t. Tem cambiM nokaszaHo, uro C, (K)

++
ectb cymMMa moayaelt C; " (K) u D (C,(K)). Ocraercs nokasarb, 4To
5Ta cymma npaman. JJas STOro J0CTaTOYHO 3aMeTHTL, YTO MOZYJb
D(C,(K)) B pasMepHOCTH 7 TMOPOXKAEH, C OJAHOM CTOPOHbBI, CHHIYJap-
HBIMH CHUMILVIEKCAMH (Xg, ..., X,), HEKOTOPbIE BEPHIMHL KOTOPHX COBMa-
JAT, a ¢ APYro#l CTOpOHb, uensaMH Bula u(S)—e(w)- S, rae § npo-

) Ellenberg S, MacLane S, On the groups H(l, n). L, Ann.
Math,, 58 (1953), 55—106; cM. Teopemy 4.1,
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6eraeT MHOXECTBO CTPOrO BO3PACTAIOUIHX CHHTYAADHBIX CHMILIEKCOB
pasMEpHOCTH n W & mpoberaeT rpynnmy MNOACTAHOBOK MHOXecTBa A,.
Hawe yTBepxaeHue Jerko caeiyeT OTCHOAA.

[Tocsie 3TOrO CTAaHOBMTCA SICHBIM, uTO Ha KaTeropud f° 1 Mb umeem
KAHOHMYECKHH H30MOPDU3M Mexay (yHKTOpaMH

K—>C{"(K) u K—>C.(K)/D(C.(K)).

[To3TOMy BCe CBOLMTCA K [10Ka3aTeAbCTBY TOTO, UTO (PYHKMOpHL
+ 4
K—>C., " (K) u K—C.(K)

20MOMONKO 3KBUBAAEHMHb., 19 N0KA3aTEAbCTBA ITOrO MHl HCMOJb3yeM
CeICTBUE M3 TeopeMbl 2.5.2, B3sB B kayecTBe modesed B kateropuu FH7F

ALy
ynopsinouentse cxeMb &, (n==0, 1, ...). Tax ax roxenne C, = (K)—>
— C, (K) Huiyuupyer, Kak JerKO IPOBEPUTH, U3OMOPGH3M TPYNI FOMO-
gorutt B pasMepHocTH 0, TO OCTaeTCs yCTAHOBUTH, YTO PacCMATPHBAEMble
(YHKTOPE! ABJSIOTCH NPEACTABUTEIbHBIMU U AUUKJIMYHLIMA.

[lpexne Bcero saMeTuM, uro C. alUKJAMYeH B cuay TeopeMbl 3.7.4.
Jlns noKasaTeJbCTBAa TOTO, YTO KOMILIEKCHI C*“L(An) TaKXKe auuKJIHUYHH,
[NOCTaTOYHO PacCMOTpPeTh OMNepaTop, KOTOPBIYt OTOOGpamaeT CTPOro BO3-
pacTaiollui CHHryISPHBIA CUMILTEKE (xg, ..., X,) cxeMbl A, B (0, X, ...
..y Xp), korza 0 <x, u B 0, xorna 0==x,.

: ++

JIlas noxasarenbCTBa mpeicTaButeabHocTH ¢yHkTopa K —C. " (K)
nocTynaeM cjaelywuiuM o6pasoM. Jag kawioro n > 0 MHOXeCTBO
Hom (4,, K), T. e. MHOXEeCTBO CTPOr0 BO3PACTAIMIHX CHMILIHIHAILHBIX
otobpameHult cxempl A, B K, OTOmIECTBIAETCS ¢ KaHOHHYeCKMM 0asi-
coM Monyas Ci 7t (K). Ilna 3Toro [0CTAaTOYHO OTOXKIECTBHTH Kak10e
f€Hom(A,, K) ¢ cunryaspHeM cumnaekcom f (u,) B K, rie u,— GyH-
LaMeHTANbHBIl CHMIUIEKC cxeMbl A, . ITpeacTaBuTe bHOCTb paccMarpuBae-
MOro GyHKTOpa HeMEIJIeHHO c/elyeT OTCIona.

AHanoruusHo mnpeacTaBuTeabHoCTh dyHKTOpa K —>C, (K) BbITEKaET
u3 toro, uro C,(K) nonyckaer B KkaueCTBe (Q3#Cd MHOXECTBO CHHIY-
JSPHBIX CHMILEKCOB f (1), rae f mnpoberaer muoxectso Hom (&), K)
(p=0,1, ..., n) ¥ an9 xaxkaoro p u npoberaeT MHOXECTBO TAKHX
CHHTYJIsIpHHIX (He 0053aTeqbHO BO3PaCTAIOUIMX) 7-MEPHbIX CHMIJIEKCOB
CXeMbl A, 4TO u(Aﬂ)zAp.

[Tocie TOro kak STH CBOMCTBA YCTAHOBJEHH, SKBHBAJNEHTHOCTH pac-
CMaTpUBAaeMblX (YHKTOPOB CJEAYeT, KaK Mbl y)Ke OTMETH/H, U3 TCOPEMEl

06 aUMKIMUHHIX MOJeJsX. .
Peayabrar, KOTOPBI# Mbl TOABLKO YTO YCTAHOBWJIH, MOMHO BEIPA3HT

TaKiKe CAeAylOWUM 06pa3oM. PaccMOTpUM KaHOHMHYECKHE BIOMCHUA

JniCa T (K)—>Co(K).
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Torna Ha kareropuu f' ' cyulecTByoT Takue ecTecTBeHHBlEe Npeo6paso-
BaHUs

Pn:Ca(K)—>Co ™ (K),
hy: Cp(K)—>Cpyy (K),
BRI CH (K)— Chii (K),
4TO CHpaBeVIUBBEL CAefyoLine COOTHOINEHHA:
' Jned=doj, 55 pped=dop,.;
jnopn:dohn+hn—1°d;
Ppoj,=doh,  +hyieod.
SHMCTHM, 4TO €IUHCTBEHHbIE yCJlOBHﬂ, H4a/JOXEHHLIE Ha €eCTECTBEHHOE
npeobpasoBanue
p:C.(K)—>CH(K),
Onpeneneﬂﬂoe Hp@OGpﬂSOBaHHHMH pn’ COCTOAT B TOM, 4YTO OHO OJIHO-

poato creneHd O, mNepecTaHOBOYHO C ONepaTOpoM d H TOKIECTBEHHO
B paaMepHocTH O. YuuTbiBas CyllecTBOBaHMe KAHOHHYECKOrO Pa3/iOXeHHd

) Cu(K)=C " (K)+D(C.(K)),

MOXHO INO3TOMY B3Tb B KauecTBe p ONEpaTOD HPOeKmuposaxusi, CBi-
3aHHBIH C 9THM Da3JOXeHHeM, T. e. OINpPelej]HTb p Ha N-MepPHBIX CHH-
TyJsSpHEIX CUMILIeKcax cXembl K caenywolium o6pasoM: p(s)==0, ecau
He BCe BepIUMHH CUMILIEKCAa § Pa3JWuHbl, 2 B NPOTHUBHOM CJiyuae

ps)=¢e() u(),
rle 4 — TNOACTAHOBKA MHOKecTBa A,, Npeobpasyiollas s B CTPOTO BO3-
pacTalluui CHMILIEKC.

[ToHATHIO OPUEHTHMPOBAHHON UENM CHUMIIHUMAILHOTO LENHOIO KOM-
nJeKca COOTBETCTBYeT ,INBOMCTBEHHOE® TIOHATHE QAABMEPHUPOBAHHOL KO-
yenu CHUMILTMUHMANBHOTO KOUenHOro kommiekca X. ['OBOpAT, YTO Kouenb
x € X" sBasercq aqbTePHUPOBAHHOH, eC/M BHIIOMHIIOTCH CJAENYIOLIUE
yCAOBUS:

(a) nna kawnoro orobpawxeHus f An,—>Ap, rae p > n, AMeeM

f(x)=0,
(b) AAs KQXKHOM NOACTAHOBKH 4 MHOXeCTBa A, uMeeM
u(x)=c()- x.

Jlerko npoBepsieTcs, YTO anbTePHHUPOBAHHbBlE KOuenu OO6PA3yIOT MOAKOM-
naekc A(X) wxomnnexca X. OJHAKO HEU3BECTHO, €BJAETCA JM KaHO-
Huyeckoe BiOxeHHe A(X)—> X 3KBHBAJAEHTHOCTBIO € TOMOTOMMYECKOM
TOYKH 3peHnsi, Mbl mokaxeM 3TO B HauGoJee BAaXKHOM YACTHOM Cayuae,



§ 3. CUMITIMLIMAJIbHBIE KOMMJIEKCDHI 77

PaccmoTpum cuMnannHanbayio cxemy K u cucreMy Ko3dduuuenTos &
nan K (no. 3.3). Mb yBUAaMM celivuac, 4TO paccMarpHBaeMoe CBOHCTBO
CNpaBefJHBO I/ KOMIJEeKca

X=C"(K; ).

IOna storo Mbl 6yigeM cuutaTh K ynopsioueHHbIM. QueBHAHO, 3TO
He OrpaHMyuBaeT OOLIHOCTH, TAaK KAaK Kam10€ MHOXEeCTBO MOXHO Hane-
JUTb OTHOLIEHHEM IOMHOH YMOPAILOYEHHOCTH.

3aMeTuM npexie BCero, 4to KOLeMb

“:(“(s))sesn(k’)’ a(s)E Z(s)

BJSETCA AJbTEPHUPOBAHHOK TOrja W TOALKO TOrAa, KOFJa OHA yAOBje-
TBOPSET CJACLYIOWMM IBYM YCJOBHAM: a(S) PaBHO HYJIO, €C/JH BepILUMHBI
CHMIJIEKCA § HE 4BJAIOTCA NONAPHO Pa3jHUYHbIMH, M

alu(®)]=ze(w)-a(s)
Lrs KaxknoH noacraHoBku u MHOxecTBa A,. Orcioga cilenyeT, uTo afb-
TEPHUPOBAHHASA KOLeNb [OJHOCTBIO ONpeleseHa, ec/JIH U3BeCTHH 3HauYeHHS,
KOTOpbie OHa NPUHHMAeT HA CMPO20 B03PACMAIOUUX CHHTYNSPHBIX CHM-
maekcax cxembl K. Kpome Toro, 3Tu 3HaueHus MOXKHO BHOHpATh Mpo-
M3BOJBHO (pasyMeeTcd, NP YCJAOBUM, UTO a(S)E F(s) nns Bcex S).

Koraa cucreMa kosdduuueHTOB % TpHBHAIbHA, TO 3TH paccyxie-
HUsl NMOKA3bIBAOT, UYTO aJbTeDHUPOBAHHBIE KOUeNMH cxeMbl K CO 3Haue-
HUSIMH B & KAHOHHYECKH OTOMNIECTBJ/AIOTCS C 3JEMEeHTaMU KOMILIeKca
Hom [C, (K)/D(C.(K)), .&]. Teopema, KOTOpPyI0 Mbl HMeeM B BHLY,
noJiyyaeTcss OYeBUIHBIM 006pa3aoM H3 TOJALKO 4YTO YCTAHOBJIEHHOrO pe-
3yJbTaTa.

B cnyyae npousBOJBbHOH CHUCTeMBl KO3(EUUUEHTOB % HAl ynopsaao-
yeHHOH CUMIIMUMAJBbHON cxemoft K 3anaya cBonuTCA, OYEeBHIHO, K TOY-
HOMy onpefenenuio B C*(K; %) romoMop¢u3Ma, MONYYEHHOTO ,TpPaHC-
noxHuposanueM ua romomoppusma Busa C,(K)—C,(K). Tlpemae scero
YCJIOBUMCH, YTO A/ 3aJ3HHBIX CHHTY/JISIPHBIX CUMIIJIEKCOB S H { pasMep-
Hoctefl - p M g wMbl OyneM nucaTb S C f A9 YKa3aHHA COOTHOILEHHA
s(4,) = t(A). Bynem roBoputh Temepb, uTO FOMOMOPHU3IM

0:C,(K)—>C,(K)

ABJIAETCA MPAHCRORUpYEMbIM, €CIN 19 KaxXaoro CHHCYJAPHOrTO CHM-
nJjaekca S pa3MepHOCTH P B K Cl'IpElBeILJIHBO paBeHCTBO BHI1ad
B(s)= X a(s, t)-t
1e5,(

7 (K
Cs -

C UesbHMM paUMOHAIbHLIMH KO3dduuueHTaMH a(s, £). B srom cayuae
MPAHCNOHUPOBAHHBLE 20MOMODPHUIM

0:CUK P> CP(K: )
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onpeneasior cieaywoum obpasom. Jlagx A€ CY(K; ) xouenb 0(0) =
=pECP(K; ) sanaerca dopmyioh

p(s)= X a(s, t)- [orpanuuenue saementa A(f) ma S).

q
trcCs

dra ¢opmyna uMeeT CMBIC/A, TOCKOJAbKY pacCMaTPUBAIOTCR TOJAbKO CHM-
nJ1eKcn fcs.

flcHo, uto oToGpaxcenne § —> !0 COBMECTMMO C DASJNMUHBIMH OYEBHI-
HBEIMH  a.rebpaudeckuMu onepaunsmu. Kpome Toro, ecau 6 papeH Hydaio
Ha BBLIPOKAEHHBIX ueNsdx, TO ‘0 HMMeeT CBOMMU 3HAUECHHSMH AMbTEPHHPO-
BaHHbIE KOILeNH.

[Tocnie »TUX 3aMevaHUHM ACHO, YTO, TPAHCIOHHPYH ONpeleleHHblE pa-

Hee onepaTtopsl j,, p,, h, hy ', nonyuaeM, kak GHLIO OTMeYeHO panblile,
9KBUBAJIEHTHOCTh KOMMaekcoB X W A(X), korna X=C*"(K; &). lle-
Ta/bH4s IPOBEPKAa 3TOTO YTBEPXMJAEHUS OCTaB/sSeTCS UYUTATENIO.

LleHHoCTh TpeAIIECTBYIOUIEr0 pe3yapTaTa COCTOMT, B YaCTHOCTH,
B TOM, 4YTO OH TMPUBOAUT K cJjenyiollelt teopeMe. [Ipednoaoscum, 4mo
cxema K umeem rounewnyrno paszmepnocms nl). Tozda

HY(K; . #)=0 oas p>n

O0ast a060l cucmemst rodgduyuenmos & Had K. B 3ToM cayuae Mu
uMeem naxe paeHctBo A (CP(K; . #))=0 naa p > n. Orclona BuBO-
IUTCA caenylolui peayabrar. [lycms E — monoaozuuecrkoe npocmpar-
cmso, ‘))E:(Mi)iélromprtmoe nokpeimue npocmpancmea £ u & —
npednyyorc abeqesvix epynn xad E. Tozoa HP (M; .#)—0 oas p > n,
ecAu NOKpuimue umeem pasmepHocms < n, T. €. €CIH

Mion “ee nMin:¢’

KaKkOBbl Obl HH ObLIIM TONAPHO PasJHYHblEe HHAEKCH i, ..., [,.

)
3.9. DKBHBAJIGHTHOCTL IEKAPTOBHIX H TEH3OPHHLIX NPOU3BeleHHA,

Bydexn ciumams OCHOBHOE KOALUO A KOMMYMAMUBHbLLM NpU OM-
CYMCmMBul crneyuassHsx 02080poK. Bce TeH30pHble NpOU3BeleHHs GyieM
paccMaTtpuBaTh OTHOCHTeabHO A. Ilas 3a1aHHOrO CUMMIMNHMAALHOTO 1en-
HOro (COOTBETCTBEHHO KOLeNnHoro) kKommiekca X uepes C,(X) [cooT-
serctBenno C"(X)] Oyzem 00603HauaTb €ro KOMIIOHEHTY DPasMepPHOCTH
(COOTBETCTBEHHO CT:MEHH) 11,

[ycte p —uenoe umcao > 1. Mu Gysem oGosHauars vepes &,
caenywolyio kareropuio. O6sexmanu us &, ABAKOTCA N10CAE10BATENLHOCTH

1y CuMnaunuaibeas cxeMa K HMEeT KOHEUHYIO Pa3MEPHOCTD 7, €CJH OHA CO-
JACPWKHUT /i-MEPHbIE CHMIIEKCHI, HO He COAep¥HT (1 - 1)-MEPHBIX CHMIJEK-
coB. — [Ipum. peo.
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X = (X}, ..., X)), COCTOALHE U3 P CUMILINLHATLHBIX LEMHbIX KOMIIEKCOB ')
Haj 3aﬂaHHbXM OCHOBHEIM koabuOM A; 2omomoppudmon 6:X—>Y
ABJSETCA MOC/Ae10BATENLHOCTL roMoMopduaMos 0, : X; — Y, cummiuun-
aJbHBIX KOMILIEKCOB M, HAaKOHel, Komno3uyus roMoMopdusmor X —Y
u Y —Z noayuaercd KaKk KOMIO3HUHS COOTBETCTBYIOLLMX TOMOMODP(HHU3-
MOB X;— VY, n Y, —> Z, 113 Bcex I.

Ananoruuno yepes f, Gysem 0003HauaTh KaTeropuio MNOCAENOBATENb-
gocre K=(K,, ..., K,), COCTOALINX H3 p CHMIVIMUAAIBHLIX CXeM,
romoMopdu3MoM K — L B kOoTOpOH siBAsieTCs nocaen0BaTeIbHOCTh CHMILIHU-
UHaNbHEX oTOOpakeHud K;-— L, Ecau xawao#t cumnanunanbuoi cxeme K
conocTtaBuTh koMmiekc C,(K) cuuryaapabix ueneit cxemnl K ¢ xoagh-
duyuenmanu 8 0CHOBHOM KOable A, TO TOAydYdeTCs, OYEBHUIHO, KOBa-
PHAHTHLIH QYHKTOP

K—>(C, (K, ..., C.(K)),
OﬂpeﬂeHeHHblﬂ Ha KATEropuH [', €0 3HAYECHHAMHU B KaTelropuu S\
DJIH JIOOBIX  3aJaHHBIX UEABIX IOJOKUTEIbHbIX YHCE my, .o, ﬂlp

OyleM paccMaTpuBaTbh Ha Kareropun &, QyHKTOD
Fr, .. m, X=>Chn(X)® ... ®Cmp (X))
cO 3HaueHWAMu B kareropun A-moayne#t. Ha xateropnu f, emy coor-
BETCTBYeT (YHKTOP
S oo m, K=>Cn (K)& ... ®Cmp (K,)-
PasyMeercs, kaxJ1oe ecTecTBeHHOe mMpeoOpa3oBaHue

T:Fm,...mp—>F,,‘...,,p

MHIYUMPYeT ecTeCTBeHHOe MNpeoOpasoBaHue

t:fm, ... m, — [, om,
HaoGopom, Kasicdoe ecmecmsennoe npeobpas3osanue t ,npodorsicaemca’
00 nerKomopozo npeobpasosanus T, u npumon eduncmeaeHHbl.m 06pa30M.

Jlns 1OKa3aTenbCTBA STOMO MPEACTABHM TpENKIe BCErO f B SBHOM
Biie. PaccMoTpuM 0ObekT (Aml,...,Amp) u3 f,. Ecan obosnauuth ¢yH-

JaMEHTAJbHBIR CUMIIJIEKC CXeMbl A, 4epes u,, TO f npeoOpasyeT 3S/MeMeHT
Um, @ o ®ump€Cm, Am)® "'®Cmp(Am,,)
B aneMeHT U3 Cp (Ap)® ... ®C,,p (Amp), OTKYa HEMeLJEeHHO CJELyeT
dopmyna
tum® o Qum =210 s ) [im)® o @ F,(m),
) Bce mocxenyomue ONpeAcHEHHA M PE3YAbTaThl NPHUMEHHMBI C TPHBHAJb-

HbBIMH H3MEHEHHSIMH K HNOJYCHMINVIMOHAJAbHBIM HCNHBIM KOMIIJIEKCAM. Hurtareab
MOXET B 3TOM yﬁeD,HTbCﬁ CaM,
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rae CyMMHDOBaHHE NPOM3BOAMTCA MO BCEM OTOOpaKeHHAM
fi: A,,i—> Apn

H KOS(Q@HIHMEHTH 7| JEXaT B OCHOBHOM KOJ/blie.
BospMem temepr X =(Xj, ..., X,)ER, u 3aementH xiECmi(X,).
CyillecTByeT roMOMOPQUIM
C*(A”‘i)»Xl’
M MPUTOM EIMHCTBEHHbIH, KOTOpHIH OTOOpaxaer Um, HA X, Hckomoe

npeoGpasosatue 7, ec/i OHO CYLLECTBYET, OMpeje/feTcss NOITOMy (op-
MyJoft

T, @ oo @x,) =211, s [ [1(x) @ v @F,(x,).

QueBHAHO, UYTO TaK ONpeleleHHOe eCTeCTBeHHOe InpeobpasoBaHue aei-
CTBUTE/NbHO [JaeT pelleHHe MOCTaBJIeHHOH 3ajauH.

flcHO, uro coorBercTBUe Meway £ U T sBaserca A-nMHeRHBIM M COB-
MECTHMBIM KaK C KOMIO3HlHeR npeoOpa3oBaHuil, Tak M C HX TEH3OPHBLIM
npousBefeHueM (ec/M UMeIoTCH ecTecTBeHHbie npeobpasoBanus Foy, ... m, =
—Fp .. -n, u Fr .. ,q—»Fsl...sq, Onpeje/jieHHble COOTBETCTBEHHO HAA
kateropuiMu &, u &, TO OHM ONpEAENAOT C NOMOILLIO TEH3OPHOIrO
NPOH3BENEHHUA npeoﬁpasoBaHHe Foo ... mr ,q—»F,,l C s e s,y OTIPE-
LeneHHOe Ha KaTeropuu &, ).

[Tocie 9THX npelNBAPUTEbHBIX 3aMEUaHHH Mbl MOXeM chopmyiu-
pOBaTh TJNaBHbIH pe3yJbTaT HACTOSILIEr0 MYHKTA.

Teopema 3.9.1. (Oinenbepr — 3uavbep.) [Tycms &, — vamezopus
nocaedosamensocmeli, COCMOAUUX U3 P CUMNAULUAALHOLX YenHbLX
KOMNAEKCO8 HAQ OCHOBHOLM KoMMymamususim roasyom A. Toz0a
Kosapuanmusie HYHKMOpPHL

X—»Xlx...xXp u X=>X® ... X,

onpedenennsie Had R, €O 3HaUenUAMU 8 Kamezopuu HenHbLx KO-
naexcos Hao A, 20MOMONNO SKBUBLAEHMHSL.
JpyruMu coBaMH, CYLLECTBYIOT TaKHe €CTeCTBeHHble NpeoOpasoBaHus
U:X;x... xXp—>Xl® e ®RX,
VX @ ... @X,>X;x...xX,
uro UoV u Vol ecmecmsedno roMOTONIHb TOXASCTBEHHOMY mpeobpa-
30BaHMIO. MBI JOKa)XeM 3TOT pe3y/bTaT, HCHOJAb3Yd CJACNCTBHE U3 Teo-
peMu 2.5.2.
PaccMOTpHM CHauana KaTeropHIO f Mexay dyHKTOpaMu
K—>C,(K)x ... xC*(Kp)zC*(le...X Kp),
K>C,KD® ... ®C,(K)
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MMEeM, OYEBMIHO, KAHOHHYeCKHUH H3OMOpPU3M B pasMepHoctn (. ITOT
H30MOP(PHU3M COBMECTHM C OYEBUIHBLIMM NONOJHEHHSIMH DPACCMATPUBAEMBIX:
KOMIIJIEKCOB.

B «xauectBe modeseli B fp BO3bMeM IOCJeN0BATEeJbHOCTH BUIA

(Aml, Amp). [Ipenbinymue QYHKTOPH aQyuKAlu4Hs, MEPBHR B Cuay
TeopeMbl 3.7.4, Bropo#t— 3B cuay n.2.7. Ouu Takke u npedcmasu-
meabust, Hag Toro utobni yOeIUTbCA B ITOM, NOCTATOUHO YCTAHOBHTD
NPeACTABUTEILHOCTh KAaXIOr0 (yHKTOPA

K—Cn, (K)® ... @Cp (K.

Ho 310 cjaenyeTr, OHYEBMAHO, H3 TOro, 4TO MNpeabiayliasa rpymnmna an0-
MyCcKaeT B KauecTBe 6a3ica MHOXECTBO 3JeMEeHTOB BH.IA

F1m)® ... ®fp(”mp),

rae Kawabh f; mpoberaeT MHOXECTBO TOMOMOD(pH3MOB CXEMH A”’i B K,
u rie #, 0603HauaeT, KaKk oObYHO, (YHAAMEHTANbHBIA CHMIIEKC CXeMbl A,

[MosToMy Teopema 00 AUMK/JIMYHBIX MOLEIAX MOKA3bIBAET, YTO (YHK-
TOPHBI »AEKAPTOBA l'IpOPIE}Beﬂ.eHHﬂ“ U ,TEH30PHOTO HpOHSBelleHHﬂ“, pac-
CMaTpUBAEMbIE Han f, rOMOTONHO 3KBHBaJeHTHH. Ho yxXKe n0KasaHo,
yTo J1I060€ ecTecTBeHHOE IpeoGpa3oBaHue, onpeleienHoe Ha f , mpo-
nonxaerca Ha &,. Orcona cirenyeT chopMyTUPOBAHHBLIA Bblllie pe3yIbTaT
ans xateropuu &,

CaenctBue 1. Ilyems X u Y — 08a CUMNAUYUAABHBX UeNHbBLX
xomnaexca. Tozda umeem KanoHuweckue u30MopPu3mvt

H,(XxY)=H,(XQY).

Cunencrtsue 2. Ilyems K u L — Ose cumnauyuansusie cxemol.
Tozda zomonoeuu cxems K X L xanonuwecku u30Mopgus. 20M040-
2uan romnaexca C (K)y&C, (L).

Canencrsue 3, Ilycms E u F — 0sa monoaozuseckux npocmpan-
cmaa. Tozoa cureyaaprsie 20M0a02uu npoudsederus npocmparcms E X F
KAQHOHU4ecKu u30mopdus eomorozuim romnsexca CS,(EYRCS, (F).

3ameuvanue 3.9.1. Jlerko nocTpouTb fABHBIM 00pPa3oOM Ha KaTero-
puu &, ecTecTBeHHOe NpeobpasoBaHue

XxYV—>XQY,

COBMajaliee C TOXAecTBenHbiM B pasMepuocTu 0. JlOCTATOYHO clenaTh
sT0 Ha xareropuu fy, T. e. wim X=C,(K), Y=C,(L), rne K n L
ABJAIOTCA CHMIVIMLHAMbHBIMA cXeMaMu. UuTaTesab Jerko NpPOBEPHT; UTO
cieayiomias GopMyaa (kOTopas MOKA3bBAET, KAK NpeobpasyeTcd 1eKapTOBQ

6 P. Ioneman
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NpOU3BeJeHHE ABYX CHMHIY/AAPHBIX CHUMILVIEKCOB DasMEPHOCTH 1) Ompeje-
JseT TaKoe npeo6pasoBaHue:

| .
I; (Xgs + o v0 X)) x (¥ ...,yn)»izo(xo, e X0, e Y

Pasymeercst, Hem Heo6x00umocmu npOBEPATH, uTO 3Ta Gopmyna aeft-
CTBHTE/JbHO OIpele/seT INBUBAAEHNMHOCHs MEXILY NeKAPTOBBIM M TEH-
30pHLIM TPOU3BeJeHHAMH. ITO ACHO 3apaHee, MOCKOJBKY paccMaTpH-
BaeMoOe Npeobpa3oBaHUe SIBJISETCS e€CTeCTBEHHBIM, NePecTAHOBOYHO C AUp-
(bepeHUNANAMH U TOXIECTBEHHO B pasMepHOcTH 0 — cBoHcTBa, MpoBepka
KOTODBIX TPHBHA/bLHA.

MoKHO TaKie SBHO ykasaTb npeo6pasoBanie X @V — X x V.

3ameuvanne 3.9.2. B cayuae p=2 Tteopema 3.9.1 ocTaercs
CNpaBeIMHBO# JaXe TOraa, KOrJa OCHOBHOE KOJAbLO A He sBAfeTcH
KOMMYTATHBHBIM. [IpeanosioxeHHe O KOMMYTATHBHOCTH KO/bLa A HYXHO
TOJBKO JJIsl TOrO, YTOOBl MMeTb BO3MOXHOCTH O0OpPa3sOBEHIBATHL TEH3OPHBIE
npouaBeseHns Gojee ueM JIBYX COMHOMXUTEJEH,

3.10. PacnpocTpaHeHnne HAa CHMIUIMIHAJAbHBIC
KOIleNHble KOMIVIEKCHI.

O6ostaunm uepes &7 kareropuio, 06beKTaMH KOTOPOH fBJAIOTCA MO-
caejoBarebHocTH X == (X}, ..., Xp), COCTOsIIIHE U3 P CUMILIHUHAILHBIX
KOLEeMHBX KOMIIEKCOB Haj 3aJdHHHIM OCHOBHHIM KoabloMm A. [omomop-
dusMbl Mex 1y OODBeKTaMu STOH KaTeropuu OMpenesioTCs TAK KE, Kax
B IpenbliyuieM myHKTe. [lifd 9TOH KaTeropuu Mbl JOKAMEM aHAAOT
teopeMsr 3.9.1.

CnenaeM cHayaia clepyioulee 3aMeuanue. PaccMOTpuUM Hal Karero-
puelt &, ecrecTBeHHOe npeo6pasoBaHue

T:Cn (X))@ .- @Cm (X)>Ca(XD® ... BCa (X,).

Mp! cefiuac cBsbkeM € HUM KAHOHHUYECKHM 06DA3OM MPAHCNOHupPO8AHHOE
eCTeCTBeHHOE npeo6pasoBanue Han Kateropuedt &7

TiCMXY® ... RCTX)>CM XD ... ®C X,
,U,J'[ﬂ STOr0 3anuiliaeM T B ABHOM BHIE:

T=2 71 co0r [ F1® oo @Fp

rlle CyMMHPOBaHHE NPOM3BOAMTCSA MO BCeM OTOOpaxeHusM f,: A”i_)Ami
M Tle KOI(QOUUMEHTH | JexaT B OCHOBHOM KoJble. Mel ompejenseM
Toraa

tT:E'r(flt seey fp)'ﬁ@ oo ®7p7
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uCTOb3ys Ty Ke camyio ¢opmyny. Pasymeercs, B nepso#t dopmyre f,
IBJAETCS CTPYKTYPHbIM TOMOMOP(UIMOM le—>C,,i, TOra Kak BO BTO-
n. m.

po#i — 3T0 CTPYKTYpHBIH roMoMopdusm C ‘' —C *

flcHo, uTo cooTBercTBue Mewxay T u T yI0BIeTBOPAET CJAEIYIOUIUM
YCAOBUSM, KOTOPhIE Xapaxkmepudyom ero MOMHOCTHIO:

(a) orobpaxenue T—>*T ssaserca A-TMHEeHHEIM;

(b) ans 33JaHHBIX eCTeCTBEHHBIX NpeoCpa3oBaHUH

U:Fu ... mp—’Fm---np’ V:F, ...,,p—»Fn -

CNpaBeIANBO PaBEHCTBO
¢
Wol)="Uo"V,;
(¢) mas 3a1aHHBIX eCTeCTBEHHLIX Npeo0pa3oBaHui

U:Fm..oow. > Fy, e V. F,l...,q—>Fsl...s

Mp q

CNpaBeJJMBO PABEHCTBO ]
Wen="Ue'V;

(d) ana kaxaoro orobpawenus f:A,—>A, TpaHcrnosulie#t romo-
moppusma f:C,—C, asasercs

f.cr .

IMocae 9THX TIpeBAPUTENbHBIX 3aME4YaHHH CTAHOBUTCA HICHO, YTO,
,TpaHcrionupys“ teopeMmy 3.9.1, noJjyuaeMm caeiyiouiufl pesy. bTat:

Teopema 3.10.1. ITyems R” — ramezopus nocaredosamensrocmeli,
COCOAWUX U3 D CUMRAULUAAbHBLX KOUENHOLX KOMNACKCO8 HAO OCHO8-
Ho M KOMMmymamususim Koasyom. Tozda rosapuanmusie Bynimopul

X=X x ... ><X1J u X=>X® ... X,
onpedenennsie Ha P, cO 3HAUEHUAMU 8 KAMeE2OpUU KOUERHBLX KOMM-

AeKCO8 20MOMONHO 3KBUBANCHMHYL,
VkaxkeM BaXXHOe MpUMeHeHHe TOM TeopeMbl, PaccMOTpuM 6GasucHste

CHMIUIMUHMAJbHbIE LEMHbe KOMIUIEKCHl X, ..., X, W cucmems KO3¢p-
duyuenmos A,, ..., A, nan stumu Kommaexcamu. Hax Xy x ... x X,
MOXHO MOCTPOUTb CHCTEMY Ko3adpuumentoB of; x ... x u{p, noJjaras

Ayx oo x5y x o xS)=A(5)B .. @A, (S {

H onpele/sifi OYEBHIHLIM O0pa3oM ONEPAaTOPLl Or PaAHMUYEHHS.
B 3ToM cayuae cyllecTByeT KaHOHMUYECKHMH TOMOMOPQHU3M CHMILIH-
LMAJBHBIX KOLEMNHEIX KOMILIEKCOB

‘jplc*(X;d{I)X...XC* (X3 A —> CH (X, % o x Xy Ay oo x A, l

6*
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onpenenseMblt caenyowuM o6pasom. Jlas 3ajannbix  kouenmed ;€
€ C* (X A,) uyxno B3aTb B kauecTBe j,(a;x ... X a,) KOLEMb

§ % xS—>a (PR ... @a,(sy).
Tomomopduam j, we spasercs, soollle rosops, usoMopdusmom. Jleft-
CTBUTENBHO, B Mpeanociendedl ¢opMyae 3J1eMEHTH CTENEHH n B MepBOM
ynreHe 006pasyioT rpynmy

& 1I A, (5),

i=1dim (si)=n

TOrjaa kak BO BTOPOM UJ¢HE Mbl HaXOIUM

r
I oA (5.
dim ©)=n i=1

Ho TeHsopHoe npousBeleHHe He MePeCcTAHOBOYHO C GeCKOHEeH4HbLM Tpa-
MbIM npousBesenueM. OLHAKO Ta TPYSHOCTb HEe BO3HMKAET AAf KOyeu-
HbIX NpAMBIX npousBefenufi. MmenHo tak 0GCTOMT feJg0 B Cayyae, Koria
KOMIIeKCH X; CONepHAT TOJbKO KOHe#HOe YUCAO CHMIIEKCOB B KaxIO#
pasMepHOCTH (MBI TFOBODHUM TOTAa, 4TO X, ABJKIOTCA KOHeunviMu Oasuc-
HHMHM CHMILIHDMAJBHBIMH KOMILIekcaMH). $ICHO, 4YTO MpH 3THUX YCJIOBHAX
TeopeMa 3.10.1 NpHBOAMT K CJAEAYIOLIEMY De3yabTaTy:

Teopema 3.10.2. [Tycms X, (1 < k< p)— voneunse 6asucnvie
cumnauguassisie genuve rKomnaexcs u A, (1 Lk L p)— cucmens
xosppunuenmos nad X,. Tozda zpynnel

HY (X % oo ox X Ay x oo x Ay
KQHOHuMecKu usomopPus. 2pynnam K020M0402ull KOMNAIEKCA
C (X AD@ ... RC (X, AY).
MMpumep 3.10.1. BoapMeMm .aBe KOHeHHble CUMILIMUMANBHBIE CXEMBI ,
K u L. Toraa, xakoBu 6bl Hu Oblau abesesbl rpynmsl A u B, rpynisb
KOromoJioru#
H' (KX L, A®B)
MOXXHO BBIYHCJANTL C TOMOUIbI0 TEH30PHOTO MPOM3BeNeHHA KOMINIEKCOB
C'(K; AHC*(L; B).
Hanpumep, 048 4106020 noss k umeem KAHOHUHeCKUE U30MODPUIMbL
HY"K XL by= X HP(K; Hy@H(L; k),

pt+g=n k

KaK 370 cienyer us teopeMu! Kionseral), Ananoruunmil pesyaprtar cnpa-
BeAMMB /I KOHEUHBIX Oa3UCHBIX CHMILIHLHAJILHBIX KOMIIIEKCOB, KOria

1y Cm TeopeMmy 5.5.2. —Hpu;u. peo.
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paccMaTpuBaeMbie CUCTeMbl KO3(GDHUUCHTOB ABJIAIOTCA 8eKMOPHbHLMU NPO-
cmpancmeamu Had noaem k (pasyMeercd, B 9TOM YCJOBHH T01pPasy-
MeBaeTCdl, Kak, BIIPOYEM, Mbl M JeJjaeM BO BCeM 3TOM naparpade, yto
paccMaTpuBaeMble  TEH30PHble M [IeKAPTOBRI NpOusBejeHHs OepyTcs
OTHOCHTE/NBHO OCHOBHOTO KOJblA R).

3.11. JexapToBOo npou3BeNeHHE ABYX KJAACCOB TOMOJIOTHIl.
Inga kamnaoro ueaoro p > 1 peibepeM pas M HaBcerja ecTeCTBEH-
Hoe mpeo6pa3oBaHue
T,: X& ... ®Xp—>Xlx e x X
HAa KaTeropuu &, nocienosatesbHOCTEH  p  CHUMIIMUMATBHBIX  UEMHBIX

KOMIIIEKCOB Haji 3aJaHHEIM OCHOBHBIM KOMMYTaTMBHBIM KOJbUOM A.
OTtciola Mbl MoJyyaeM g KaKJAOTO 7 FOMOMOpPdU3M

H(X® ... @X)—>H,(X;x ... xX,),

KOTOpH}t ABAAeTCA U30MOpPpusmon u He 3asucum om esbopa T, (Ta
KdK B cuay coobpaxenn#t § 2 npeofGpasosanne T, €NLMHCTBEHHO C TOY-
HOCTBIO 10 TrOMOTONHH). [ pyruMu ciroBaMu, @yHKmOpsl

X>H (XQ® ... 8X) u X>H, (X;x...xX)

KQHOHUYeCKU U30MOpEHbL.
C apyro#t CTOpOHBI, UMEITCS KAHOHHUECKHE TOMOMOPQUIMEI

Ho (X)® o @ Hy (X) = Haroooon) (X ® .. @X)).

Orciona caenyloT ecmecmeenssie TOMOMOD(HHIMEI

Hy,(XD)® ... @ Hy (X))—>Hpy...q (Xpx oo x X)),
5 D p

Jns  3aJaHHBIX -~ KJACCOB TOMOJOTHH EiEH,,i(X,-) obpa3 sjeMeHTa
HE® ... R Ep NpH 3TOM roMoMop¢uaMme oOo3HauaeTcs uepes
EX ... xE,.

910 u ecTb dexapmoso npouszgedexiie 3aNAHHBIX KJIACCOB ToMoJoOrui.
HanpuMep, ecau uMeloTcs Tomojoruueckue mnpoctpanctsa E u F
M KJ4acCHl ;
ECH.(E; A), meH(F; B),

rie A u B— afeneBsl Tpymme, TO HX JEKaPTOBO [pOM3BeleHHe eCTb

KJaacc
ExnEH,, (EXF; AQ B).
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Teopema 3.11.1. Zexapmogo npoussedenue ofaadaem ciredyio-
WuUML CBOLCMBAMY: ’

@ Hycme X, Y, Z—mpu cuMRAULUQABHBLX UenHbLX KOMNAEKCQ,
E, m, L—raaccor 2omoaoeuii womnaexcos X, YV, Z. Tozda, ecau
omoscdecmaums (XxY)YxZ ¢ Xx (Y xZ), umeem mecmo pasencmso

Ex(xQ)=(CExnxL

(b) MIycme X, Y —08a CUMRAULUGABHOLX HENHBX HOMALEKCA,
§, m—Kkaacco 20moa02ui pasmeprocmeii p, q 8 X, Y. Tozda, ecau
omoowcdecmsume XxVY ¢ Y x X, umeem mecmo pagerncmsol)

7x b= (— 1M x 7.
() Mycms 0—>X BN X5 X" >0 — mounan nocaedosamens-

HOCMb CUMRAUUQUAABHOLX UERHHLX KOMRAEKCO8, Y — maroii cumnau-
QUAAbHBL LenHOU KOMNACKC, 4MO NOCAe008aMeAbHOCMb

0>XxY—>XxY—>X'xV—->0

maroce mounas. Toz0a, xarxoss. 6bi Hu Oviau Kaaccst 20mono2uil &7
uv8 X" uY, cnpasedruso pasencmso

9 x m) = (9") x .

NoxaszatenbctBo. (a) PaccmorTpum Ha kareropuax &, u &
ecTeCTBEHHble Npeo6pa3oBaHud

TP:X1® @XP—>X1><...><XP,
T,: X,® ... @X,—>X;x...xX,.

q

Orciona Ha Kareropuu K,4, TOTyuaEM ecTeCTBEHHOE npeobpasoBatue
Tp® Tq X Q... ®Xp+q—>()(1 X ... ><Xp)®(Xerl X ... xXp_Fq).

PaccmatpuBast ero KOMIO3MUHIO ¢ T,, 1OJYyuYaeM ecTeCTBEHHOE Ipeobpa-

30BaHHe
To(T,@T): X, ® ... @Xp g—>Xx ... X Xpigr

KOTODO€ COBIAJaeT ¢ TOXIecTBEHHEIM B pasMephHoctd 0 H  mosToMy
2omomonro npeobpasosanuio T, ..

Boasbmem knaccw romosorntt E € H(X) (1 <i< p—+¢q). Obo3nauaa
048 Kpamxocmy yepes £, @ ... o6pa3 anementa 5 Q... B H(X| ® ...),
nMeeM

T, ® ... @E)=F5x...xE,
TG ® - Q) =F % . X5y,

1) Jlag HaJHYHA 3TOro CBOMCTBA CYLIECTBEHHa KOMMYTaTHBHOCTL OCHOBHOTO
KOJbLa, :
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U, CJaelOoBaTeabHO,
T,@T, (5@ - @b =EX ... x5 x ... x5,
[pumensst T, ¥ NpuHAMas BO BHUMAHUe NMPeNbINYLUUHA pesy/bTaT, MoJayvaeM
5 £ — : :
Toig i@ ... @i =CEx o xE)X(Epx ... pr+q),

Tax xaxk OepBHl YieH B TOYHOCTH paBeH & x ... xE
CBORCTBO aCCONMNATHBHOCTH.
(b) PaccMoTpHM KaHOHHYecKHe H30MOPEHU3MBI

g: XxY—>YxX,
I XRY >V RX

prgr TO MOMYuaeM

(MBI paccmaTpuBaeM KaTeropuio 8,), 3alaHHble (GopMynaMmu
slaxb)=bxa, @RN=(—1"b@a,

rie @ UMeeT DasMepPHOCTL p, a b — pasMepHocTb . EcTecTBenHble npe-
o6pasoBanus
T, u 07loT,od : X@Y >XxV

B pasMepHocTH 0 cOBMAualOT H MO3TOMY romoronHsl. Ec/in B3ath kaacch
romonoru#t €& H,(X), n€ H, (Y), 10 Oynem nmern

L,ER@M=0"toThod (EQ ).
Ho Tak kax

¢

o E@MN=(—1"1®%,
TO HeMel/JeHHO MNoJayuaeM TpeGyeMbifl peay/bTar.

(c) TlpencraBuM 3afaHHble Kaaccel roMosorufl &7 u 7 uukjaamu x” € X”
u ye&Y. Torma cywecrsyior Takue wuka x’' €X' u uemp xE&X, uro
xX'=px), jx)=dx.

[To onpenenenuo oneparopa ¢ kaacc 0% npencrasied LukjaoM x’. Pac-

CMOTPHM Tellephb ecrecTBeHHOe npeoOpasosanme T,. Tak Kak £y npen-

craBieH B X" @Y osneMentoM x” @y, 10 £’ X1 NpeICTABIEH IHUK/IOM

T,(x"®y). Touno Tak e (08”)xn mnpeacrasied uukioMm T, (x' ® y).
Tax kak T, ecmecmsenno, To

LE"@N=Twpx@N=px H{TH(x®Y))
U aHAaJOTHYHO
Jx T @) =T )@ y)=T{dxQy).

Tak kak y apagerca uukiaoM, T0 dXx @ y==d(x ®y), a TaK Kak T, KOM-
MyTupyer ¢ d, TO

Jx W T (' @) =d(T3(x @ y)).
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Orcwona no nocrpoennio omeparopa @ caenyer, uro ¢ (¢’ x 7) npencra-
BaeH LuKAOM T5(x' @y). D10 3aBepuIaeT N0KA3aTENLCTBO.

Yuraten10 NpennaraeTcs B KaueCTBe yNPAaMHEHUs HHTEPNPETHPOBATH (C)
B CHHTY/JSDHBIX TOMOJOTHAIX (B3fITb TOUHYI0 MNOC/IENOBATEALHOCTDL, CBf-
3aHHYI0 C TONOJOTMYECKHM IIPOCTPAHCTBOM E # ¢ ero moanpocTpaH-
ctBoM E’, M paccMoTpers B KauecTBe Y CHHTYJIAPHSIH KOMIJIEKC HeKO-
TOpPOro mnpocTpaHcTea ).

Camo coBoit pasymeeTcs, uTO BCe ONpENE/NEHHS W pe3yabTaThl STOTO
NyHKTa NPUMEHAOTC 6e3 KakhX Obl TO HH OBLIO M3MEHEHHH, KPOMe K4K
B 0003HAYEHHUAX, K CUMILIMLHAJbHBIM KOHEnHbLM KOMIJIEKCAM.

BosbMeM, B uacTHOCTH, 0a3uCHble CHMIIMUHAIbHBIE ENHBIE KOMIIIEKCH
X, (1 < k< p)u cucrembt ko3dduuuentoB A, (1 < & < p) Han Humn,
s 3a4aHHBIX KJACCOB KOTOMOJOTHH

EkEH\(X’ dgk)

WX JEeKapTOBO TpousBeleHHE & X ... X Ep €CTb KJAaCC KOromoJoru#
kommiaekca C*(Xy; AP x ... xC*(X,; A ). Ho B cuay n. 3.10 umeercs
KaHOHHYeCKHH roMoMopdusM jp aTor0 KOoMmiekca B C* (X > ... x X
d{l X ... X u{p). Takum o6pa3oM, CYILECTBYIOT KaHOHHYECKHE TOMO-

MOP(QH3MBbI

H™ Xy &)@ ... @ H'P (X Ap)—
N Hm+.--+"P(X1 X .oox Xy Ayx .. xafp).

Ecan KOMNAGKCH X, KOHEHHb,, TO MOWHO OMONOeCMBUMb 5 X ... X &,
¢ ero o0pasoM B KOrOMOJIOTHSX KOMmaekca X;x ...xX, Ho nawe
eciu X, He ABJIFIOTCH KOHEUHBIMH, KJACC KOrOMOJMOIMH KOMIUIeKca
XX ...xX, KOTOPb# MBI TONBKO YTO Ompeleludd, OOGbYHO 0GO3Ha-
YaloT uepes ¢ X ... X &

Hanpumep, ecn umeiorcss monoaozuieckue npocmpancmsa E,, ..., E,
¥ KJACcChl CHHTYJApHBIX Koromoaoru#t &€ H*(E; A), 10 §x ... x &
(B 9THX COKpAIUEHHBIX O0003HA4YEHUsX) eCTb KJACC KOTOMOJOrMH. MpOH3-
sesennss npoctpadcts £, X ... X E, co 3uaueHnsMn B aGe/eBOH rpynme
A ... ®Ap. AHanOTMUHBIA  pe3y.abTaT COPABELIHB . IS CHMILIM-
LHAJIBbHEIX CXEM.

3.12. JInaronanbhbie 0TOOpaKeHHs. (-NPOU3BedeHHE.,

PaccMOTpUM  KaTeropui0 6a3ucHslx CUMIJIMUHMAABHLIX UENHBIX KOM-
naexcoB., CylllecTByeT ecTecTBeHHOe npeoOpasoBaHue : :

D:X—>XxX, . .
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a UMEHHO TO, KOTOpOoe npeobpasyeT Kawabifl cumniexc S Kommiekca X
B CHMILIEKC

D(s)=sxs
KoMmIiekca X x X,

Eciu X=C, (K), rae K — cUMILIHLKA/JbHAS CXeMa, TO OoToOpameHue,
KOTOpO€ MBI TOJIbKO 4TO OIpeJleH/IH, COOTBETCTBYET, OYEBHUAHO, CHM-
IJHUKAIBHOMY OToGpameHH0 x-—>(x, x) cxemb K B K XK. Ecau
X=CS,(E), rne E— TOMNOJOTHYECKOE MPOCTPAHCTBO, TO OHO COOTBET-
CTBYET HeNpepHBHOMY 0TOGpameHHIo x —> (x, x) npoctpaHctsa E B E X E,
[TostoMy D HaswiBaT Jduazonassusim omobpancenuen. Onnako D
HeAb32 ONpeNe/HTh HA KATETOPHH CHMIIHIHAABHBIX (He Ga3HCHBIX) KOM-
naexkcoB. Jle#icTBuTeabHO, ecan 6B Takoe Mpeo6pa3’oBaHHE HMENO MeCTO,
TO HAa KaTeroOpuM alene8slx 2pynn CYWECTBOBAAO Obl HETPUBHANbHOE
ecTecTBeHHOe mnpeobpasosaHue G -—> (G @ G, uTO, KaK JIETKO BHJIETD,
HEBO3MOXHO.

PaccMorpum Tenepns cucremsl koddduunentoB A, (1 < k< p) Han X.
C uX TNOMOLILK MOXHO NOCTPOHTH Han X HOBYK cuCTeMy Ko3ddu-
HEHTOB

‘ A . @A,is—>A()D ... @AL(S).

fIcHo, uTO, ,TPaHCIOHUPYS“ AHArOHaJbHOe OTOOpaxeHHe, IMOJydyaeM KaHo-
HUYECKHH rOMOMOpPWHIM

Dy C (X .. x Xy Ayx...xA)—>C (X AR ... QAY.

dror romvoMopduaM npeofpasyer KOuUemb Y J[eKapTOBAa MNpPOHU3BEJEHHS
B Kouemnb §—>7(Sx ...xS) koMmiiekca X.
OTciona cllelyloT roMoMopdusMbl

Dp: H"(Xx ...xX; Ayx...xA)—> H' X 4R ... @A)

PaccMaTpuBas HX KOMNO3MUMH C TOMOMODGHU3MAMH, OlpeleseHHBIMH
B KOHUe M. 3.11, nosjyuyaeM KaHOHHYEeCKHE TOMOMOPQU3MEL

H™(X; A)® ... @HP(X; A)—
—_>Hn1+...4"p()(; u{1® @d{p)

Has 3THX rOMOMOP(hHM3MOB HCNOAB3YIOT ChelualbHoe 0oBo3HaueHHe:
E® ... Q5 ,—>5u ... VL,

OHH HA3BIBAIOTCA L -Rpou3sedenusmu.
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B ynpouenno#t sanucu, 0 KOTOpPOH 1A peyb B KOHHE MPeAbIAYLIEro
TYHKTA, NOaydYaeM

- - * V -
HOU .. O, =D, G x ... xE).

Teopewma 3.12.1. Onepayus O -npoussededus accoyuamusHa,
AHMUKOMMYMAMUBHA 1 COBMECMUMA C 20MOMOPPUIMAMU CUCMEM
Koagputuenmos. Kpome mozo, ecau

O>A—>A—>A"—>0

— mouHas nocaredosameabHocms cucmen Kospgpunyuenmos u F —
MmaKas cucmema KO3PPUUUeHmos, 4mo nocredo8aneibHoOCms

0> A RF>ARDEF > A" QP >0

MoYHa, Mo 045 400X KAACC08 KozoMdaozui £ u 4 co 3HaveHuaMmU
coomsemcemeenno 8 A’ u F cnpasedausy paserHcmso

3 (") = ()un.

CoBMECTHMOCTh (U -NPOUBBEJEHUS C TOMOMODPUIMAMH CUCTEM KO3(-
¢uuuenToB TpuBuaipHa. 1 10KA3aTEAbCTBA ACCOUHMATHBHOCTH HYXKHO

npoBepuTh GOpMyay
Dy (D Gyx oo xE)x Dy(ppy % «on %5 ) =Dpigyx oo X8, )

HO OHa BBITEKAeT M3 aCCOLUATUBHOCTH [AEKApTOBAa IpPOH3BEIEHHS M acco-
UHATHBHOCTH NMArOHaNbHBIX OTOGpameHHH. AHTHKOMMYTATHBHOCTb JOKa-
3plBaeTcsl aHajoruuHo. HakoHel, nocjeiHee yTBED:KIEHHE TeOPEMBl J0Ka-
3bIBAETCd MNPAMLIM PacCyKIeHHEM, aHaJOTHYHBLIM TOMy, KOTOpPOe OblLIO
MCTOAb30BAHO NPH AOKAa3aTeabcTBe TeopeMmbl 3.11.1. (3amMeTnM, 4TO NOJY-
YEHHBIH pesy/bTaT He ABJASeTCH CJAeACTBUEM aHATOTMYHOTO CBOMCTBA
JNeKapTOBBIX MPOu3BeJeHHH, TaK Kak NpPelNnoJOXeHHEe O TOYHOCTH MoC/e-
JOBATENbHOCTH

O>AxF>Ax B> A"x >0

cuabHee cHOpPMyIHPOBAHHOTrO B TeopeMe. BOT nouemy He0OXOLMMO mpsamoe
paccyxaenne.) Jleranu3auns 10Ka3aTejbCTBA OCTABJAAETCSl YHTATENIO B BHAE
yIpaxHEeHHS.

OTMeTuM, HakoHel, caelylouiee CBOACTBO. [lad Kiaaccos

YEHY (X, A, TEHN(X A,
WEHUY, ), veH YV B
crnipaBednusa Gopmyia
O x (Vo) = (— 1" (& x 7)YOE" x 1").
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PaccMOTpUM OLHO H3 NPUIOKeHHH 3THX peaynbTaToB. Ilpeanonoxum,
yto Han GazHCHBIM CHMILTHUMATLHBIM LelHBIM KOMILTekcoM X 3anaHa
CUCMEMA KOMMYMAMUBHbLX KoAeY ¢ edunuyarsu £ (T. e. cucrema
K03 duuueHTOB BMecTe C FOMOMOpP(HUIMOM

ARQA—> A,
MHAYUHDYIOWMM HA Kawao# rpynne £ (s) CTPYKTYPY KOMMYTATHBHOTO

KoJbla ¢ eluHHUeH). B 3TOM ciayyae MOXHO B3iTh KOMIO3HUHIO U -1IPO -
H3BELCHHS

THY(X; A)QH (X, A)— H(X; AR A)
H roMoMopdu3aMa .

(X, AQ A —> H* (X; A),

OllpeeTAeMOr0  MYJAbTHIMHKATHBHOR cTpykTypo#i B A. TeM caMbim
Ha H*(X; A) noayuaercs MyJbTHIVIMKAaTHBHas CTPYKTypa, $lcwo, uro
OHA accoyuamusHa, OUCMPUOYMUBHA NO OMHOWEHUI K CAONCEHUIO,
cosmecmuma ¢ 2padyuposxoli 8 H*(X; A), 1. e. uro

deg (Em) = deg (£) + deg (m) 1),
ecnd £ M 7 OLHODOLHB, QHMUKOMMYMAMUBHA, T. €.
7]& — (___,I)deg (8) deg () . E"f],
ecqu £ M 7 ORHODOMHBI, H, haxoneu, koawvuo H*(X; A) obaanaer edu-
Huyeli, a UMEHHO KJACCOM KolMK/aa cTeneHd O
§ —> eMHHLA KombUa A(S).

Fpymna H*(X; of) BMecTe ¢ 3TOH CTPYKTYpPOH HA3BIBAETCA KOAB4OM
Ko20MO402uli KoMIlekca X CO 3HauYeHUsMH B JA.

!) Hepea deg & aBTop oGosHauaer cTeneHb 3aeMeHta & — [Tpun. ped,
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4.1. Moayan ¢ duabTpauuei.

[Mycte K — Monyab Han koawuoM A ¢ enunuied. Yowogawoweii
durompayueli Monyna K HaspiBaioT M0OYI0 IOC/IeN0BATENBLHOCTh €ro
noaMonyieft K, yn0BAeTBOPAIOMLYIO CAELYIOLLHM yCIOBHSM:

K,>K,,. UJK,=K.

MoxHo ompefe/quTb TakKe Bo3pacTaloulMe ¢uibTpaund. B 3TOM mapa-
rpade Mbl OTpaHHUMAMCA H3yueHHeM yOHIBAIOWHMX - QuAbTPAuuN u OyneM
Ha3blBaTb M00yAem ¢ puasmpayueli nw0b0H A-moaya. K ¢ omnpene-
JeHHOH Ha HeM yOniBawouleH duabTpanuet,

Ecau K — Monyib ¢ duabTpauned, To 2padyuposantsim moodyrem 1)
cea3annbim ¢ K, Ha3biBAlOT MOLY/b

G(K)=ZK,/K i1

C OYeBMUIHOH TpanyupOBKOM.
Mycrs K = X K? — rpanynposannuit Monyas, 3aganum qmanpaumo
Moayas K MNOAMOLysMH
= 2 K.

i>p

fIcHO, uYTO B 3TOM Cayuyde TrpaayupoBanHbit Moayab G (K) HBOMOpCbeH
camomy K.

[Tycts K—MOﬂyJIb c <puanpauuen TpeAmoIOKUM, KPOME TOro,
ytro K rpaayuposan noaMoayasmu K¥., ToBopar, 4TO rpaayupoBKa H
GUIbTPALHA COBMECHUMBL, €CIH

K,= Eq K,NK",
T. e. ecan K, oanoponHb. PaccMoTpuM, HanpuMep, OHrpaiynpoBaHHBIH
MOLyJ/b K:EK”. OnpenenuM nepsyw ddussmpayuro moayaa K

1) 3xecb aBTOp OTCTYymaeT OT CBOEro NEPBOHAvYaJbHOrO ONpeJeJeHus rpa-
IyHPOBAHHOTO MOAYJs M NMEPEXOAUT K OOUICNPHHATOMY, MOAYUas BO3IMOWHOCTDH
paccMaTpHBaThb U HEOJHOPOJHHIE 3JeMeHTH MoAyas K. Pasymeercs, pasaomeHne

| rpajyupoBaHHOro Moxyas K B mpamyro cymmy K= ZK” HOMKHO OplTh GUKCH~
pobano. — [Ipun. nepes.
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¢ TIOMOLUBIO [OAMOLYyJEH

'K, =2 K"
i>p
u 8Mmopyn uALMPayUO C TOMOWbBID NOAMOLYAeH
//K — 2 Kll -
i>p N

flcHo, 4TO Kawaas M3 THX QUIbTpauuit coBMecTHMa ¢ JOOOH Hu3 Tpex
BO3MOMHBIX TpPalydpoBOK Moayts K.

Ecau duasTpauus 8 K cosMecTMMa ¢ TpaAyupoBxo# monyas K, T0
Mbl OyleM 4HacTO rOBOPHTb, YTO OHa ABJAAeTCH ussmpayueli 2padyu-
POBAHKO20 MO0Yast, a K BMecTe ¢ 3alaHHBIMH TpPalyNpOBKOH H HIb-
Tpauue#t 6yleM Ha3bIBaTb 2pA0YUPOBAHHbIM MOOYAeMm ¢ durempayued.

[Mycts K — rpaayupoBaHHbit Moay/ab ¢ ¢uabTpauue#. [osopsar,. uro
durbTpauua B K pezysapra, eciu CyWeCTBYIOT TaKHE Le/ble YHCIA 71;, YTQ

Kani—_:O i p>ng.

MMyctb, HanpuMep, K — GurpanyupoBaHHbifl Monyab. [lepsas ¢uibtpauns
Mony/as K peryiaspHa OTHOCHTENLHO MOAHOL €ro TpaiyMpOBKH, ecan
TOJIBKO BBIMOJHEHO OJHO H3 C/ENYIOILHX YCJIOBHH: nepsas TPalyupoBKa
B K orpaHuyeHa cgepxy; 8mopas rpaiydpoBka B K OTrpaHHYeHA CHU3Y.

IMycte K u L—nBa rpanyupoBauHbXx Moaynas ¢ duabTpauuett u
f—eomomopghuzm wmonyas K B L, T. e. Tako# romoMopdusM A-Mo-
nyJjel, 4To

fKycL, f(K)<L.

Slcho, uto f ompeneaser oaHOpoéHbt roMoMopousM G (K)— G (L)
6ucrenenu (0, 0).

Jdewmwma 4.1.1. [lycms f— 2omomopdusm 2padyuposannozo modyas
¢ burvmpaueld K 8 2padyuposaunsii modyas ¢ guavmpayueii L.
Ecau durempayus 8 K pezyaspra u ecau 2omomopusm

G(K)—>G (D),

censannbiii ¢ f, asanemcs MOHOMOpPUIMOM, MO [ — MoHOMOpHuIM,
Ecau guasmpayusn 8 L peeyaspra u ecau zomonopduszn G(K)— G (L),
CBA3AHHLLE ¢ [, A8asemcs INUMOPPUIMOM, MO [ — anumopdusm.

Jlng 10Ka3aTe/NbCTBA MEPBOTO yTBePwAeHUs BO3bMeM Tako# x € K,
uro f(x)==0. Tak kak f COBMeCTUM C rpaiyMpPOBKOH, TO MOXHO mpen-
NoJsoKUTL, uTO0 X € K! ana Hexkoroporo {. Kpome TOro, Cyuiectsyer
Takoe p, uro x€K, Tak xak f aunynupyer oOpas sneMeHTa x

B K, /K, TO xEKpH. Clleﬂ.OBaTeJIbHO xEK, ans A0CTAaTOUHO
6oabwux n. Ho Tak Kak )
K,NKi=0
AAd 10CTaTO4YHO OoJbIIUX 7, To x==0, ,
Bropoe yTBepixieHHE LOKa3LIBAETCH 8HATOrHUHO,
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4.2. CpnexTpalbHas TOCJELOBATEJbHOCT AH(GEpPEeHIHAILHOTO

MOAYJA ¢ (uabTpauunen.

fupdpepernyuarstoim mooyLem ¢ gursmpayuel HA3BIBAIOT JIO00H
auddepeHnnanpupi Monyab K ¢ tako#t ¢uaprpaunet, uro d(K,) < K,
ans  Bcex p. Teopus cHekTpadbHLIX I0C/JA€AOBATENLHOCTER COCTOUT
MO CYLIECTBY B HCMOJIb30BAHHHM GUALTPAUMN MOAyaAd K IS MOCTPOEHUs
npousBogsoro moayas f1(K) npu mnomowu ,NociefoBaTeNbHHIX Mpu-

O6muxeHuH .
[ycts r — neaoe uyucao. [Toaoxum

Z7 =Z(K,mod K, ), (1)

T. €. MHOXeCTBY Takux xE K, uwro dxeK,,, IHas r <0 umeen,
ouesnano, Zf =K,

Cpenu s1eMeHTOB MOLYJSA Z? muaxomsrca, ¢ OIHOH CTOPOHBI, 3Je-
MenTbl 3 ZP7] u, ¢ ApYro#t cTOPOHEL, BCE 3MEMEHTH MOLLy.is K ,, xotopuie

-1—
aBasiiotca rpanuuamu. B uactnoctu, ZZ conepwur dZPT| 7T, T. e. MHO-
KECTBO 9/EMEHTOB MOLYst K ,, KOTODHIe SBJSIOTCS rpaﬂuuaMn 3/1eMEHTOB
us K,_ ... Mpl nonoxum

E=72/azf= it -z, E,= 2 E?, 2)

3aMeTHM, UTO ecJH xEKp eCTb I1HKJ, TO OH OmNpefe/sieT 3JEMEHT

Monyas EF nns Bcex r, a ecau 3TO rpaHuna, To saeMeHT Moayas EF,
ONpENe]eHHbI! /IEMEHTOM X, paBeH HyMIO AJs AOCTATOYHO GOBLIMX 7.

Teopema 4.2.1. Ha epadyuposannom modyase E, cyuecmsyem
maroii Jugpgpepentiuanr d, cmenenu r, 4mo npou3sooHsLil Mody/tb H(E,)
KanoHuwecku u3omopger Mmooyrwo E. ..

JeficTBHTEABHO, ﬂuq)q)epeﬂunan d B K orobpawaer Z¢ s ZP'7
azP=i v 4 ZP*! wa dZPTL. Tak kax

EDY = z0 fdzP i+ 2B,
TO d mpu nepexole K QakTOp-MOLyJasM HHAyuupyer AuddepeHnnan
d,: E} > EI*.
Jlas Toro utoBL 3JeMeHT X € Z7 Onpenensa LMKA CTENeHH p B E,,

1
HeOGXOIUMO U ROCTATONHO, yTo6sl dx € dZ21 4+ ZPX T, 1. e, 410611

dx=dy-+z,rne yE Z8~ 1 zEZp+’+l. [Monaras x =y} u, noayvaem
du=2. Taxkum 00pasom, OLHOBpeMeHHO uMeeM uC K, n du€ K, .,

T. e. #€Z7 1. VI3 5THX BBIYHCACHHH HEMELIEHHO CAELyeT, YTo

2By = (22t 2D @22 4 228,
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C npyro#t croponb, B”(E) COCTOMT M3 KJACCOB, MPEACTABJEHHBIX 9.e-
mentamu Monyas dZ777. Tak xak stor Moayas coxepwur dZ2-1M, To

B (E)=(azf~ 4 zP azP=1"" 4- z7).
Mur monyuaem, TakuM 06pasoM,
HP () = (20 + 205D (@z? ™" 4 27 H) =
= Z20f(Z0an(dzr ™"+ Z12)).

Tak kak, OYEeBHIHO,

20 >dzl™, Zlanzili=20
TO OKOHYATEJbHO rionyqaeM

HP (E) = ZP[(dz8 ™"+ 27" ) = El,

YTO U 3aBeplIAeT JA0Ka3aTelabCTBO.

Cnexmpaasras nocaedosamesbiocms Moayas K cocTour mo ompe-
NeJeHHI0 M3 KOMIIeKCOB [£,, PacCMOTPEHHBIX BbIlle.

Onpeaenaswor, kpome toro, uien Eg. Tlonowum

Koo —_— 0: K—oo - K’
Z&:Z(Kp mod K ) == ki 13 K,
[ — — rp: .
Bw—KpﬂdK_oo——deHHU.bl us K,
TOraa
Ef =2Z70/(B% +Z8"),  Ew== X EL.
Ecau nonoxuTbh Booblie
P
Br=K,NdK,_
To Ans moboro r 6yneT chpaseinuBa ¢opmyaa
EP = Z8[(Bf_ 4 Z2T).

Teopema 4.2.2. [Tyems H(K), — 06pas modyan H(K,) & H(K).
Ecau s3sms urvmpayuo mooyas H(K) nodmnodyaramu H(K), mo
umeerm KQHOHUYECKUD U30MOPPUIM

Eo=0G (HK)).

HeticTBUTENbHO, CYWIECTBYeT STMUMOpPPH3IM Z&»H(K)p. s toro
yTo6H mpu 3ToM z € Z5, otobpawancs B H(K),4y, 1e00x01MMO W 10~
CTATOUHO, 4TOObI 2 GblI FOMOJOTHYEH HEKOTOPOMY 9iemeHty u3 K, .,

T. e. wrobn 2z npuHaanexan BP - ZE'' uro m nokasmiBaer Tteopemy.

Paccmotpum rteneps cayuwa#t, korga moayab K cHaGxeH zpadyu-
poBKoLd, coBMeCTHMON C 3ajaHHON duabTpaudelt, U OAHOPOAHBIM AUdde-
perumnasom crenend —+1 (B 3TOM cayuae rosopsar, uro K eCTb
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Komnaexc ¢ guabmpayue). Torna Ha uaeHax E, MOXHO oMNpenenuTb
OurpasyupoBky. JLOCTATOYHO MOJNOKUTH
pq I p+q g P +
2V =Zz/nK"', BM=BIqK",
g 4 /( pPa p+1, g-1
Er = Z; /(Br—l+Zr~l )
OTHOCHUTE/NLHO 9/MEMEHTOB MOLYJIA E?7 4acto roBOpAT, uYTO OHH HMEIOT
pusrempyowyio cmenens p, ROAHRYIO cCHienens p -+ q u OOROALHUMEAL-
HYI0 Ccmenety q.
fcHo, uto
. mPq p+r, g-r+1
d,: El9 s EPFTT 4
W 4TO Tpu OTOxAecTBAeHun E, ;= H(E, wonyas E?{, o6pasosan

KaaccaMu uukaos ua EXY. :
KpoMe ToOro, oueBHIHO, UYTO (UJAbTPALHA THOCPEACTBOM H(K)p H
rpaaydpoBka moamoayasmu HY(K) 8 H(K) cosmectumnl. [Tonaras

H?(K), = H?(K) H(K),,
nMeeM paBeHCTBO
EE = H 1 (K),[H? T (K), .

4.3. Annpoxcumauus moayas E. unenamu E,.

[Mycts K — koMmiekc ¢ ¢uabTpaunelt. ByneM npeanoJnaraTh B 3TOM
nyHKTe, uTO uasmpayus 8 K pezyasipua, T. e. uro
K,NK%=0 nama p>n(g.

Hpemne BCero orcraa ciaenyer, 4To
Z¥ =2z ana r>n(p4q-+D—p,

+1
6o ecan z€ Z7?, 10 dz npunassexur moayao K, (K", oropuit
paBeH HyJI0 AJA

pt+r>n(p+q+ 0.

C apyro#t cTopoHHI,
d,=0 nma EY ma r>n(p-tq+10—p,

7P+ —r+1
u60 119 paccMaTpuBaeMbiX 3HaueHu#i r umeem ZZH 7T,
Tak kak M9 3aAaHHBIX p, ¢ W JOCTAaTOYHO OoAbUIMX r OmepaTop d,

paser uymo Ha EF?, to oroxaectsaenne H(E,)=E,,, npusoaur

k orobpawxenno monyds EF? ma EFY;. Wrepupys 3TH roMoMopQuaMmbi,
T0JlyyaeM, CJel0BaTe bHO, 3NUMOPhHU3MBL

r. prg nq
s Ef? —> EYY,
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onpene/eHHble 1A § > r > n(p—+q -+ 1) — p. OueBUAHO, BHIOJHAIOTCA
COOTHOWICHHA TPAH3UTHBHOCTH, KOTOPHIE NO3BOJSAIOT ONpeleNuTb UHOYK-
mugublli npedea moayneit EFY, korma r cTpemutcsi K GeCKOHeuHOCTH.
Mbl TIOKaMeM, 4YTO 3Mom uHOYKMUBHbLE Npedes ecmv He 4mo uHoe,
war EZ9. '
DleficTBUTENbHO, AAs AOCTaTOuHO Goabmux r 229 = 779, 7P+l a-" —
+1,¢-1
=70 77" Kpome toro, ans mo6oro r umeem BB,
Taxk xak
rq Pq [( P P+l g—1
Er :Zr /(Brzl’jL‘Zr:l 4 )’
: +1, g1
BN —= 28 (BM 4= 20 7,
TC LIS A0CTATOUNO OOAbIIUX £ MUMeeM KaHOHHUECKHH IroMOMOpdHaM
. P 2
7, « BP9 EP9,

onpeeNeHHbIH TOKAECTBEHHbIM BaokeHHeM Z77-—> Z07. ror romomop-
¢usm  aBisercss, oueBunno, suumopdusMom. C apyro#t CTOpPOHB, Tak

kak 67 mosyueHs us TowaecTrennoro orobpaxenna Z77 —> 789, 10 umeeM
COOTHOIIIEHHE COBMeCTHMOCTH 00 =05 007 nas r << s. Jlas toro uTo6H
oroxaecTsuth ELJ ¢ MHAYKTHBHbIM tpelenoM wmoayaei £77, ocraerc,

cllenoBateqbHO, mnokasarh, uto BYY ecTh o6bennuenue monyaed BEY.
[Mocneanee pbiTexkaer u3 Toro, uto K ecTh o0bennHenne Moayie# K,
Orcioaa cieayer cOpMyIHPOBAHHOE YTBEPKAEHHE.

OrMeTHM BaHOe CJeICTBHE 9TOrO peayibTaTa. PaccMoTpum ABa
KoMmmiekca ¢ uabrpannet K u L n romomoppusm f: K —>L (copme-
CTHMBIM ¢ rpaayupoBkamu u uibTpanuaMu). OuyeBHAHLIM 06Pa3OM I110JY-
HAIOTCSH TOMOMOP(U3MEI

E (K)—E. (L),

epecTaHOBOUHBlE ¢ AuddepeHnanaMu d, 149 KOHEYHHX # H COBMeCTH-
Mble ¢ oToxAaecTBienneM E, ;= H(E,) 1049 KOHeuHHX r ¥ C OTOXKIe-
creaennamn  Eo (K)=CG (H(K)), E.(L)y=G(H({)). Tlpeanonomum
Tenepb, uyro ¢uabTpaund B K W L perynmsapuel. Torja ¢uabTpanuu
B H(K) u H(L) Towxe peryaapusl. [losTomy ecam roMOMODQHU3M
Eo(K)y—> E4 (L), wmHayuupoBauHbitt f, dBiseTca H3OMOPHUIMOM, TO
TeM ke cpokcrsom obmanaer f*: H(K)— H(L). Tlpunnmas BO BHMMa-
Hye 10, uro ecan f*:E (K)—>E, (L) aBaserca MsOMOPHUIMOM A4 He-
KOTOPOr0 HMHIEKCA Fy, TO 3TO BEPHO M ISt BCEX 7 > T, MNOJydaeM:

Teopema 4.3.1. Ilycms [ — 20M0MOpHU3M KOMNALLKCA ¢ (HUAL-
mpayueii K 8 rxomnaexc ¢ duavmpayueld L. [lpeonoaoxwcum, amo
durempayuy 6 K u L peayaspus. Ecau 048 HeKOmMOpO20 Ueroz20 r
comonopgpusm [ E (K)y—>E (L) Aasigemcs U0 MOpPUIHOM, mP
mem oice csolicmsom ofaadaem

f* i (K —> H* (D).

7 P. Fopeman
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anBeﬂeM Tenepb Apyroe CcJaeacTBue H3 TEOPEeMbl ANMNPOKCHMALUU,

Mycts K — komniekc ¢ ¢uabtpauueti. Ipeanonowum, yto EFY =0 ana
3ajaHHbix 3uavenuBt p, ¢, r. Tak kak E. ., = H(E,), 10 AacHO, uTO

Boobue Ef? =0 nna r <s < co. Ecau ¢uabTpauna s K peryaspua,
TO B Tpedese MOJYYaeM, 4TO bfﬁ:O.

4.4. BpipokaeHHbe CHEKTpPajbHBEIE MOCAEN0BATENLHOCTH.

Nycts K — kounaekc ¢ duabTpauueli. DBysem mnpeamonarath, uTO
9Ta GUAbTPaUusi peryispHa. Mbl CkaweM, 4YTO CMeKTpajibHas Mocaeno-
BAaTe.ILHOCTL KOMMIekca K gupoycdena, eciM CyuleCTBYeT Takoe LeJoe
YHCJAO 7, YTO A/S BCEX 1 HMeEeM

n—q, q
E, =0 a3 q +gq,
rle g, ecThb lejOe YMCJAO, He 3aBucAUlee OT A. IJTO 3HAUHT, 4TO B OH-
rpaayupoBaHHOH rpynne £, eOMHCTBEHHbIMH HEHY/JeBLIMH H/IeHaMH

apasiorca Ep T %,
Kak Mbl Buaeau B KOHUe NpeAbllyliero NYHKTA, nepexon K npeleay
1aeT, uTo

E;z_q’q:Ego_q’q‘—:O s q + qO'
Nlanee, scHo, urto d,==0 ana BCex S§>r, OTKyaa E; 7 % —= Ei7% P,

Ipynna E. sBasetcd rpaiyHposaHHOH rpynnoft, ceasaunott ¢ H*(K).
Tounee, H"(K) umeeT duibTpauuio, ¥ rpalyMpoBaHHas Tpymna, CBA3aH-

Has Cc Hel, ecTh npsamas cymma rpynn Eg, ©9. Tak kak Bce 3T# rpynmsi,
KpoMe OJHOH, Hy/neBble H TaK Kak

UHr «),=H"K), [JH"(K),=0
p 14

(BTOpOE paBeHCTBO cJelyeT M3 TOro, uto ¢uabTpauus B K peryaspha),
TO OKOHYaTe/NbHO MOJYyYaeM caeaylouiuit pesyiabrar.
Teopema 4.4.1. ITycms K — komnaexc ¢ pezyiaprod @Huirs-
mpayueli. [Ipednoaoacum, 4mo 0afl HeKOMOPO2O Uea020 r UMEEM
Ef79=0 odan q+q,
To20a umeerm KaHOHUHeCKUE UL30MOPPHUIMBL

H"(K)=E}~% %,

4.5. Cayuyah nonoxurenbHod GHALTPAUHH H q)uanpaunu,
NMOZYHHEHHOH rpasyHpoOBKe.

IMycte K — koMmiekc ¢ ¢uabTpaiuei. Mbl ckameM, uT0 ¢uabTpa-
una B K nosoocumensna, ecam Ky=K u, crenoBaTeibHo, K,=K

aia p <L 0. B srom cayuae Ef==0 aas p<O. JleficTBHTENBHO,
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Ef = ZP[(Bf_y 4 ZFX1), Z¥ obpasosan takmmu 2€ K, uto dz€K,,,,
n ZPN=Z'NKpr Tak xak mas p<O0 nmeem K, =K, 10
Z¥ = ZP?], otkyna caenyer name yTBepkaehue. Pasymeercs, 3TOT pe-
3y/JbTaT CNPaBEMIMB H AIsl F == OO.

Paccmorpum Teneps rpymny H"(K). Ora rpynna uMeeT QubTpauHIo,

W cBA3aHHAas C HeH rpagyupoBanmas rpyuma ecth X ER "7, Tax kax,

OYEBHAHO,
H"(K),=H"(K) ana p <0

B cuny Hauiero npeﬂnonomeunﬂ, TO, B YACTHOCTH, ﬂO.’ly'—laeM
ES = H"(K)/H" (K},
OTKyaa cJaenyert TOYHaAA TNOC/JAeA0BaATEIbHOCTD
H"(K)— EX 0.
C npyro#l CTOpOHBH, 3JEMeHTBl [IpYMNNbl EM, KOTOpble ABJATCA rpa-

—r, g+r-1
HMUAMH 448 d,, TOAy4alTc W3 SJeMeHTOB rpynns EF 4 npu

0
nefictauu d,. CraenosaTenbHo, HMKAaKON Heny/neso# siaement rpymmb E,”
He sBaseTcs rpanuued, ecau r > 1. [lostoMy nocae oroxnecTsieHuH
E, . = H(E,) Mbl HME€eM eCTECTBEHHBIE BJOKEHHUA

o ’
E(l)" D_Egn - ES”
Kamabil uned 33echb OTOMIECTBJAAETCH C TOArPYNNOH LHMKJIOB fpenbi-
Ayliero wieHa.
Kpome Toro, EY norpymaeTca B KaXAYI Tpynmy E¥(r>1). Ilen-
0, 1 n-1 noaZ1
cTBHTEAbHO, AcHO, uto BY " =BY"% w Z%"nzL "= 2zL"""." Caeno-
BaTEJbLHO,
ZL -1 0, n 1, n-1
n(Br—l r—l ):B\JO +Zuu .
0, B
[TosToMy BaOKEHHE zon s 7% NPUBOAHT Tpd mnepexone K dakTop-

TpyNnaM K BJOMXKEHHIO E%" > EY™ pas r>1.

KoM6uHHpyq 3TU pe3yabTaThl, MOJyuaeM, UTO ecau PuabTpauus B K
NOJOXHTEAbHA, TO Ad A6bX 7 #W JA06BX 7 > 1 HMeWTCA KaHOHH-
4eCKHe TOMOMOPGhHU3MbI

H"(K)—> E®".

PaccmorpuM Temepb Apyrofl BaxHBIH cayual, a uMeHHO cAayua#,
KOrla dusempayus no04uHeHa 2padyuposke, T. €. KOraa

K"nKp:O s p>n

(TaxuM 06pa3oM, B 3TOM cayuae ¢uabtpauus B K peryaspHa). Tax kak
ZFM <= K" Kp, 10, ouesnano,

EMf=0 namm ¢<0,

7*
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" PaccmorpuM  Tenepb E',"O. Dra rpynna otobpaxaerca auddepeHuna-
aoM d, B EPT7 7L 1 e, B 0, ecam r>2, Tak uto B 3TOM Cayuae
BCE ee 3JeMeHTH ABAAITCA uukaaMu. [lpu r > 2 uMeeM, cael10BaTelbHO,
rOMOMOPGHU3MEI

Ep°—ERS

AB/AAIHECs, BlIpodeM, snuMopdpusmamu. B cuay n. 4.3 rpynna E%°
OTOIECTBASIETCS € MHAYKTHBHBIM npeteaoM rpymn EP ° oTHochTeabho
paccMaTpuBaeMblX roMoMopopusMoB. B wactHocTH, Mel OyaeM HMeTb
rOMOMOpP(HH3M

EP°—ELY.
C apyro#t cropou, scuo, uro H"(K),=0 nas p > n. [losTomy

E3° = H" (K)/H" (K)q,y = H" (K),

BKJaibiBaeTcsl Kanownuecku B H”(K). TakuMm obpasoMm, 048 cay4as,
Ko20a Puismpayus nOOHUREHA 2padyuposie, NOAYHQLM KAHORUYECKUl
2oMoMOpPUIM

EY %> H" (K).

B rtom cayuae, koraa o002 pacCMOTDEHHBIX BbllE NPEANOAOKEHHUS

BBIMOJHAIOTCA OJHOBPEMEHHO, MMEET MeCTO CJelAyIOWuN BaxHLIM pe-
3yJbTaT.

Teopema 4.5.1. [Iycme K -— Komnaexc ¢ durempaguel, yoo-
BACMBOPARIOUUL CACOVIOUUM YCAOBUAM:

Ke=K, K'NK,=0 dan p>n.
To20a umeemcs moyHas NOCAe0OBAMEALHOCMD

0 E}®—> H' (K) —> EY ' -2 B} ° > H* (K).

Bce romoMopduaMmbl, GUrYpHpYIOLIHE B STOM MOC/Ien0BaTENbHOCTH,
yxe Oblid - onpenenenbl. OcTaercs, CJAeLOBaTeNbHO, LOKA3dTh TOUHOCThb
3TOR MOC/IeN0BATENLHOCTH.

- Jlns pokaszarenscTBa Toro, uro Ey ’—» HI(K)—MOHOMOp(pl/laM, no-
CTATOYHO TI0Ka3aTb, UYTO E§’0—>Eég°——Mor10M0pcp143M, H, CTaJ0 OLITb,
NOKa3aTb, YTO E}’O—>E,l-’+01———MOHOMOp¢)H3M (a, 3HauuT, U HU3OMODPPH3M)
aas r>2. Ho saement rpynnst Ep° Momer 6GbTh rpaHuuelt TOIbKO
TOra, KOrAd OH IOJYy4aeTCsi ¢ NOMOUIbI0 d, M3 HEKOTOPOro 3JeMeHTa
rpymnst B 77N Tak kak EPY=0 mas p < 0, TO Hawe yTBepkAeHHe
IOKAa3aHo.

I'pasyupopannolt rpynno#t, csasanuot ¢ H'(K), sasaserca rpynna
Ex"4-E%Y (rax kax ws EZ 0 caenyer p>0 u g >0). Vmeewm,
C/e10BaTeNbHO, TOYHYIO TOC/e10BaTENLHOCTD

0—>Ey®— H' (K)— E%' 0.
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1 0,1
Tax wxax romomopdusm H (K)— Ey  aBasercs KOMNO3UUMEH TOMOMOD-
1 0,1 , 1 0,
dusmos H (K)—E3 u E&, — E 1, TO JEerKo BHIeTb, YTO BTOPOe
0
CBOHCTBO, KOTOPO€ HYXHO YCTaHOBUTb, COCTOUT B TOM, 4TO Eog,‘ ——>E8’ 1__

MOHOMOp(H3M. ITO OblJO JOKA3aHO Bbille B CJjyyae, KOria (HJbTpauus
010K HUTeTbHA.

IMokaxem Tenepb, uTo 06pa3 rpynnsl H](K) B Ey! cosnamaer
C aapom oneparopa d,. Mmeem Ey'=2% 1/(3?"—+—Zi’ 0) H, ¢ apyro#t
CTODOHBL,
Ey'=z3°[(BY "4z} V)= 23 °/BT".

TostoMy sapo onepatopa d, 06pa3oBaHO TakiMu KJaccamu z€ Z3 ',
uro dz€ BY°, 1. e dz=du, rne u€ K, NK'. Tonaras z=1u-v,
umeeM dv=0 u
1 0.1
vEK,NK, 1. e. vEZL.

Kpome Ttoro, Ttak kak oamospeMenHo u#& K, NK! u du€K,, T0
0 0
uEZ}’ . CrenoBatenbHo, Kiacc sieMenta z B Ey' ' nprHasaexur o6paay
1 1
FpyIbl »Egg , T. e. rpynnobl H (K). O6paTHo, ecau kiaacc B 58" MOXHO

0, 1 0, 1
NpeACTaBUTb B Z  3/JeMEeHTOM TIpynnbl Zg , T. e. LUKJIOM, TO OH,
OYEBUIHO, AHHYJUDYETCH ONEPATOPOM d,.

2, 2 .

OcTaetcs yCTaHOBUTb, 4YTO AP0 roMoMopdusama Ej ' S H (K) ecTp

o6pas oneparopa d,. SlcHo, uyto OHO coAepxur o6pas d,, TaKk Kak

2,0
nocJaeAHHA TNpeicTas/eH B Zs F'PaHHLLAMH. C JAPpYro# CTOpPOHbLl, BO3bMEM
2 2,0 2
zEZQ'O, kjaacc kortoporo B Ey " annyaupyercs B H(K). Tak kak
2,0 2

roMoMoppusM £, " — H (K) nojydaercss IepexolIoM K (PaKTOp-TpynnaMm
2,0 2,0 2, )

U3 paBeHCTB Zy =25 = ... :Zmo, TO CAeJaHHOe MNpeaNoNOKeHHe

o3HayaeT, YTO 2 ecTb rpaiuua B K. MOXHO, c/el0BaTeJbHO, HANMCaTb

2==du. Tax xak z€ K, K? TO MOXHO MpeaAno.oxurs, uto # € K! ==

1 2,
:KoﬂKl, ¥ TO3TOMY uEZ? . Takum o6pa3oM, s/jeMenT rpynns Ej 0,
NpeacTaBJEHHbIH /AEMEHTOM 2, HAXQAMTCA B 0o0pase d,, uTO 3aBepuider
AOKa3aTeNbCTBO,

4.6. Cayua#l, xorga 6a3a uJd ca0i chepHUHBI.

[Mycts K — koMnuekc ¢ ¢uabTpauuefl. Mbl CkaxeM, 4T0 HaXOXUMCS
B YCJOBHAX cdepHuueckoit 6a3pl, ecau CyulecTByeT TaKOe Lenoe HHCIO
n = r, 4ro
EP?=0 paa p=+0, n,

4 c(PepHYECKOro ¢/0s, ecad CYlleCTBYyeT TaKOe LEA0e YUCIO 71 >, 4TO

EFM=0 mms q+0, n
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Takas cHTyauHs BrepBble BCTPETHAACH NMPH H3YYEHHH PACCHOEHHBIX MpO-
CTPAHCTB, Y KOTOpbIX 6asa (COOTBETCTBEHHO CJOH) ABJa8eTc CchepoH
pasMepHOCTH n {OTCI04a NMPOUCXOKAEHHE TEPMHHOJOTHH).

Teopema 4.6.1. Illycms K — romnarexc ¢ dusompagueis. Ilped-

ROAONCUM, WMO Cywecmsyem maxoe yeaoe 4ucio n>r, 4mo EF71 =0
oan p+0, n. Tozoa, ecau gpursmpayusn 8 K peeyaspua, umeenm
MOYHYIO NOCAEO08AMEALHOCMY

L ——)E"' i’—n_)Hi(K)_)EO,i__)En,i+1—n__)Hi+1(K)_~> o

Tak KaK ¢uapTpauns o K pery/nspHa, TO noJayuaeM npexle Bcero,
Kak B koHue n. 4.3, uro

Ef?=—=0 nas p-+0, n,
M, CJAEROBATEJNLHO, HMEEM TOUYHYIO NOC/eZOBATEIBHOCTh
, i=n i 0, i
0-—>EY - H (K)y—=>E; " —>0

aasg a6oro uenoro 4ucaa i,
PaccmoTpum  tenieps  auddepenuuan d,. Ou  oro6pawaer EM

r
—r -1
B Ef*7 777" u, cnenosateapno, pases Hyaw ua E, ecau r < n. 3Ha-

uut, B 9TOM cayuae L, | kaHoHHueckH wusoMopdua rpymne E,. Ecau
r+4-1<n, T0 aHaNOrHYHBIE PACCYXKAEHUA MOKA3BIBAIOT, 4TO d,,, paBeH
HyQl0 H, cJaenosareiwHo, E,=FE_  ,=FE, _,. [Tlponomxas srto pac-
CyXIeHHE, Mbl BHAHM, CJAEA0BATENbHO, YTO CYUIECTBYIOT KAHOHHYECKue
H30MOpGhHU3MbI

Pg pq
E' = E,".
HHaue roBops, Mbl MOXeM NPEANOJOXHTb, UTO F ==g.

flcHo, uTO B 3TOM cayuae Kaxabit saement rpynnn En? apasercs

UUMKJIOM OTHOCHTeIbHO nupdepeHunana d, ¥ HU OLHH IEMEHT IpYNNbl l:”"
ie uBasieTcs rpaHuued. Tak kak 1’:,,+1 = H(E,), 10, cienosareibHo,

EUq o EO!{ 2n n, q—n+1
npl = Ker n > E,,

En (/ n__ n, .’/-—n/I (E'J,q—l__dfl n, qg—n
= E, miE, > E, .

W3 noacuera crenenelt scwo, uro d,,,=d,, ;= ... =0, Tak uro
B Ipejese NoJay4vaeM Hu30MOpPGhH3ME
Ef = Ker (Ef — ER 47",
B B im (B > B 0),
OnpejeanM, xpome 1010, roMoMopdusm

n,

‘n’ —n_)Hz (K)
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KaK KOMTo3uuuio snuMopdusMa Ep ' T" —>FEL'T" u  MonoMopdu3aMa
EL'™"— H'(K) u aHalOTHYHO rOMOMOPdHIM

H (Ky—>Ey*

KdK  KOMMNO3WUHI0 -3nuMophu3mMa H'(K)—»E&’,l M MoHOMOpdu3Ma
0, i 0, i .
Eo,' — E, . Mbl noayuuM s J060ro i TOUHYIO MOCAER0BATENbHOCTD

0, i-1 % 1n i-n : i % niel-n
Ey —> Ey —H (K) > Ey > Ep s

YTO ¥ JOK43bIBAET TeopeMy. )
AHaqorHyHble pacCymieHHs TPUBOAAT K CiAelyIOlleMy pe3yabTaty.
Teopema 4.6.2. IHycms K —rkomnaexc ¢ uavmpayueli. [1peo-

ROAONHCUM, HMO cYujecmsyonm maxue ugeave r =1 u n>r, wmo

EM=—=0 041 q +0, n. Ecau dursmpanusn 8 K pezyiapra, mo umeem

MOUHYI0O NOCAEO0BAMEALHOCILY

SE > H (K)—E ™" SEM S H T —> L

3ameuanue 4.6.1. Dosee o6iwud Ha neps 1t B3raaL cayua,

korna E7'=0 naa p+ p, p, (coorserctBento Ef? =0 n1a q +q,, q,),
MPUBOAMTCS K NpelbllylieMy Haijexalle BuIOPaHHBIM T1peobpazoBaHHeM
duabTpaunu (COOTBETCTBEHHO TPaayHMpOBKH) KoMmaekca K.

B kuure A. Kaprana u D#inenbepra (Cartan H., Eilenberg S,
Homological Algebra, Princeton University Press, 1956 1)) umeiworca
60.1ee neranbheie pe3yabTathl (cM. ra. XV, § 5 3104 kHHUTH).

4.7. Yaenwn k;, E,, E,.
IMycte K — nudbeperunanpHeit Moay/ibs ¢ ¢uabTpaunelt. flcHo, uto
Z8=K, Z°'V=K,1 dZ’iV'cK,.
H, CJleNoBaTelLHO, '
Eg:Kp/Kp—Ll'

ITostomy 4aen E, cosnadaem ¢ 2padyupo8anHsim MoOYAeM, CEA3AH-
nom ¢ K, a andpepenunan d, noayvaercs u3 auddepennnana d B K
NpH nepexofe K HaKTOp-MOLYIAM.
Orciona nMeeM
«p__
EY = H(Ky/K,1).

Ouddepenunan d, nerko Buiuucagerca. HeHCTBATENbHO, DPACCMOTPHUM
TOUHYI0 NOC/AeNn0BaTeLHOCTh

OH_)Kp+1/Kp+2é)Kp/Kp+2"Kp/Kp+Ih)0‘ *

1) Umeerca pycckuit nepesox: Kaprau A, Diinenbepr C, I'omono-
ruyeckas anare6pa, WMJI, M., 1960. — ITpum. peo.
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Ona 1aeT TOYHYI0 NOCJAeNAOBATENLHOCTb KOTOMOJOTMH M, B YaCTHOCTH,
rOMOMOPQ UMb

8:EY = H(KpKpi1)—> HKp fKpro)=E{ .

ViMenno stH roMoMopdusMBl COCTABASIIOT HCKOMBIl Auddepenuuan d,.
HeficTBuTebHO, paccMoTpuM saemenT a H (K /K, ), npeicTaBieHHbiA
uukioM 2zE Z(Kp,modKp.1)=Z{. Tlo onpenenennio, d,a npeicraBien
3/1EMEHTOM dzEZ((\(p+lmod K,.5). Ho uMeHHo Tak ompeneasercs Tpe-
THH TOMOMOpPdHU3M &, CBS3AHHBIA C TOYHOM MOC/IENOBATENbHOCTLIO KOIO-
MOJIOTHH.

Orcwona caenyer, uro uieH E, ecTb MOLY/b KOTOMOJOTHH KOMIUIEKCA,
KOTOPHIA NOJyuYaeTcs, €CAU CHaGIuThb T'PALyHPOBAHHYIO TPYIIY

Ey=2 H(K K,

auddepeHitHanoM d, oNpeneJeHHBIM TOYHBIMM TOCJIe10BATEIbHOCTAMA (*).

4.8. CuekTpaibHasd HOCJAENOBATENbHOCTh JBOHHOrO KOMILIEKCA.

Tycth
K= K"

- IBOHHON KOMIIEKC ¢ auddepeHuraraMu
/ : +1, ” -
d K" s KP q, d KM KA H,

ya0BaeTBOpAOWMMH  ycaoBusaM d'd” +-d’d’=0. B janbueliieM Mul
OyzeM paccmarpuBaTh K Kak ,MPOCTOH“ KOMILIEKC, HCIOJb3Yd MONHYIO

rpaLyupOBKY
K"'= K™

p+§=n

n nosubt auddepenunan d =d’ +d’.
TMoarpynmnsl _
'K,= 2K

? igp

oTpenensioT nepsyw dursmpayuo KoMiekca K. YiaeHb cooTBeTCTBYIO-

4
Liell CnexkTpajibHOM MOC/IenoBaTenbHOCTH Of03HAauuM uepes EF7. Myl
BBIYUCJIHM HX cefuac aaa r—1, 2.
.. MmeeM mpexaze Bcero

4 I4 4
Ef =H(K,['K,:1).
Ho 'K /'K ;) KaHOHMYeCKH OTOXAECTBAAETCA C IPAaAyUPOBAHHOMN rpynmoH

K7 =3 K",
: /
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¥ 3TO OTOWAECTBJIEHUWe npeobpasyeT audbepenunan d, B d”, rtak kak d’
orobpaxaer 'K, B ‘K, . Vimeem nosromy
!/ ”

Ef ="H(K"),

rie HMHIEKC ” HaNOMMHZET O TOM, YTO KOTFOMOJIOTHH BBIYMCJEHB! C TO-
Mompbio auddepenunana d”. Haa Bbluncienus auddepenunana d; Mbl
NO/KHBL TeMepb SABHO BLIPA3UTL ONEpPaTOpP O, CBASAHHBIK C TOYHOH
NOC/1e10BaTeNbHOCTDIO :

’ 7 ’ ’ ’ ’
0— Kp+l/ Kp+2_) p/ Kp+2_) Kp/ Kp—H_)O
HJIH, 4TO TO XKe caMoe, C TOUHOK MOC.Jae10BATEIbHOCTHIO
0_)Kp+l, *_)Kp+l, *+Kp*—)Kp*—)0.

B sTo#t mociaenoBareqbHOCTH Ha KpalHUx uiaeHax JeficrsyeT d”, a Ha

cpelHeM wieHe — Andepenuran, UHIyLHPOBaHHHIA omepatopoM d (T. e.
"

auddepeniman, pasHe# d Ha xomnoHente K u d —mHa Kowmmo-

nenre K7 *). Tak kak d=d'—+d” u TaK KaK KOUMKJIE B TPETbeM
YjeHe aHHyAUpyloTcd muddepeHuuatoM d’, T0 onepamop

8: "H(K™)—"H(K"" )

unoyyuposan oudgepenyuaronm d'.
CnenoBatenbHo, ecan BBecTd Ha rpymne “H(K), koropas pasHa
rpynne d”-koromosorufi kommiexca K, TpasyHpOBKY, OTpeie/ eHHYyI0

dopmyaoh
"HK)=2Z"H(K™),

1 auddepeHlHas, HHAYUMPOBAHHLIE rOMOMODQH3IMAMH
d - KP*_)KﬂJrl, *
. ’
TO MOJYYUM KAHOHHYECKHE H30MOD(UIMBL
4 I4 ”
EY ="H?("H(K)).

Jas JOCTHXKEHHS TOJAHOro pesy/abTaTa Mbpl AOJ/IXKHDBI €LIE BbLIABHTbH BTOPYIO

4 /!
rpanyuposky uitena E, Tpymna E$? o6pasoBana snementamu us E,
KOTOpble MOXHO NpeiCTaBUTh 3MeMeHTaMu u3 K cremeHH p—-g, npw

ycioBud, uto B K paccMaTpuBaeTcs nosnaa rpanyuposka. Ho ouesuamo,
4 /

yro 'E§ eCTb MHOXECTBO 3]eMeHTOB rpynnbl E,, NPEICTaBIEHHbIX 37e=

Mentamu u3 K™, 3neMenTH nOJHOH cTemeHd p -+ ¢ 06pasyloOT cpeau HUX

"
rpyniy K™, TlostoMy ecau o6osHauuth ueped /?(K) rpynmy koro-
MOJOTHH KOMI/eKca K CTemeHM ¢, BHIUHCACHHYIO C TOMOIILIO 8MOp020
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audpepennnana H 8mopol rpaayapoBkn B K, TO Mbl MOJyuaeM CaeRylo-
IYyI0 OKOHYaTedbHyl0 ¢GopMyay:

'EF="H"("H(K)).

3T10T pesyabTaT MOXHO, BNpOYEM, J0Ka3aTh NMPAMO, MCXOAA H3 Pop-
MYJbl
) 14 12 +1, g1
EDF = 759/ (BR? 4 Z§+h 9 ),
D
onpeneasiowedt uren E,. JlleAcTBUTeNbHO, z57 obpa3oBanHa, OYeBHAHO,
TaKkuMH saemenTaMd u3 K Buaa x = xP9 4+ xp+tlLa-l  urg

0=d"x

O-T—dﬂxp*il’ q—]+dlqu. (1)

+1, g—1
C apyrofi cropous, Z{™"?7" obpasosana Temu snementamu x € Z§7,

I KOTOPBIX xP7 paseH Hy.aio. Hakoneu, B{? 06pasoBaHa  9/e€MEeHTaMHu
x € Z4%, KOTOphE ABAAIOTCA KOTDAHMUAMHM SJEMeHTOB rpymmsi 'K, ),
T. €. A KOTOPBIX MOXKHO Pa3pelIHTb CHCTEMY

X1 =d"xr 4~ L @' xP- L9, rie d’xP-L4=0
xP+lL q-1 — 4" xp+1, q—2+d/xp, g—1

xP+2, 92 — q"xP +2, q-3+ d xP+1l 92

- ———

Tak xak Z{+h 97! COIepPXHUT BCe 3JCMENTH BHIA
xP+2, g-2 _}_xp+v3, q—3+ e,
To Kawabifl snement ns EL? moxer Gutb NpeiCTaBAEH 3J]EMEHTOM
X == xP7 |} xpP+L q-1

yaosiersopsiowum (1). Ecau, kpome Toro, Tako# sjaeMeHT onpenefser
I4
saement 0 B E5?, To cnpapeiauBO COOTHOUlENHE BHIA

— - -1
P4 — P 9 l+d’xp l,q. rre d"xP" b 7=0. 2)

O6paTHO, paccMOTPUM pelieHHe ypaBHeHHMH (1), 419 KOTOPOro MOXHO
paspelluTbh (2), H IOJONKHUM

xPtL q—1=d'xp,q—1+zp+l, q-1
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Hcnoapays (1) u (2), 6yneM umers
d"zP b 4=l == @7 P+ =1 g P 4=t — — g xma 4d'd"xp a1 =
=—d'xP1 4-d' (xP —d'xP~1 9)=0.

CaenoBatenbno, sjeMenT X = x4 4 xP+1 4-1 gpugerca cymMolt 3/eMeHTa
+1, g-1 +1, g1 Lg-1 _ _
2P g ZPTR 9T spementa d7x” T ik L giyP 9T =

-1, L g—1 ’ ’
—=d(x" P74 x7 7Y w3 BY 1. e. onpeneaser 0 » EX.
I4

WUrak, rpynna E5? o6pasosana pewenusmnu cucmens (1) no mo-
Oy mex peurenull, 048 KOMOPbLX MONCHO pa3peuums (2). Paccmor-
puM HekoTopoe pelieHHe cHcTeMbl (1). IlepBoe ypaBHeHHe NOKa3bIBaET,

” -
yro XP7 onpeaenser siaemedt rpynne  H?(K), nepeas cTenedb KOTOpOro
paBia p, a BTOpPOe — YTO 3TOT 3JeMeHT fBJSeTCHd KOLUUKJIOM OTHOCH-
”

TeJAbHO d’, T. €. ONpese/sieT 3JEeMEHT TPYMNbl ’Hp( Hq(K)). QuesuuHo,
YTO Kaw bt d/eMeHT 3To# nociaefue#t TPYNNsl Ompenensercss HEKOTOPHIM
pemienueM cucTeMbl (1). Ilasg Toro urobo mpu TOM mnoayuuics sjaement 0

4 ” . ”
ns “H?("HY(K)), Heo6X0a1MO U 10CTAaTOUHO, UTO6H vieMent M3 HY(K),
onpenensieMbifl KOUMKJIOM XP7, 6bln1 d’-KOrpaHulelf HEKOTOPOro 3JeMeHTa

" .
us H7(K), neppas crenen xotoporo pasuna p—'1. CuenosareinbHo,
3TOT 3JeMeHT GyAeT NpeicTaB/eH KOLHMKJIOM XP~1 9, y10BIeTBOPAIOLIAM
ycaosuio d”xP-17=0, a ero d’-xorpanuna 6yjgeT npeicTaBjeHa KOIHMK-
aoM d’xP-19, Tax. kak xP9 u d’xP~19 n0MxHB ONpeleJsTh OIHH H
TOT Ke KJaacc B d”-KOrOMOJIOTHSIX, TO HOMKHO HMETb MeCTO DaBeHCTBO

7 "

xPl —d'xP-19=4d"xp.9-1. JlpyruMu cJOBaMH, rpymmna Hp( HY(K))
OTOXKAECTBJASETCA C Tpynno#t peiieHu#t cHcTeMbl (1) mo Moy peleHuH
cucTeMbl (2). ITo cHOBa onpejeiseT KaHOHUYECKHH H30MODPHUIM

"BV ="HP("HY(K)).

B sakjioueHHe Mbl BbiAEAUM BBHUAY €ro npaxmqecxoﬂ BAXXHOCTH OIHH

yacTHeI cjayvalh Teopembl 4.4.1.
Teopema 4.8.1. [lycmy K — 0sofinod rouenHoli Komniexc

(K’"’:O, ecau p <0 uau q < 0). Ilpeonoaoscum, wmo
"HP("HY(K)) =0 045 g > 1.

ITycms L — nooxomnaexc 8 K, 06pa308anHbli maxumit 31eMeimamu
x=NxP, umo d"xr=0.

Toz0a 8aoscenue L — K unoyyupyem u30mopiudm K020M0A0280 KOM~
naexca L nHa rozomoaozuu xomnaexca K.

HeficTBUTeNbHO, paccMOTpUM L Kkak nBOHHOH KOMIJeKkC, B KOTODOM
BTOpas rpaaydpoBka M BTOpoH auddepeHurans TpuBuaibhbl. B nepBof
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CMeKTpaabHOH MOC/eN0BaTeILHOCTH KOMIeKca L uMeeM
‘B (L ="H"("H" (1)),
[TosToMy, oueBHIHO,
‘EPI(Ly=0, ecan q=+0, EP(L)y=H"().
C npyroff cTOpOWH, N0 MPeLNOOKEKNIO
"Epe (Ky=0, ecam ¢ +0,

'Ef () ="H"("H*(K)).

”
Ho tak kak 6urpanyupoBka B K TNOJOXHTENbHA, TO ACHO, YTO HO(K)
KaHOHHYECKH OTOW/1eCTBideTcd ¢ L, W mostomy

"EZ°(K)= H” (L).

Orciona caenyer, uro BaAOxeHHe L —> K H30MOpPQHO 0TOGpaxkaer NepBylo
CMeKTPAIbHYIO NOC/E]10BATENbHOCTE KOMILIEKCAa L Ha MepBYIO CHEKTPalb-
HYIO nocaenoBaTenbHOCTb koMnaekca K. Tak kak c¢uavtpauwn B K u L
pery/spHE, TO' HCKOMbifl pe3y/bTaT fBJAeTCA CJeiCTBHEM Teopembl 4.3.1.

Tpeasinyminit pesyaAbTaT ARaeT, OUEBUIHO, HEKOTOPYIO MHTEpPHPETALMIO
KaHOHHYECKHX TOMOMODP(HH3MOB

"EP(K)—> H”(K),

CNpaBelMUBLIX LIS KaXI0TO ABOHHOIO KOLEMHOI0 KOMILIEKCA W BLITEKAN0-
LMY M3 pe3yabTatoB m. 4.5.



§ 5. FTPYNAbl Exta (L, M) W TorA(L, M).

B sToMm mnaparpade yepes A 0603HauaeTCd KOJAbUO € eIHHHYHBIM DJie-
menToM. [las sanaunbix A-moxynett L n M Oyaem mucate Hom (L, M)
sMecto Hom, (L, M) u L@ M Bmecro L @ M.

A

5.1. TIpoexkTuBHbIE PE30NLBEHTHl H HMHBLEKTHBHEIE Pe30JbBEHTHI.

[lycte L — nesuift A-Moayib. Ilpoexmusnol pe3ossgenmoli Monyas L
Ha3BIBAIOT JIOOYI0 20M0.402U4eC/)I0 PE30NBBEHTY MOAyAd L

o>l —>L,—>L—>0,

COCTaBJ/IEHHYI0 W3 NPOCKTHBHHX A-Mmoay/e# L;. AHajsoruuHo unsexmus-
HOLl pe30abBenmol MOLYAs L Ha3bBAOT JIOOYID K020MOL02UMECKYIO
pe3onabBenTy Mmoayas L

0>L >0, . .,

COCTABJEHHYIO M3 HHBeKTHBHEIX A-Mony.ae#t Lt CyllecTBoBaHHe TaKHX
pe30AbBEHT HEeMENEHHO BbITEKAeT W3 TOrO, YTO KaXAb# MOAYAb ABAAETCH
(axTOp-MOAy1eM (COOTBETCTBEHHO IIOAMOJYJeM) TNPOEKTHBHOIO (COOTBET-
CTBEHHO HMHDBEKTHBHOTO) MOLyas. Mbl Bcerna 6yneM paccMaTpuBaTh NPOeK-
THBHYI0 (COOTBETCTBEHHO HHBEKTHBHYIO) pe30JbBeHTYy Mozyaa L Kax
nenHo#t (COOTBETCTBEHHO KOLEMNHOW) KOMIIEKC, aUUKIMYEeCKHA B pasMep-
HOCTH (COOTBETCTBEHHO cTemeHH) 7 5= (.

Teopewma 5.1.1. Ilyems L, M—0dsa sesoix A-modyan, f—ezomo-
mopusn mooyan L 8 M u L, M, (coomsemcmeenno L', M*y—npoex-
musnbe (COOMBEMCMBEHHO UHBEKMUBHbIE) pe3oabsermsl modyaeld L, M.
Cyujecmsyem 20MOMOpPU3IM g NeP8ol pe30Ab8eHms. 80 BMOPYIO, CO-
sMmecmumbili ¢ f, u g onpedesren OOHO3HAUHO ¢ MOYHOCHIBIO 00 20MO-
monuu.

PaccMoTpuM, HanpHuMep, POeKTUBHBIH caydaft. Mbl JOMDKHB IOTIOJHHTh
JAHATPAMMY

s o L= L L0
¥

= M= My M— 0
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roMoMopdusMamu g, : L, — M, TakuM o6pasoM, uTOObl MOJYyueHHAs NHa-
rpamMMa okasanach xoMmyTatuHoM. Paccmotpum fo p:L;— M. Tak kak
L, npoexTtuBeH, TO cywecTByeT Tako# g,:L,—> M, uto fop=pog,.
[MoctpowB g, paccMoTpuM giod:L,— M, B cury TtouHoctH sror
roMoMopusm oTobpaxaer L, B uukianl w3 My, 1. e. B d(M,). Tak kak
L, npoexkrusen, cymectsyeT TakoH g, :L;—> M, uto gyed=dog,.
IMponoaxas Tak mwar 3a uiaroM, nodyuyaem Tpebyemsit TomMoMopdusMm g.
ENHHCTBEHHOCTb €ro ¢ TOYHOCTBIO [0 FOMOTOMHH NOKA3LIBACTCH aHAJO-
THUHBIMH PACcCyXICHHSMH.,

[1pumensass 9TO yTBepxleHHe K CaAyual, B koropoM L=M u f —
TOX1eCTBEHHbI TOMOMOpP®HH3M, Mbl HAXOLUM, 4YTO 082 ApPOeKMUBHbLE
(coomsemcmeennble UHBEKMUBHbLE) PL30ALBLHMbL NPOU3BOALHO20 MOOYASR
8cezda 20MOMONHO 3KBUBANEHIMHEL.

Teopema 5.1.2. Ilvems 0 —> L’ L5 L-551" >0 — mounan no-
caedosamensHocms aesblx A-mooyael. Ecau 3adanst npoerxmususie pe-

’ ”
goasgerimot L, u L, nas L w L7, mo cywecmsyem makas npoexmusnas
pesoassernma L oxs L, umo umeem smecmo mouxas nocredosamens-
HOCMLb

0—>L;—>L*—>L:—>O,

cosmecmumas ¢ 3a0QHHOL MOLHOL nOCAe008AMeAbHOCMbIO. AHQA02UYHO,
ecau 3a0aubl uHsexmusHsle pesoav8enmst L™ uw L™ dan L u L”, mo
Cyuecmsyiom uHGeKmusHas pesosvseima L* oas L u mounasn nocae-
dosamenvHOCMY

0>L"*—>L*—>L"*>0,

COBMECMUMAS ¢ 300QHHOL MOYHOL NOCAL00BAMENBHOCMBIO.
PaccMorpum, nanpuMmep, NMPOEKTHBHEIA C/lyualt W mocTpouM mocJeno-
BatejbHO Moaysu L, (nonaras L, =0 mia n < 0). Mul 6ynem o6o3Hauats

4 4
MHOXECTBO UHKJOB CTereHH n B L, depes Z, W HCNOJAb30BaTb AHAJIOTHY-

”
Hbie 0003HadyeHus aas L, u L.. .
ITpeanoaoxum, uyro L, yxe nocTpoeH B pasmepHocTax < n— 1.
Torna umeeM KOMMYMaMUBHYIO ANATPAMMY

0—>Lyy —>Lyy—>Ly_1—0

v v v

0—>Lp_g—>Lyg—>Ln g0

v v v

0—>Lp_3—>Ly 3—>Ly 3—>0,

B KOTOPOH CTPOUKH H CTOJOUB moxrsi. OTCI00a Jerko noJyuaeM, uto
’ ”
noc/nen0BatebHocTs 0—>Zy y —>Z, 1 — Z, 1 —0 T04Ha. OueHaHo,
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UTO 448 MOCTpOoeHns Ln AOCTATOHHO AONOJHATL AWATrpaMMmy

’ ”

L, L,

v v

!/ /4
0—=Z, \>Zp 1—>Z,_1—0
RO KOMMYMAMUBHONL NWArpPaMMbl

0—->L, > L, - L, — 0

v v v

0—>Zp1—>Zp1—>Zn_1—> 0,

v v v
0 0 0

B KOTOPOH CTPOYKkM H cToaABubl mo4xsl U B KOTOpoK L, npoexmusex.
B0o3aMOxkHOCTL 3TOrO BbiTekaeT M3 Teopembl 1.3.2, 4TO NOKa3biBaeT Hally
TeopeMy.

MoxHo 0606ILUTE NpeabllyLUH# pe3yabTaT, ONpenennB NMOHATHE NPOeK-
THBHOM (COOTBETCTBEHHO HWHBEKTHBHOH) pe30JbBeHTH N5 MPOU3BOJIbHOIQ
Komnaexca. Bynem HUCXOoAMTb, HanmpuMep, U3 kommmekca L, A-Moayieft
¢ auddepenunanroM crenenn —I1. B sTom cayuae npoexmusnoli pe3ons-
senmoti KOMIIekca L, Ha3bIBAIOT MOYHYIO ROCAE008AMEAbHOCME KOM-
naexcos

oo »>Lg—>Log—>L,—0, H

yLOBJAETBOPSAIOLLYIO CACAYIOLHM YC/AOBHAM: 045 KAHA020 4er020 HuCAq N
nocaedosamervHocmy Mo0YAelE U 20 MOMOPPUIMOB

oo =>C, (L) —>CLy)—CL(L)—>0
oo > Z, L)—>Z, Ly—>Z,(L)—>0
oo >B,(Ly)—>B,(Ly)—>B,L)—>0
el > Hn (L:l) g Hn (Lso) - Hll (L-n) -0,
noaydennsie u3 (1), ABARIOMCA RPOCKMUBHHLMU Pe30AbSeHMAMU OAR
cC,Ly=L, Z,(L), B,(L) u H,(L,) coomsemcmsenno.
AHANOTHYHO OTpEeneNfIOTCs UHDBEKTHBHbIE pPe30JbBEHTEHL.
Teopema 5.1.3. Kaxcowil komnaexc A-modyaeli donyckaem npo-
eKMUBHYI0 (COOMBEMCMBLHHO UHBEKMUBHYIO) Pe30AbBEHMY.

YcTaHOBUM, HampHMep, CYLIeCTBOBAHHE HHDBEKTHBHBIX Pe30JbBEHT A4
KoMiiekca L*, B koTopoM auddepenunans umeer crenenbs 1. Tloaoxum

ZII =— ZII (L*)' B" — Bﬂ (L*), H” fo— H" (L*).

TpeanoiokUM yxe MOCTPOSHHHIMH HHBEKTUBHble pe3oabBentsl [*(L”),
I*(Z", F(B") u [*(H") aas vonynett L*, Z", B® w H" u raxue roMoMop-
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Cpl/l3MbI 3TUX - pE30JbBEHT, 4TO IJs J1000TO UENOro Yucjaa 1 UMeeM KoM=
Mymamughble I1HArpaMMBbl MOYHBLX TIOCJEe10BATEIbHOCTEHR CJaelyolmero

BHIOA:
0— 1" (Z")— (LY — [*(B"*H—0
0 0 0 2

0—> Z"—> L —» pBrlos0
0—>I1*(BY>I*(ZH—>T*(H")Y—>0

1 0 0 (3)
0—»> B — Z" > H" 0.

Torma GyneM #MeTb, KK HENOCPEACTBEHHO TPOBEPAETCH, HHDBEKTHBHYIO
peso/bBeHTy KoMmiekca L¥, B xoTopoft L*”:E[” (LP). Nuddepenumuan
koMmiexca L™ wnayuuposan romomopdusmamu /" (L) —> " (LP*'), xoro-
phIe TOMYYaIOTCA KOMMO3UUHEH TOMOMOPOHIMOB

I*([}i)_,[*(BIH-l), I=:<(Bp+l)_>[z'=(zp+l), I#(Z[H»l)_,[:k (Lp+1)’

durypupylomux B auarpaMMax (2) u (3), a romomopdusm L**— L*+!
onpenedserca romoMopduaMamu [”(L7)—> [" ' (LP).

Orciona siCHO, YTO BCe CBOAMTCA K NMOCTPOeHHIO auarpamM (2) u (3).

Bribepem ans storo npoussoasto /*(B% u [* (HY. Tlo teopeme 5.1.2
MOxHO noctpouts (3) mast n=—=~0. [Mocrpous /7(Z°), BuibepeM npous-
BosbHO /*(B!). Toraa no TeM ke NPHYHHAM, YTO M BHIUE, MOKHO IO-
crpouts (2) nas n==0. Cneaas 3710, BwiGepeM npoussoasho [*(H?1).
Torna moxuo nmocrpours (3) aas n=1, a 3ateM, BbIOMPAs IPOU3BOJIBLHO
I*(B?, nocrpoum (2) mas n=1, [locTynmas Tax Iiar 3a IWATOM, Mbl
OCYLLeCTBHM TIOCTpOeHHe n4si BceX n > 0. AHaJAOTHUHble PacCyKaeHHs
NO3BOJIAIOT OCYIMECTBHTb NMocTpoeHue naa #.<L 0.

5.2. TlpoussogHbie (GYHKTOpA.

Pacemorpum  ¢ynkTop X —> F (X) Ha kareropuu JeBnx A-Mony.eh
CO 3HAUeHHAMM B KaTeropuu abeneBulX rpymn. Msi Oynem cuutath F ad-
OUMUBHULM, KOBAPUAHMHbBLM U MOYHGLM CNPABA,

Ilas kawporo nesore A-moayiast X BoibepeM MPOEKTHBHYIO Pe30ilb-
senty X,. [lonoxum

F(X)=XF(X,)
U OMpeAeJUM Ha 3TOH TpaayMpOBaHHOM rpymme auddepeHurasns, noaydyeH-

Hbift M3 auddepenunana B X, nocpencrsoM F. [1pou3sodnsuu dynkropa F
Mbl OyAeM HasbiBaTb (GYHKTOPHI

Fo,: X—>H,/(F(X,))
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Urobbl onpaBiaTh 5TO oOnpenejieHdHe, HeOOXOIMMO 3aaTh AJad Kax-
1oro romoMopdusMa u : X—> Y romomopduamnl F, (u): F (X)— F, (Y).
JIlig 9TOr0 AOCTaTOYHO NMPOAOJKATb & 10 roMoMmopduama X, —V,, uro
BO3MOMXKHO, H NPHTOM €IMHCTBEHHBHIM C TOYHOCTbIO JO TOMOTONHH CNOCO-
Gom, B cuay teopemnl 5.1.1,

Camo co6o#i pasymeercst, YTO €CJ/id H3MEHHTb BHIOOP Pe30/bBEHTH X,
COMOCTABAsIEMOU KaxaoMy Moayaio X, TO (yHKTOpb F, OCTalOTCA TeMH
We C TOYHOCTBIO 1O u3oMOpduaMa.

YcTaHOBUM OCHOBHEIE CBOACTBA (PYHKTOPOB F,. IJTO, OUeBUIHO, KO-
BAPHAHTHBIE W ALIMTHBHble (PyHKTOpH. C ApYrofl CTOPOHBI, UMeeM KaHO-
HHUECKHH H3OMOpEHU3M

Fo=F, |-

TaK Kak H3 TOYHOH NOC/]1ea0BaATENbHOCTH
d
X, = X,—> X0

M M3 TNpeiNoJOXeHHs, 4To F TOYeH CMpaBa, BHTEKAET TOYHAA INOCJE A0+
BaTeJbHOCTb
F(X))—> F(X)— F(X)—>0.

Kpome TtOro, sicHo, uro

F,(X)=0 aas n>1, ecau X mNpOeKTHBEH,

TaK KaKk B 9TOM CJyyae MOXKHO CYHTaTb, 4TO X, paBeH HY/JW0 B pasmep-
HOCTAX 72 > 1.
PaccmoTpum, HakoHel, TOYHYIO NOC/eLOBATe/bHOCTb

0>X >X—>X">0.

MoxHO BbIOpaTh NpPOEKTHBHEBIE Pe30JbBEHTH 9THX MOLyJeH Tak, 4TOObH
¥METb TOYHYIO N0C/eN0BATEIbHOCTD

0—> Xo—>X,—> X —0.

" /
Tax kak X, npoexmuser, To X, OTOWICCTBIACTCA C APSAMBIM cAq2de-
Mbim B X,, TaK 4TO MOC/ENOBATEAbHOCTb KOMMIEKCOB

0> F (X)) > FX)—>F(X.)—>0

takxke ToyHa. Kak caeacTeue noJay4aeM TOMOJOTHYECKYI0 TOYHYIO
nocC/aen0BaTe/JAbHOCTD CACAYIOUIEro BUaa:

> P (X)) > Fy(X)—> F, (X") == F,_ (X)) = ...
e > F{(X") == F(X")=> F (X)—> F (X") 0.

8 P. logeman
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YuraTei0 APeAOCTABIAETCS NPOBEPKA TOTO, YTO NOJYYEHHBIE TAKHM CIIO-
cob60M roMOMOPQH3ME
(4
Fn(X )_>Fn—1( X,)
HEe 3aBHCAT OT BHOOPA NMPOEKTHBHHIX Pe30JbBEHT PACCMATPHUBAEMLIX MO-
ayiaed X', X n X7,

B uyactHocTH, OTCIOMA CJAEAYeT, YTO LA TOTO YTOGH NOC/ef0BaTE/Ib-

HOCTb
0->FX)>FX)>FWX")—0
Gui1a TouHOH, docmamouno, utobul Fy(X”)=0.

PaccMOTpuM Teneps KOHMpasapuadmusii N mouHslly cnpasa ¢QyHK-
top F. B stoM cayvae-F (X,) aBisieTcsl KOUENHBIM KOMILIekcoM. [loaa-
raem

F*"(X)=H"(F (X,)).
CnpaBeauBb CBOHCTBA, COBEPIICHHO AHAJOTHYHBIE MpeNbIAYLLHM:
F°=F;
F"(X)==0 nas n> 1, ecnu X npoektusen;
¢ KamIOH TOYHOH MOC/AeNOBATENLHOCTBIO MORy/deH CBA3aHAa KOrOMOJOTH-
yeckas TOYHAs MOC/AelOBATE/IbHOCTD

3
O0>FX)V>FX)>FX') — FI( XY—>....
Ecau, HanpoTHB, u3yuyaTb mo#Hsie c4e8a GYHKTOPH, TO M KaXAOTO
A-Monyas X HYXKHO MCIIONb30BaTb UHEEKMUBHYK pe3onbBeHTy X*.
st 3anaHHOTO ALAMTHBHOTO, KOBAPUAHMHOZ0O W MOYHO20 (A€84

¢yuxTopa F onpenenum

F*(X)= H"(F (X"));
€Cc/M, HanpoTHB, F ecTb KOHmpasapuanmiuuli W mouHslli cae8d QyHK-
TOpP, TO TOJOMUM

#

F,(X) = H,(F(X%).

UuraTeaio mnpepiaraeTcd CGOpMyJHPOBATL M L0Ka3aTh CBOHCTBA ITHX

NPOU3BOAHEIX (QYHKTODOB. ]

3aMeTHM, YTO AaHAJOTHYHLIMKH METOLAMH MOXHO HM3y4aTb (YHKTODHI,
KOTOpLIE He MpEeArNnoaaraioTcs TOYHBIMH c/eBa HJAH cmnpasa. [lo 3Tomy
BONpPOCY uHTaTe]b MOxer oGpartutbcs K kuure A. Kaprana u C. Diaeu-

Gepra.

5.8. dyuxrtopst Ext*(L, M) u Tor, (L, M).
[lycts L u M — nBa neBuix A-moayas. PaccMoTpuM dyHkTOpH
F(X)=Hom (L, X), G(X)=Hom(X, M).

q)YHKTOp F  saBaseTrca aAaLMTHBHBIM, KOBApHAHTHBIM H TOYHBIM (/JIeBa,
TOraa Kak G aBAseTCA ANNUTHBHBIM, KOHTPAaBapHAHTHLIM H TOYHBIM CIIpaBa.
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MoxHno 06pasoBaTh, c/enoBaTeJbHO, NMPOH3BOJHbIE (pyﬁKTopbl
F"(X)= H"(Hom (L, X%)),
G" (X)=H"(Hom (X,, M)).
B 4acTHOCTH, MOXKHO DPacCCMOTPeTh TPYMIL
F*(M)=H"(Hom (L, M%), G"(L)y=H"(Hom(L,, M)).

Mpl mokaeM, 4TO OHH KaHOHWYeckH H30MOp(pHHE. TouHee, ofpasyem
nsotinoti kommirekc Hom (L, M) u, mcxona us L,— L, M—> M no-
CTPOUM TOMOMOpP(U3MBEl KOMIIEKCOB

Hom(L,, M)—Hom (L,, M*)<—Hom (L, M").

Mpr mokameM, 4TO 3TH rOMOMOpGU3MbBl MHAYLHPYIOT H30MOPH3MBI B KO-
roMoJOrusix. 3aMeTHM cHayana, yto o6pas rpynnsl Hom (L., M) B nBOH-
HoM kowmmaekce Hom (L,, M*) o6pasoBaH s/jeMeHTaMH, BTOpas CTeleHb
koTopuix pasHa 0 W KoTOpble aHHyaupywTcs audpdepequnatom d”. 3Ha-
yuT, yroObl JAOKa3aTh, YTO FOMOMOpGU3M

H" (Hom (L,, M))— H" (Hom (L,, M%))

ABJSeTCH U30MOPGUIMOM, NOCTATOYHO MOKA3ATh, YTO TEPBAd CHEKTPaiib-
Hasl MOCJeN0OBaTeJbHOCTb 3TOrO0 ABOMHOrO KOMILIekca BeipowaeHa, Oue-
BUAHO, UTO

4

E{? = H'(Hom (L,, M"))=Hom (L, H’(M")

B CHIY mnpoeKkTHBHOCTM Mofyas L, Tak kak HY(M* =0 naa g+ 0,

TO Halle yTBEPMKAEHHE [0Ka3aHO. MoOxHO [OKa3aTh aHAIOTUYHOE YTBEp-
KAeHHe M1d roMoMmopdusma Hom (L, M*)— Hom (L, M").
Hdaa 3apannblx JeBHX A-Moayide#t L u M nonsoxum

Ext” (L, M)=H" (Hom(L,, M))=
= H" (Hom (L, M*))==H" (Hom (L,, M*).

ﬂJIﬂ OHpe,ZleJIEHHOCTH MOXHO yCJ'lOBHTbCﬂ, YTO OJd KAy a0oro MOILyJIﬂ X
BHIGPAHEl Da3 ¥ HaBCeriaa NMPOeKTHBHAA pe30JbBeHTa X, W HHBEKTHBHAA
pesosbpeHTa X*. Slcno, uro Ext® (L, M) ecTb anauTUBHBIE, KOBapUAHT-
HBIf 110 OTHOWIEHHI0O K M ¥ KOHTPAaBAPHAHTHHIA 1O OTHOWeHUI K L
¢dyuxTop. HMmeem

Ext(L, M)=Hom(L, M).

8*
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C npyroft croponsi,

Ext*(L, My=0 amna n>1, ecin L npoekThseH

WiH ecan M HHBEKTHBEH.

HakoHeln, Kaxaof TOYHOH MOC/JeNO0BATEIbHOCTH

0—>L —->L—>L"—>0

COOTBETCTBYET TOYHAT IOC/JIEAOBATCIBHOCTDH

‘ 0—> Hom (L”, M)—>Hom (L, M)—>Hom (L', M)—>Ext! (L", M)—> ... l

M KaOKI0H TOYHON NOC/Ien0BaTENbHOCTH
O->M >M—->M —>0

COOTBETCTBYET TOYHAA IOCJEA0BATEALHOCTDL

0—Hom (L, M)—Hom (L, M)—Hom (L, M"y—Ext! (L, M) ... ’

3aMeTHM, YTO 15 OIpelel]eHHs ONepaTopoB
d: Ext"(L, M")—Ext"*' (L, M),
GHTypUPYIOLLMX B 5TOH MOC/NE10BATENBHOCTH, HYKHO B COOTBETCTBHH
¢ NpeAblAyUuM NYHKTOM PacCMOTPeTh TOYHYIO NOCJAeL0BATeNbHOCTD
0> M* > M —> M*—>0

1 06pa3oBaTh TOUHYIO MOC/AEN0BATENLHOCTh KOMILIEKCOB
0— Hom (L, M"*)— Hom (L, M*)— Hom (L, M"*)— 0,

HO MOXHO TaK)Ke PACCMOTPETb TOUHYIO 110C./1eJ0BATEIbHOCTD
0—Hom(L,, M')— Hom(L,, M)—Hom(L,, M")—0.

To, uTo omnepaTopbl 8, NOJYUeHHble M3 STHX IBYX TOUHBIX NOC/AEI0Ba-

TeJibHOCTE KOMNJAEKCOB, COBMANaioT, JOKa3niBaeTcs ,,HOFPY)KQHHEM“ Ux
B TOYHYIO NOC/eA0BATENbHOCTD IBOMHBIX KOMIIJIEKCOB

0— Hom (L,, M"")— Hom (L,, M")— Hom (L,, M"*)— 0.
PaccMoTpuM Tenepb npasBeit A-moayab L u geBnit A-monyanr M u
obpasyeM (YHKTOPH /
FN=LRX, GY)=YQM,

onpenaeJeHHbIE COOTBETCTBEHHO Ha KAaTErOpHU JIEBBHIX A-MOllyJIeﬂ U Ha
kateropuu npasbix A-moaynefi. O6a OHM aMIHTHBHLIE, KOBAPHAHTHLIE H
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TOYHBte crpaBa ¢yHKTOpH. MoxHO, c/nen0BAaTEabHO, PACCMOTpETh Mpo-
H3BOJHbIE (YHKTOPH
F,(X)=H,(LR®X), G, ¥V)=H, ¥, QM.
Myl moxaKeM, YTO TpYINb
F,(M=H,(LIM,), G, (L)y=H,(L.JM)

KaHOHUYECKU HU30MOPOHHI.
[ 2TOr0 RZOCTAaTOYHO MOKAa3aThb, YTO FOMOMOPQU3MLL

LOIM—LIM—->LRIM,

ompeieneHHble OTOGpaxenuamun M;—>M wu L,— L, unayuupyioT uao-
mopduaMbl B roMosaorusx. Mbl yCTaHOBHM 3TO, BHIYUCIMB ABE CIHEKT-
pambHble TOCJAeNOBaTe bHOCTH ABOHHOrO koMmiaexkca L @ M,. OueBuiwo,

"Epg= Hy(Ly® M) = L, ® Hy (M),
tak kak L, npoextusen. Ho H, (M,)=0 ma ¢+0 u H,(M,)= M,

OTKyla HeMeNJICHHO caenyeT TpeGyeMeblfft pesyabrart.
IMonoxum

Tor, (L, My=H, (L, M)=H, (L& M,)=H,(L,®M,).

flcHo, 4yTO MOJyYeHbl KOBAPWAHTHbie W ALIMTUBHBIE MO OTHOLIGHHIO K L
n M ¢ynkropsl. C npyro#t cTOpoHbl, WMeeM, OUEBUIHO,

Tory (L, My=L @ M.

Ecau Monyav L naocxuii (tem 6onee ecad OH IPOeKTHBHHH), TO
H (LQ@M)=LQH,(M,)
H, CJIel10BATeJbHO,

, Tor, (L, M)=0 nana n>1, ecau L uau M —naocku#t MOLy/s.
! )

Hakonen, kawaofi Touno#t nocaenosarenbtoctd 0 —> L —>L —>L" >0
COOTBETCTBYET IOMOJIOTHUYECKas TOYHAs MOCJeNOBATEIbHOCTh

veoe=>Tog (L', My > LV@QM—->LQM—->L"Q@M—0. ’

OTCIORAa BHITEKAaeT, UTO MAOCKUE MOLYIH XQpAKmepu3dyiomcs cBOKCTBOM

Tor, (X, M)=0 ans Bcex X.
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OTMeTHM Kak cJeicTBHe M3 cBoO#cTB ¢ynkTopoB Tor, creaymoowmi
pe3yJbTar.

Teopema 5.3.1. Has mozo umobe aesori mo0yas L Had roasp-
yom A Gvia naockum, HeoGX00UMO U OOCMAMOUHO, UMOOHL 0N KANC-
0020 npagozo udeara konewnozo muna l uz A 2omomopgpusm QL —>L,
onpedenennsiii 8aosxcernuem I — A, 6ua MOROMOPPUIMOM.

HleHcTBUTeIbHO, NPEANOJOXKHUM, 4YTO YCJOBHe BHINOJNHeHO. [lepexons
K MHIYKTHBHOMY Tpeleay, BHIHM, YTO OHO BBINOJHAETCH Takxke, ecau [
He uMeerT KoHeyHoro tuna. C apyroH cTOpOHH, M3 TOYHON nocaexoBa-
TeJbHOCTH

0—>/—-A—> A0

M u3 TOrO, Yr0 A TPOEKTHBHO, CleldyeT TOYHas TNOCieN0BATENLHOCTD
0—>Tor, (A/l, LYy>IQL—>L—>(ANHZL—>0.
Hama runoresa 03nauaer mO3TOMY, 4TO
Tor, (X, L)y=0

nas moboro 00nopoonozo ) A-moayas X.

Tak kak kawapf Moayab X ¢ n 0oOpasylOWUMH NONMYCKaeT TaxkoH
noaMonyab ¢ n—1 obpasywoieli, uto GakTOp-MOLyIb ABJIAETCA OLHO-
PO.HBIM, TO, HCNOJb3Ys TOYHYIO MOC/e10BaTeLHOCTE Aas pyHkTopos Tor,
1oJyyaeM, 4YTO TIpelbllyliee COOTHOLIEHHe CIIPABENJHBO [ BCAKOro
A-Moayas KoHeyHoro tuna. Taxk kak mo060f A-MONylb €CTb MHAYKTHBHBIH
npenen A-moly/iell KoHeyHOro THna M.Tak Kak dynktop X — Tor (X, L),
OueBHAHO, COBMECTHM ¢ 06pasoBanueM MHAYKTHBHBIX NpejegoB, TO OTCIOAA
3aK/I0YaeM, YTO STO COOTHOLIEHHe CrpaBelmBo Ge3 orpanuyennii. €Cne-
JOBATEJbHO, MOA4Yy/b L aBageTcd TNJOCKHM.

Kax caeictsue nOnyvaeMm, YTO MOOYAb HOO KOALYOM 2AGBHBLX UOEQ-
408 ABASEMCH NAOCKUM MO20a U MOABKO mo20a, K020a OH He Umeem
KpyHeHus.

Korna ocHOBHOe KOJbLO A SABJIAETCS KOAbUOM 24QBHBLX UOE€AL08,
KaXAB# TOAMOAYAb NpOeKTHBHOro (T. e. CBOGOAHOrO) MOLYAsl MPOEK-
THBEH M Kaxabi#f (akTOp-MOAy/1b HHBEKTHBHOTO MOAY/]s HHBEKTHBEH.
Mosromy ans awboro A-monyas X MOxHO 06pasoBaTb NPOEKTHBHBIE
(cOOTBETCTBEHHO HHDBEKTHBHEIE) Pe3ONbLBEHTH, paBHbie HY/A0 B pasMep-
HocTax n > 2. Orcioma caeayer, 4to

Ext*(L, My=0 wu Tor,(L, M)y=0 s n>2.
B 3TOM cayuae nHmeM npocTo
Ext' (L, M)y=Ext(, M), Tor (L, M)y==Tor(L, M).

1) OmuopomubiM A-MomyaeM HasnBaeTcsi Moayan Buga A/l, rae I——Pulea-'l
B Koxbue A.— [lpun. peo.
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6.4. Komnaekcbl roMoMopu3mMoB.

Han npousBo/bHLIM OCHOBHBIM KOJbUOM A PacCMOTpUM KoMmjekc L,
an¢depeHIHal KOTOPOro HMeeT cTeneHb —1, xoMnaekc M*, anddepen-
UMaa KOTOPOTrO MMeeT cTenenb —+1, M ABOHHOM KOoMnJaekc

*
Hom (L,, M*)= X, Hom (L,, M%.
B n. 2.8 n0Ka3aHO, YTO HMEKTCA KaHOHHMYECKHE roMOMOpP(U3MbL
n ® y ‘
H" (Hom (L,, M*))— X Hom(H, (L), H'(M").

p+q=n
Mbl IoKameM celtyac, 4TO 9TH TOMOMOpGU3MbI SBJAAIOTCS H30MOpPHH3IMAMHU
B TPeNNOJOXKeHHH (BNPOYEM, KAK Mbl YBUIAMM, CAMIIKOM CUABHOM), YTO
sce monyan L,, B, (L), Z,(L,) n H, (L,) npoexTHBHEI.

HeficTBuTebHO, ynoTpebass OyeBUAHBIE OOO3HAYEHHs, HAMHILEM TOY-

HY10 {10C/IE€J0BATENLHOCTD

02,4 1,-% B, 0.

Tak kax B, npoekTHBeH, TO NOJyyaeM TOYHYIO MOC/AEA0BATENbHOCTD
ABOHHBLIX KOMIIJIEKCOB )

0—> Hom (B,, M*)—>Hom (L,, M*")—> Hom (Z,, M*)—0,
omyna, nepexons K KOrOMOJIOIHaM, nonyqaeM JmarpaMM)'

¥ N ¥
H (Hom (L,, M*)) 1~ H(Hom (Z,, M%) <> H (Hom (B,, M*)) 5> H(Hom (L,, M*)
NS g Nk
N Ny N
0> Hom (£ (L,), H(M*))—> Hom (Z,, H(M*)) > Hom (B,, H(M*))-0.
Bropasa cTpouyka 3TOH amarpaMMel BhiTekaeT H3 TOYHOHM nocjenoBarelib-
HOCTH
0—>B,—->2Z,—>H({L)Y—>0
¥ U3 MpPEANO/NOKEeHud, 4To Moayab f1(L,) mpoexTusen.

[ToxaxeM Tenepn, 4TO mpeipiaylas AMArpAMMA KOMMYTaTWBHA. EnHH-
CTBEHHBIH HETPHBHAJbHbIH MOMEHT COCTOMT B JOKa3aTeJbCTBe TOTO, YTO
TpeTudl roMoMOp¢usM & nonyyaeTcs OUeBUANbIM OGpA3OM U3 BJONKEHUA
B,—Z, Ias storo Bo3bMeM kJaacc koromoqoru# a B Hom(Z,, M®),
NPEeACTABAEHHBIH KOUHKJOM #. MEbl LO/UKHB 3anucaTh 4 Kak o0pas sJe-
Menta v & Hom (L,, M*), 1. e. npodoascams u:Z,—> M* po v:L,—> M
(YTO BO3MOXKHO); TOTAA dv HAXOMUTCA B IOIAKOMILJIEKCE

Hom (B,, M*)
K omnpenefiseT JeMeHT Oa,

TlycTh @ —noayyeHHu# TakuM crioco60M sneMent rpynns Hom (B,, M®).
Tak kax romoMop¢usm

Hom (B,, M*)— Hom (L,, M")
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noJyYeH TpauCNoOHUpOBaHHeM onepartopa d: L, — B,, TO HMeeM COOTHO-
meHHe dv = w o d Mex 1y romoMopdusMmamu L, > M*. C apyro#t cTropousi,
umeeM dv=vod  d o v M0 nocTpoenuto auddepenunaia 8 Hom (L, M*).
MoxHo npennonoxurb, uto dov==0, [e#cTBuTeabno, dou =210, T. e. u
orobpaxaeT Z, B KOUHKAH M3 M®, Tak 4TO MOXHO (Tak Kak Z, siBasieTcs
NpAMBIM CJaraeMbM B L,) HAJOXHTb TaKOe e orpaHuyeHde Ha v. Mcxoas
0TCI014, ToJayudeM wod==%Uod, U TAK KAK U COBNAjaeT ¢ # Ha Z,,
a CAelOBaTeAbHO, M Ha B,, TO 3TO NMOKA3bIBaeT, YTO W SBASETCH He 4YeM
HHBIM, K4K OrpaHdyeHueM roMomopdusMa # Ha B_. Tem cambiM, oue-
BHJAHO, Hallle TOCJeqHee YTBEPKIeHHe N0Ka3aHO.

Ecau 3T0 Tax, TO B NIpeabliyllet KOMMYTAaTUBHOR Iuarpamme g u A
SIBAAIOTCA M30MOpdH3MaMH, Tak kKak Z_ W B, NPOSKTHBHBI H WMEIOT
B kayecTBe auddepennnana 0. Orciona nerko BHIBOAHTCS, UTO f — TaKke
uzomopduaM. (CHauana ycTaHABAMBAETCH, 4TO O — snuMopdusM. Toraa
M3 TOYHOCTH TMOCJAEAOBaTEIbHOCTH [OJyYdeM, YTO d’”" =0, Tak uTo Mno
TeM JKe mnpuyHHaM j'*-— MOHOMOpPQuaM. QOcTadbHbie PACCYKAEHUS TpPH-
BUAJIbHBL. )

PasyMeercs, TOT ke pe3yJbTaT MOXHO YCTAHOBHTb B IPelNOJOMXEHHH,
yro Moayau M*, B(M*), Z(M*) u H(M*) unbeKTHBHBI.

Tenepb Mbl MOweM cOPMyIHPOBATH TJaBHBIH pe3yabTaT.

Teopema 5.4.1. [lyems L, u M*—dsa Komnaexca .aessix
A-mooyaeil. [lpednoasoxwcum, umo aubo L, npoexmusen, aubo M*
unsexmuser. Tozda cywecmsyem cneKkmpaisHas noCA008AMEAbHOCMb,
§ Komopod Eff= X Ext®(H,(L), H (M)

itj=q
u 8 komopoi yaen Eo, ecms Guzpadyuposannas epynna, c83aHHAS C K020~
noaozuamu xormnsexca Hom (L, M*) npu nadsexcaueli gpusempayuu.

PaccMorpum, nanpumep, cayda#t, korsa L, npoexTHBeH. Bnifepem
HHBEKTHBHYIO pesoabsenty M™ wommaexca M. PaccmarpuBas M™ kak
nBOMHOM KoMmmIekc, oOpasyem TpodHo# kommaekc Hom (L,, M*). Vmeem
KaHOHMYECKH#t MOHOMOp(hU3M

J:Hom(L,, M*)— Hom (L,, M*)

Ha MHOXECTBO 3JeMEHTOB, TPeTbfl CTelleHb KOTOpPbIX paBHa O W KOTOpHie
AHHYJHPYIOTCA TpeTbUM JHdDEepeHIHaIom.

[TpoduabTpyeM 3TOT TPOHHOH KOMIJEKC ¢ NOMOLILIO €ro mnepsod H
propo#t creneHed. [loayuuM CHEKTpaJbHyl0 MOCAEAOBATEIbHOCTb, JAJ4
KOTOpO# :

Ef= Y H(Hom(L, M7)).
i+ j=p
[as sananHoro j kommaekc MJ* gpaserca pesoabseHTOH Moayaa M/,
Tak Kak L; ecTb NPOEKTHBHBIH MOJYJ]b, TO, CJEN0BATENbHO,
0 i
Ef'—= Y Hom(L, M"), E{=0 am g-+0.
i+j=p
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Hanee, Tax Kak TpeTbd IpaiyMpoBKa MOJOXKHTE/NbHA, TO 3Ta CHEKTPAJb-
Hasi MOC/AeNOBATENbHOCTh CXOMUTCA, W NMOITOMY 2oMoMopgudm j unoy-
qupyem u30mMop@udm Ko20mor02ul.

[TpopuabTpyeM Tenmepb TpPOHHOH KOMIJIEKC C MOMOWIbIO ero TpeTbel
crernend. TOria mo/Jy4uM CreKTpasibHYI0 MOC/IeA0BATEIbHOCTh, A/ KOTOPOH

EY" = H'(Hom (L,, M*)).

Nas sananuoro p moayan M, Z(M*), B(M*) w H(M") unvextnpusl.
B cOOTBETCTBMH € 4YaCTHBIM CJyudeM, HCCAeNIO0BaHHbBIM B Hayaje 3TOrO
NyHKTa (MAH, CKOpee, ,NyaJbHbIM* CJydaeM), MOJyyYdeM

EY = 2 Hom (H, (L), H(M7)).
i+ j=q

% “p+4-1
npuueM auddepenuuan d, uuayuuposan romomopdusmamu M —> M,

Ho nocaenopatenbHocTb
0— H/ (M*—> H (M) —> H/ (M*) —> . ..
eCTh MHDLEKTHBHAs pesoabsenta aia H/ (M*). Tax kak E,= H(E)), 10

Eff = 3 Ext’(H/(L). H (M),

i+Jj=q

yT0 U TpeHOBANOCH JNOKAa3aTh.

Unrartenio npeanaraeTcsi cpopMyJIHpPOBATh Pe3yJabTaThl, KOTOpHIE MOy~
YaloTCs, €C/JM TIPellOJOXKUTb, KpOMe TOro, uto koMmjaekc L, (mau M¥)
CBOMMTCA K ORHOMY useHy crenend 0.

3aMeTuM, uTO, BOOOLIEe FOBOPS, NMpeAblIYLIad CeKTpalbHas MNOC/IEN0-
BATEJbHOCTb CXOAWTCS TOJbKO TOraa, xorjna kommiekc Hom(L,, M¥)
OrpaHuYeH CHu3y, HanpuMep korza L, — uemHoft xommaekc, a M'—
KOUEMHOM KoMmaekc (caydyal, HauGosee BaXHbH B TIPHJIOKEHHAX).
OAHakO 9TH yCJAOBHS He HYXKHb, €CAM TPeTbd FpaaydpPOBKA OFpaHH-
yeHa caepxy. MoOmHO Bceria NpeanoJOXHTb, YTO 3TO TAK, KOFAa OCHOB-
HOe KOJbuo A ABASETCS KOAbUOM 2408HBLX udeanos. Kpome Toro,
B 9ToM caydae E5Y=0 naa p +# 0, 1. Ucnoabsya teopemy 4.6.2, nony-
yaeM cJjelylouufl peayabrar:

Teopema 5.4.2. ITycms L, u M*— Komnaexcol HAO OCHOBHbLM
KoabyoM 2208ROLX UOeanos. [Ipednoaoscum, wmo aubo L, c80600ex,
au6o M* unsexmusen. Toz0a 048 Kaxncd020 n umeem MOLHYIO NOCAL-
dosamerbHOCMY

0> 2 IEXt(“i(L*), H/ (M*)— H" (Hom (L,, M*))
[+ js=n—~ —
21 }{On](ffi(L*), ffi(Ad*))—a>O_

i+f=n
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*

Myctb, HanpuMep, L, — KoMmmniekc c¢80600nbix A-monyneli. Toraa
st kawaoro A-monyns M uMeeM TOuHble NOCAENOBATENAbHOCTH

0—>Ext(H,_, (L), M)—> H" (Hom (L,, M))—Hom (H, (L), M)—>0.

ATOT pe3yabTaT MO3BOJAET, HAMPHMED, BHLIMHUCIUTH CHHPYJSPHBIE KOMOMO-
JIOTHH TOMOJOIMHYECKOro NMPOCTPAaHCTBA KAK (YHKIHIO OT €ro UeNOYUCTIEH-
HBIX CHHMYJApDHBIX TOMOJIOTHHA.

5.5. TeH3opHoe npon3BeneHHE KOMIJIEKCOB.

[ycte L, — kommiaekc npasbix A-molyle# u M, — KOMIIEKC JEBHIX
A-moay/e#t. Meroan npeaslayulero MyHKTa, HaAlexauwuM o0pa3oM BHAO-
M3MeHeHHble, TIPUMEHHMBI K HCCJAENOBAaHHIO ABoHHOTO xoMmiaexkca L, & M,,
Koraa L, o6pa3oBaH niocKumit MOLYISIMU.

CHavana n0Ka3biBaeTCd, YTO KaHOHMYECKUH roMomopdusM

Y H,(L)@H (M)—>H,(L,&M,)

piq=n
fBageTca WaoMopduaMom, xorga Bce moayau L, Z(L), B(L) n H(L)
ABJAIOTCS MJAOCKUMH WK KoOrfa 3TO YCJIOBHE BLINOJHEHO Aas M, BMe-
cto L, (BTopoM c/iyyalh TMPHBOAMTCH K TEpPBOMY, eClM 3aMeHUTb A Ha
obpatHo uzoMopgHoe Koabuo). Ilycts, nanee, L, — IIOCKUH MOAyJb.
Bui6epem npoekTHBHYO pesoabBeHTy M, ans M, n W3yunM TpOHHOH
koMmieke L @ M,,. PrabTpys ero ¢ moMOILLIO NepBOd M BTOPOH cTe-
MeHd, 3aMeyaeM, YTO €ro TOMOJOTHH KAHOHHYECKH U3OMODPGHLI roMoJ0-
ruaM koMmaekca L, ® M,; GuabTpys ero ¢ noMoLlbl0 TpeTbell CTeNeHH,
HaXOAHM CEKTPAJIbHYIO NMOC/AE10BATENLHOCTD, daHAMOTUUHYIO CTIEKTPATbHON
NOC/Ae10BaTENLHOCTH INpeAbiayllero nyHkra., [lofyyaeM OKOHYATENLHO
CJaeNyIOUIHd pe3yabTaT:

Teopewma 5.5.1. IMycms L, — komnaexc npagsx A-modyaeid u
M, — xomnaerc regux A-modyael. Ipeonoaoxcum, wmo L, — naockui
Mm0dyan. Toz0a cywecmsyem CcnexmpaisHas nocae008ameAbHOCMS,
028 Komopoii -

o= 2 Tor,(Hy(L,), H;(M))

iij=q

u 8 xomopoii 4aen E° ecmv GuepadyuposaHHas epynna, C8A3aHHAA
¢ zomonozunamu romnaexca L,@ M, npu nadaedcawels dursmpayuu.
B CJlyyae KOrja OCHOBHOE€ KOJbUO fIBJAETCS KOJBILOM rJ1aBHbIX HAed-
JI0B, TOJYYaeM CJAEAYIOUIYI0 TEOpeMy.
Teopema 5.5.2. Iycms L, u M,— xomniexce. modyaeli Haod
KoAbyOM 2aa8Holx  udeanos. Ilpedonoaoxwcum, wmo L, ne umeem
wpywenun. Tozda cywecm8yom mouusie nocaedos8ametbHoCmu
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0> X H(L)YRH,M)—>H,(L&M)—>
i+j=n :
- X Tor(#, (L), H;(M)) — 0.

i+j=n-1

JTOT pe3yAbTaT AaeT BO3MOKHOCTb BHIUMCAATH, HAlPUMEpP, IOMOJIOrMYU
dexapmosa TPOM3BeleHWss ABYX OA3UCHBIX CUMIVIMIMAJbHBHIX LENHBIX
KOMIIZIEKCOB, TaK KaK OHH M30MOD(HBI TOMOJIOTHSM WX MEH30PHOZO TIPO-
u3BeleHUN. B UaCTHOCTH, CHHIYAspHble TOMOJOIMH NIPOM3BEAEHUSt NPOCT-
PaHCTB MOXHO TOJYYHTH (B NPHHUMIIE) C TIOMOIUBIO NpPEAbIAYLIHX HOpMYJL.

Korna M, cBosutca x oanHoMy uieny crenedd 0, moayuaeM TOuHble
NI0C/1e10BATe/IbHOCTH

0> H,(LY® M—> H,(L & M)y—>Tor (H,_, (L), M)y 0.

Hanpumep, CHHryJspHble TOMOJOTHH TOMNOJOTHYECKOTO npocrpaHctsa X
¢ Ko3dbouuueHtaMu B abejeBOH Tpynme MOXHO BHIYHCJAHTBL C MOMOLIBIO
LeJOYHCAEHHBIX TOMOJOTHA, HCNOAB3YS 3TH (OPMY.JIHL,

5.6. llpuMep NpPHAOXKEHHA: TOMOJOTHH H KOTOMOJIOTHH
AMCKPETHBIX TPyl

Nycts G — ,auckperHas‘ rpynna (T. e. IIPOM3BOJbHAS Tpynna,
KOTOpas paccMaTpHBaeTcs uucTO anrefpamyecku). MOKHO NpPHMEHHTD
pe3yJbTaThl HacTofllero naparpada k aauzeGpe 2pynnet G Hal KOJbUOM
ueAblX PpauHoOHaAbHbIX uuces Z. HanmomumM, uto 3TO ecTb cBOGOAHAA
abenesa rpymma Z(G), uMemomas B KavecTBe 6GazHca MHOXECTBO 3Je-
MenToB rpynnbl G, yMHOXeHHe B KOTOPOH CBOIHTCA K YMHOXEHHMIO
6a3fCHbBIX 3JEeMeHTOB KaK SjeMeHTOB u3 Q.

flcno, uyto JeBb (COOTBeTCTBeHHO npaBbifl) Z((G)-MOLyaL sB/seTCs
He 4eM HHbIM, Kak abenesod rpymno#t L, nHa xotopo G neidcTByer
caeBa (COOTBETCTBEHHO cmpaBa). McnoJibaysa 6o/iee KAACCHUECKYIO TEPMH-
HOJIOTHIO, MOXKHO CKa3aTb, YTO TO — JIMHEHHOE NpejcTaBienne rpymast G
(coorBeTcTBEeHHO 06paTtHo uzoMopdHo# rpynmut) B L. Mo 6yaem roso-
puTb Taroke, 4r0 L ecTb aeBbill (COOTBeTCTBEHHO mpaBuit) G-Monyib.

Ecan L u M — aessie G-moayau, 1o rpynna Homg g (L, M),
KOTODYI0 Mbl Takike OyaeMm o6osHauarb yepesd Homg(L, M), ectb rpynna
romoMoppusmos u abeneso#t rpynnpt L B abesesy rpynny M, KoTopbie
YIAOBJAETBODSIOT YCJAOBMIO 4 (SX)=s-u(x) a1 SE€G, xCL. Ecmn

L —npasuifi G-Mmonyab u M -— neBmit G-monyab, To rpynna L @ M,
Z .Gy
KOTOPYIO Mbl Takxe OyjieM o6oaHauaTb ueped L& M, noayuaercd kak
G
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daKkTop-Tpynna TeH3OpHOTo mnpousBeleHus L@ M nan koabuoMm Z no

NOArpynie, NOPOXKICHHOH 3/MeMeHTaMH BHIA XS® y— x @ sy. [omomop-

¢usMbl rpynnsl L @M B abeseBy rpynny N OTOXISCTB/SIOTCA NOITOMY
a

¢ 6uaunefinbiMu  otobpaxenusMu f i L X M -—> N, KoTopbie yI0BJIETBO-
psioT ycaosuwo f(xs, ¥)=—f(x, sy).

B nanbHeHuieM Mbl paccMaTpuBaeM abeaesy rpynny Z kak G-Moayib,
yCA0BAMBAsCL, 4TO S:-x=x M1 s€ G, x€Z. TakuM 06pa3oM, Mbl
MMeeM 3JeChb ,elUHHYHOe TmpencTaBieHue* rpynmsl G.

Ias 3anaudoro jaesoro G-Molyns L TOa0XUM

Homg(Z, L) = LC.

QOueBuaHO, YTO 3TO MOArpymna rpynnbl L, o6padopanHas 3/eMeHTaMu X,
uxsapuaHmubi i otHocurenvno G, T. e. TaKUMM, UYTO SX =X JJ4
Bcex s€G. Touno Tak ke, NeHCTBYs Ha 3TOT pa3 omepatopamu u3 G
cnpasa Ha Z, TOJOXUM
ZQRL—=Lg.
G

310, oueBUAHO, (PAKTOP-TPyNNa Tpynnsl L 1O NOATpyNNe, NMOPOKIAEHHOH
3JeMeHTaMu BHAA Sx — x (SE€ G, x € L).
[Tycte teneps L — neBoit G-Monyab. Iloaoxum

H,(G; Ly=Tor, (Z, L),
H"(G; Ly=Ext"(Z, L),

BLIGMpas, pasyMeeTcsi, B KayecTBe OCHOBHOro kouabua Z(G). Hwmeew,
OYeBUAHO, cJiaelylolide CBOUCTBA:
G
() Hy(G; Ly=Lg; H*(G; L)y=L";
(D nyetb 0 — L' — L — L” — 0 — TOyHasd moc/1e10BaTeIbHOCTb JEBbIX
G-Moayaelt; TOrj1a MMeeM TOYHbE [10CJAE10BATENLHOCTH

. > H (G LY>H, (G, Ly—>H, (G, L"Y>H, (G L)—> ...
e > H (G, L) > Lg—>Lg—>Lg— 0

011717 H\(G; L)~ H'(G; L)~ ... .

(M H,(G; Ly=0 aaa n>1, ecm G-Moayas L npoekTuse;
H"(G; L)==0 nn1a n>1, ecaim G-moayas L MHDEKTHUBEH.

[MokaxeM TeNepb, KaK MOKHO $BHO BbluMCAMTH rpynnel H, (G; L)
u H"(G; L). Bce cBoautcsi, OYEBMAHO, K [OCTPOEHHI0 NPOEKTHBHBIX
(HanpuMep, cBOGOIHLIX) pe3oubBeHT G-Moayas Z. 3aMeTuM CHavaia,
uro ecaun X ecTb MHOz)cecmso, Ha koTopoM (U nelictByeTr caeBa, 1o G
oyeBHIHBIM 06pa3oM AeficTByeT caeBa Ha cBOOOAHOM abeneBolt rpymnne F (X),
uMemwoulet B KauectBe Oasuca X, u uto F (X) ecTb ¢80000HbLE G-MOLyb
Toraa W TOJabkKO Toraa, korda G gmeHictByer Ha X (e3 HenoOBUIKCHBLX
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mouer (T. e. eClN $X == X L1d HEKOTOPOro x £ X BieueT 3a CO6OH s = ¢),
TakuM CrHOCOOOM MOXKHO NOJYYHTh JMIOGOH cBOGOAMBIA (-MOLy/b.

Bo3bMeM Tenepb 6a3ucHsili CUMBAULUGABHOLE YenHOL KOMNACKC F,
Hal KOJbUOM UeJHX pauHOHaJbHHIX uHcesa. [IpeanoJioxkuM, 4Yto aad
kaxnoro n>>0 rpymma G JneHcTByeT caeBa Ha MHOXeCTBe S, (F,)
n-MepHbIX CHMIJieKcOoB W3 F, (m. 3.1), a, c/efiOBaTeAbHO, MO JHHEHHOCTH
u na F,. Pasymeercd, sTO IeHCTBHE COBMECTHMO C CHMIJIHUMAJILHOH
crpyktypot B F.. Torma F, cTaHOBUTCA KOMILIEKCOM CBOBOAHBIX
G-monysel#t, ecan G neicteyer Oe3 HEMOABHXKHEIX Touek Ha S, (F,)
LI KaWAOro n. SICHO, KpoMe TOro, YTO KaHOHWYECKOEe NOMOJHEHHE
Fo—1Z nas F,, xoropoe otobpaxaer KaxAbA CuMILIEKC pasMepHoctd 0
B uucao 1, ectb romomoptdusm G-moayaeH. Takum o06pasoM, ecuau
F. ayurauten, TO Mbl IIOCTPOHUM CBOOOIHYIO pe3oJbBeHTy G-Monyas Z
¥ ajs 106oro npaBoro (COOTBETCTBEHHO JIEBOr0) moayas L 6yieM uMersb
caenywoumye GoOpMynb:

H, (G, Ly=H, (F;?L),

H™(G; Ly= H" (Homg (F,, L)).

Tpenbilylias KOHCTPYKUHS IPHMEHSI€TCA B MHOTOYHUC/IEHHBIX CHTYa-
uusax. BospMeM cumnausyuassnyo cxenmy K M IIPELNONONKHM, YTO
G ne#icrsyeT cieBa 0e3 HemOIBMKHBIX ToYeK Ha K, npeoGpasys Kawapih
cummiieke u3 K B cummiexkc u3 K, Toraa B npenblnylieM NOCTPOEHUH
MOXHO B3Th B KauectBe F, komniekc C,(K) UJIOUYHCIEHHBIX CHHTY-
aspubix  uemelt cxemsl K. Ecin s€G w (x, ..., X,;) — CHHYIAPHBIN
CUMILIEKC pasMepHOCTH n B K, TO HMeeM

S (Xgs vnen X)=10(8%g, ..., SX,).

Ecan cuMninuuanpias cxema K auMk/aMyHa, TO Mbl BUAMM, 410 C, (K) ecTb
cpobonanas pesodbpenta moaynad Z. Ilycts temepn L — nebi#t G-MOnyib.
Torna Homg (C, (K), L) MOXHO HHTEPNPETHPOBATL ClEAYIOLUM 0OPA3OM:
Onpeneaum Jte#ictBue rpynnsel G Ha

Hom (C, (K), Ly=C*(K; L),
(- N@y=s-(f(s7! u))

s s€G, fEC'(K; L) n mo6oro CcHHryJsapHOro cuMiliexca u B K.
Torna fcHo, uro o

noJiarasa

Homg (C, (K), L) = C*(K; L)°.

Lpyrumu caosamu, ecau K — QUUKAUMHAS CUMRAUGUAALHASR CXeMQ,
na Komopold G dedcmsyem Ge3 HEMOOBUINCHbIX MOUEK, MO 048 2106020
G-m00yan L umeom mecmo KanoOnuuecKue u30mMOpEHUIMbL

H"(G; Ly= H"(C*(K; L)9).
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OueBHIHO, UYTO aHAJOTMYHBIM e OGpA30M MOXCHO NOJAYYMTb (POPMYyJbl
AJs TOMOJIOTHH
H,(G; Ly= H,(C,(K; L)g).

Haubonee BaxHBHIM cJayuyaeMm dBJseTcss TOT, Koraia B Kauectse K
B34Ta CHUMILIMUHAALHAS cxeMa (, B KOTOPOH CHUMILIEKCAMH ABJAIOTCA
KOHeuHble M HeNycThle NojiMHOxecTBa B G, npuueM G neHcTByer Ha
ce6e NpH NOMOWM NPaBbIX CABHroB. B 3TOM cayuae Mbl NOJyuuMM, HanpH-
mep, rpynnel " (G; L), BbIUAC/ASS KOrOMOJOrHH CJAEIYIOWErO KOLENHOrO
kommaekca C*(G; L). Ero saeMedTaMu CcTeNeHH A ABAAITCH oroGpaxe-

i1
wus f: G"'° —> L, ynoBAeTBODSIOWHE YCIOBUIO
f(sxg oo, sx)=5-f(x, ..., X,),
a auddepeHuran onpenenaserca Gopmy/o#
Q] i »
Af (xg0 ooy Xy ) =2 (—1) - f(Xge ey X ooy Xpp))
[TpuBenemM ewe OAMH BaxHBIR npuMmep cBOGOIHOH pPE30/JbBEHTHI
G-moayaa Z. Tlycte G neficTByeT Ha monosozuseckom npocmpancmee X
(pasymeeTcs, NpeINOJaraeTcs, YTo 3JeMeHTH §E& G onpeleasioT FOMeo-
mopduamst X — X). Ecam 4 :J, — X — HeKOTOpHIH 7-MepHBI CHHIY-
JAPHBIH CUMIJEKC npocTpaHcTBa X ¥ ecau § € G, 10 0603HaYUM yepes S - u
CHHTYJSPHBLIfl CHMILEKC Seo 4. $lcHO, uTO CHHryaapHb# kommiekc CS, (X)
o6pasoBan (-MOIy/asiMH, KOTOpble CBOGOIHBI TOrAa M TOJbKO TOrja,
korga G zeficTByer Ha X 6e3 HEMOABMKHBLIX TOueK. Ecam L — HekoTo-
poit G-Mo&y/nb, TO MOKHO OUYeBUAHBIM OOPa3OM OMNpEAC]HTbL AeHCTBHE
rpynnel G Ha kommiekcax CS,(X; L) u CS*(X; L). fcno, uro
CS, (X; L)G:.LQ?;CS*(X)
s ao6oro npasoro G-Moiyas W
CS*(X; L)% = Homg(CS, (X), L)

i aw6oro gesoro G-monyas. Kak u Bbllle, OTCI0OLA CJAelyeT, uTo
ecau G Oelficmsyem caes8a (e3 HeNnOOBUICHHLX MOYeK HQ MON0A02U-
4ecKom npocmpancmee X, QUUKAULHOM 8 CUHZYAAPHHLX 20M0402UAX,
mo umeiom Mecmo uzoMmopPuIms

H™(G; L)= H"(CS*(X; L)°)
0an 2106020 npasozo (coomeermcmeento nesozo) G-modyan L. B npo-
LOJKEHHH 3TOrO TPy.la Mbl MOKaXeM, UYTO BO MHOTHX CJAYYdsX yKasaH-
Hble BbIIIE TPYNIBl MOXHO HHTEPHNPETHPOBATL C NOMOWBI0 (AKTOP-Mpo-
cTpaicTea X/G.

Yurareab, xeaawwuh yrayGuTb CBOM IMO3HAHHA B STHX BONPOCax,
MoxeT o6paTuThesa K cemunapy A. Kaprana 3a 1950—1951 rr., neppas
NOM0BHHA KOTOPOTO [MOCBALEHA KOroMOJOrHAM rpynn. Bnpouem, Mb
TaKKe BePHEMCH. K 3TuM npobieMaM B CBS3H C TeOpueH Nyukos.
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§ 1. NYYKH MHOMECTB -

1.1. AKCHOMB!I MYUKOB.

[Tycts X —- TOmMOJIOFUYECKOE MPOCTPAHCTBO H ¢F — MPEANYYOK MHO-
wecTB ¢ 6azoft X (rn. [, m. 1.9). [CoBopat, 4to ¢F eCTb AYHOK MHOXKECTB,
€C/H BBIMOJIHEHH ClELyollHe YCa0BuA 1):

(F1) IIyems (U)), . ,— nexomopoe cemelicmBo omxpbimeix nooMHO-

acecms 8 X, U —— ux o6sedunenue, a s’ u s” — 0sa aremenma u3 F (U).
Ecan ozpanunenusn ssemenmog s’ u s” na xasxcooe U, pasusl, mo
s =s". ‘ '

(F2) ITycme (Ui)tEI——Helcomopoe cemelicmeo OmKpolmolx nNOOMHO-
aecms 8 X, U— ux ob6sedunenue, u nycmes 0anst maxue s;€F (U),
wmo odas awbsix i, j&I ozpanuvenusn saemenmos s; u s; na U;NU;
pasus. Tozda cywecmsyem anremenm s€oF (U), ozpanusenye xomo-
pozo na U, pasno s; npu awom i€l.

3ameTum, uro B cuny (F1) saement s € F (U), cywiecTBOBaHUE KOTO-
poro obecneunBaetcs ycaosueM (F2), ompeneasercs odHosnavxo. Kpome
toro, npumensas (F2) x cayvaio, xorxa /-—nycroe MHOxecTBO, y6e-
KIaeMcs B TOM, 4TO oF (¢) — ONHOSJEMEHTHOE MHOMXECTBO . (OCTaBJsAs
BOOOLle B CTOpOHE TPHUBMAAbHH cayual, xorna Bce oF (U)—nycroe
MHoxectBa). CienosatebHO, B popMyauposke akcuoMul (F2) aocratouno
paccmatpuBaTh mapwl £, j, aasa koropeix U; N U; ne mycrth.

Paccroennsin npocmparncmeom?) ¢ 6a3oi X HA30BEM BCAKYIO
napy (E, p), rae E — TonoJoruyeckoe TNpPOCTPAHCTBO U P — HENPEPHIB-
Hoe oTo6paxeHue npoctpauctsa E B X.

Ceuenuen npoctpanctsa (E, p) Han npousBoO/IbHHIM MOAMHOXECTBOM M
U3 X HasbIBAIOT BCAKOE HenpepuigHoe OTOOpaxenue s : M — E, Takoe, 4to
p(s(x))=x naa mwoboro x€ M. Eciu cOnOCTaBUTb Tenepb KamAOMy
OTKpHiTOMY MHOXecTBy U u3 X wmuowecTBo oF (U) ceuenutr B (E, p)

1)y Hdas ao6nx OTKpHTHX MHOXecTB U u V C U o06pa3 NpPOH3BOALHOFO
sneMedTa S € ¢ () npu cTpyKTypHOM oTobpaxenuu & (U)-><F (V) HasmBawoT
Oepanuvenuerm 3JeMeHTa s Ha MHOXecTBO V. OO6DBACHEHHE 3ITOr0 TEPMHHA
6yneT naHO B CJAEAYIOLIEM MYHKTE.

2) ABTOp HCHOJAB3YET 3jech TepMHH espace découpé. MHb OCTaHOBHJHCH HA
TEPMEHE «PACCJIOEHHOE MPOCTPAHCTBO», XOTA B PYCCKOH JAHTEpaType OH OGBIYHO
ynorpebasercs B ropasjio 6onee y3KOM cMuiCae. 3aMeTHM, 4To ecau (£, p) —
paccaoennoe mpocTpaHcTBo ¢ 6asoit X, To MHOMecTBo E(x) = p~!(x), rae
X € X, 06LIYHO Ha3BIBAIOT CA0eM Had TOUKOH x.-— [Ipum. ped.
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Han U u onpereauth orpanudedHe Ha V ceuenus Haa U kak orpanuye-
nue Ha V' coorserctByiowero oto6paxeHus U ->FE, TO 71erko ybenuthcs
B TOM, uto cooTserctBue U —>oF (U) onpegensieT ny4ox MHOXeCTB
¢ 6a3oft X. Bynem Ha3biBaTb ero NY4KOM POCMKO8 Cewenuli PACCIOCHHOTO
npocrpauctsa (E, p). ITOT npumMep AOMyCKaeT MHOrO pas/HUHBIX BAPHaH-
TOB. MoOxHO, HanpuMmep, OrpaHUUYUTbCA (TaM, rle 39TO UMeeT CMBIC.T)
»AUGdepeHIHPYEeMBIMH®  UAH  ,aHANUTHYECKUMH® cedeHMsIMH [pPOCTpaH-
crea (E, p). '

1.2. HakprbiBaomee npocTPaHCTBO, CBA3aHHOE C MYWKOM.

Mycte (E, p)— paccaoenHoe mnpoctpadctso ¢ Gasoft- X. [osopar,
uto (E, p)— Haxpuisawuee npocmpancmeo Han X, eciu OTO6paxeHHe p
ABASETCS JOKAJIbHBIM [OMEOMODP(MU3MOM, T. e. eCau AJs Kaxaoh Touku u € E
ualinercs B E OTKDHITAS OKPECTHOCTb, KOTOPYW p 20MEOMOPPHHO OTO-
6paxcaeT Ha OTKPBITYI0 OKPecTHOCTb ToukM p(u)E X1). B atom cayuae
Ias Besikoro ceueHus § B (E, p) Ham oTkpuiThiM B X MHOmecTBOM U
MHOxecTBO §{U) omwrpsmo 8 . Bouaee toro, aaa moboro z € E cyue-
CTBYyeT Takoe ceyeHue s B (E, p), onpejne/leHHOe B HEKOTOPOH OKpecT-
HOCTH TOUKH X == p (), uTo S(x)=u. OTCiOna ClefyET, YTO OTKPHITHIMU
MHOXecTBaMH B E aBAAI0TCA KAK pa3 o6beauHenna MHOxecTB Buua s(U).
Hakonen, acHo, uto ecan aBa ceuenus B (E, p), onpene/eHHble B OTKpbI-
THX OkpecTHOCTAX U # V Touku X, paBHbl B X, TO .OHM COBIANAAIOT
B HexoTopo# oxpecmrocmu W UNV toukw x. HpyruMu cjioBamy,
MHOXECTBO

E(x)y=p (%)

MOXHO OTOMNECTBHTb C UHOYKMUBHOM Npedesos MHOKeCTB oF (U), rae
U npoberaet HanpasneHHOe yNOpSA0OYEHHOE MHOXECTBO OTKPBHITEIX B X
OKDECTHOCTEH TOuxu Xx.

Mbl nokaxeM Temepb, uTO TpPH TMOMOLIM S5TOH KOHCTPYKIHH MOXKET
OBITL TOAYUYeH 20604 NYYOK MHOKECTB ¢ 6a30f X,

B lenax Goavwedt obwmHocTn HaumeM ¢ npednyura MHOKECTB oF
¢ Gaso#t X. Has mo6oro X € X OTKPHITHE OKPECTHOCTH TOYKH X B X
06pasyIOT HalpaB/ieHHOE YNOPSIOUYEHHOE MHOKECTBO D (x). YcaoBua Tpan-
SHTHBHOCTH, HANOXKEHHbIC HA ONEPaTOpH orpanuuyenus oF (U) —F (V),
NO3BOJAIOT ONpele/uTh MHOMKECTBO '

F (x) =limind F (V).

U@ (x)

) ABTOp mpuMeHser 3nech TepMHH espace étalé. Mb MpPeamoOuNH HCNOAB3O-
BaTh M3BECTHHIH TEPMHH «HAKpBIBalOliee NPOCTPAHCTBO», MOHMMAA ero B foJee
UTHpPOKOM, 9eM 06bluHo, cmbicae. — [Tpum. nepes.
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O603HauuM uepe3 of 00BeQuHeHlle BCEX MHOKECTB of (X) H uepes
P — OTOOpaxeHHe MHOXKECTBa &Z B X, KOTOpOEe TMepeBOLHT KaxJoe

[MOAMHOKECTBO of (X) B TOUKy X.
IMycts U — otkpoiToe Muowectso U x € U. Ilo camoMy onpenesnenuio
MHIYKTHBHOTO Mpele/a MMeeTc KaHOHHUYEeCKOe OTOOpamerue

F (U)—> F (x),

KoTOopoe Mp OyIeM 3amuchiBaTh s—>s(x) Kaxapt s €oF (U) nnny-
LHpYeT TO3TOMY OTOGpaenue s : U—>dF, a nmenno oTo6paxeHne

x—>s(x) KOTOpOe YAOBJIETBOPSET YCJIOBHUIO p(s (X)) = x 1% Kaxa0ro
x € U. Janee, Bo3bMeM oOTkphTOe VU M 3aMeHHM S ero orpamuue-

nuem £ Ha V. Torma nas Bcakoro x €V ortobpamenue oF (U) nf(x)
€CTb KOMIIO3HIHS OTOOpameHu#H J(U)—)J(V) u J(V)—)J(x)
Ce10BaTenbHo, omoﬁpaofceﬂue 1. V>dF ecms ozpanudenue Ha V
omob paicerus S:U—>F .

Cua6numM Tenepnb oF  HauMeHee MOHKOL u3 mex monoso2ui, npu
Komopelx  0mobpasicenus S HenpepuiéHbL [s€F (U), U— otkpriToe
B X wMmHoxectso]. [loamuoxectBo G wus f OTKPBITO, CJAeNOBATEJbLHO,
TOrAa ¥ TOJBKO TOTAA, Koraa aas awboro U u mna awboro s€ oF (U)
COBOKYNMHOCTb Takux x€ U, uto E(x)EG, 06pasyer OTKpHTOE B X
MHO€eCTBO. : ’

QueBuaHo, 4T0 OTOGpaxeHne p 6yner Toraa HempepoBHbM. C gpyro#
CTOPOHH!, /I BCAKOTO OTKPHITOro MHoxecTBa U B X u Bcakoro s € % (U)
MuoxecTBo s(U) omxpbimo B oF . Ilas 3TOro LOCTATOYHO NIPOBEPHUTD,
yTO, KakOBHl Obl HH Ovull S€F (U) n t€F (V), COBOKYNHOCTL TEX
x€U NV, 11 KoTopex sN'(x)th(x), 06pa3yeT OTKPHTOE MHOXECTBO.
Ho 3T0 HemocpeacTBeHHO cielyeT H3 OINpelelieHHsl WHIYKTHBHOTO Mpe-
Jena.

W3 noxasaHHOrO Bbllle CJAelyeT, OYEBHIHO, YTO Mapa (ﬁ, p) ecTb
Hakpusaouwee npocmparncmso xHad X. O603HAYHM uyepes ﬁ(U) MHO-
HeCTBO ceyeHHH NPOCTPAHCTBA ﬁ Han U. Toraa scHO, YTO KaHOHHYE-
CKHe OTOOpaKeHus

F U)—>F (U)

onpeneasiioT roMoMOpGhH3M IpeAnyykoB. Mpui mokameM cefiuac, 4to oOH
ABASETC M30MOP(U3MOM TOria (M TOJBKO TOrAd), KOrid of — Ny4oK.

ViasaHHele Bblllle OTOOGpaXKEHHs B3aUMHO OJHOBHAUYHH, e€CIH oF YIO-
Brersopser akcuoMe (F1) myukos. JleHcTBHUTeAbHO, NPEANONOKHM, UTO

s', s"€F (U) onpenpensior OIHO U TO e CeyeHHe MPOCTPAHCTBA J
Han U. Tak kak U3 paBeHCTBA s (x)—s (x) caenyer CyILleCTBOBaHHe
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OKDPECTHOCTH TOYKH X, Ha KOTOPOH OrpaHHYeHHs] 9JeMeHTOB §' H S” paBHbl,
To U MOXHO MpeacTaBUTb- B BHIe OGbelHHEHHs TAKHX OTKPHITHIX
MuHoxecTB U;, 4TO orpaHHuyeHHs 3/eMEeHTOB s’ H §” Ha kawaoe U; paBHH,
OTKyla C/lefyeT Halle yTBepmIeHHE.

Ham romomopdusm orTobpaxaeT Kawaoe J(U) Ha Bce & (1),
ecad oF yaosaetBopsier akcuoMaM (F1) u (F2). IleHctBuTeabHO, pac-
cMoTpuM Hexkotopoe ceuenue f: U—oF . Tak kak IBa ceYeHMsi, COBNa-

lawliHe B TOYKe, COBNAJalOT H B HEKOTODOH ee OKPECTHOCTH, TO MOXHO
npeiactasute U kak o6beluHeHHE OTKPHTHX U, H HaliTH Takue

s;€F (Uy), uto 5,=f na U,. Tak kak ;:Ej Ha U;nU; n rax kak

Boinonuena (F1), To orpannuenns siaementos s; u s; va U;N U, pasum.

B cuny (F2) cywecTsyer Toraa saeMeHT s oF (U), orpaHuueHHe KOTO-
poro Ha Kaxnloe Uj ects s;. CaegoparesHo, s=f B U, yT0 4 10Ka3b-
BaeT Halle yTBepXAeHHUe. '

bByneM rosopaTeh, uTo Hakpupatouie npocrpascrsa (E, p) u (£, p’)
L30MOpEPHBL, €Cau CYLIECTBYeT romeoMopdHusM npoctpauctea E Ha E’,
KOTOpLIAl NnlepeBOMUT p B p’. $SIcHO, yTo M3 NPENbIyLIHX PacCMOTpeHHH
BLITEKAET CJACLYIOUIUR pe3yabTart. :

Teopema 1.2.1. Beakuid nysox muodcecms ¢ 6a3old X u3omop-
gern nYUKy POCMKOS Cetenu il HeKOmOp020 HAKPHLBAIOU,e20 NPOCMPAHLMEA
Had X, OnpededeHH020 OOHO3HAYHO ¢ MOYHOCMbIO 00 U30MOPPUIME.

Bameuanne 1.2.1. B nanpueiteM Mbl He GyleM NeNaTb HUKAKO20
PA3AunUf Mexly Ty4YKOM MHOMECTB oF M HAaKPLIBAIOLIUM TNPOCTPaH-

CTBOM (¢F , p), KOTOpOe Mb cBsi3aqu ¢ HUM Bboime. Mol Gynem
0603HaYaTh 3TO HAKPbIBAIOLlee IPOCTPAHCTBO TOH ke OykBoH oF (yalue
BCero omyckas 8 0603HavueHuu ,NpOEKIHIO* p) M AIA KAKAOTO NOAMHO-
wectBa M B X 0603Hauath uepes oF (M) MHOXKECTBO CeYeHHE 3ITOrO
npocTpaHcTsa Haa M. B wactHoctu, ssements MHOXecTBa oF (U) Gyayr
OTOXIECTBAATLCS C CeUeHUsIMH MPoCcTpaHcTBa of Han U. Ecan M cocrour
M3 ONHOK TOYKH, TO, pasyMeeTcs, Mbl BHOBbL BO3BPAILAEMCH K MHOXe-

CTBY oF (X), KOTOpOE MHl TONKE 6yneM 0003HayaTh MPOCTO 4Yepes
oF (X). OTH OTOKIECTBAEHHS, ecTeCTBEHHO, He OYAYT MewaTb HaMm
CTAHOBHUTLCA TO HA TOYKY 3PEHHUS ,HAKPHIBAIOIIMX MPOCTPAHCTB*, TO Ha
TOYKY 3PEHHS IMpelllyyKOB.

3ameuanue 1.2.2. Ecan ¢F — nydyok pocTKOB cevyeHHH pacc/oeH-
Horo npoctpadctsa (E, p) ¢ 6a3oit X, TO 371eMeHThl MHOXECTBA oF (X)
HasblBAOT pocmkamu cewenud npoctpanctBa (E, p) B Touke x. Apa
cedeHus npoctpanctsa (£, p) Han oxpectHocTamu U vV Touku x
ONpeleasiOT OLHH M TOT e pOCTOK B TOM H TOJbBKO B TOM CJ/yuae,
KOria OHHM COBMAjAOT B nekoTopol oxpecmuocmu WU NV Toukn x.
Boo6lite rosops, HakpHBalOllee NPOCTPAHCTBO, CBA3AHHOE C oF , OTAHYHO
ot (E, p), ecau, pasymeercsa, (E, p) caMO He ABJAAETCS HAKDbIBAIOILUM
NPOCTPaHCTBOM,
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3ameuvaHue 1.2.3. Kak suanHo w3 nokasatenbcTa Teopembl §.2.1,
Kbl npeonyqyox MHOKECTB oF OnpelelseT KaHOHUYECKHM OBPa3oM
HEKOTOPOEe HaKpbiBalollee MPOCTPAaHCTBO Hal X, T. €. nY4OK oF MHOKECTB
Han X. TOBOpPAT, YTO 3TOT MYYOK nopocOex TPELNYUKOM oF . 3aMeTHM,
4TO HMeeTCAd KaHOHHYeCKUH roMoMopdusM F —>F NpeanyyKoB.

Sameuanue 1.2.4. HakpoiBaoulee NPOCTPAHCTBO oF Han X
He sBasiemcs, 8006uje 2080psi, omldeauisiiu (XaycIOPPOBHIM), J1axe
ecan ¢aMo X — OTAeJMMOe TPOCTPAHCTBO. [ledCTBUTENbHO, TNYyCTh
S M ¢-—cedyeHus Hal OTKPHTHIM B X MHOxecTBoM U. Kak Mbi yxe
BHIEJH, COBOKYNMHOCTb Tex x €& U, aas koTopeix s(x)=1(x), oOpasyeT
omipsimoe B U MuowectBo. Ecan ke oF OTIeIUMO, TO 3TO MHOXKECTBO
W 3amknymo B mpoctpanctse U. JIpyrumu C/IOBAMH, €CIAH oF — OTHe-
JUMBIE TYYOK, TO JBa ceyeHHss S W ¢ Hajx OTKpeiTeM U, paBHEE
B HeKOTOpOH Touke x € U, paBHb BO BCefl CBA3HONH KOMIIOHEHTE TOYKH X
B U, T. e. B nyuke oF BHINOAHAETCS ,TIPUHUMI aHAIUTHYECKOTO MPO-
noaxenua“. Hanpumep, ecaum X — KOMI/IEeKCHOe aHaJMTHYECKOE MHOTO-
of6pasde, TO NMYYOK POCTKOB rojomopdubix ¢yukuuih van X {aaa onpe-
IeJeHHS KOTOPOro HYXHO TPHHATb 33 oF ({/) MHOKECTBO (YHKUHH,
omnpejlefieHHBIX M roaoMop®HbeiXx B U] siBasieTC OTAeAHMBIM NYYKOM, B TO
BpeMs Kak MyYOK POCTKOB HelpepbiBHbIX (YHKUMA TakuM He Gyler.

1.3. CeueHus Hag NPOU3BOJbLHLIM MHOXKECTBOM.

[lycts o —myuok ¢ Gasol X. Tak Kak ceueHus myuka oF oOmpe-
flefieHbl Haj TPOM3BOJbHBIM TMOJAMHOXKECTBOM B X M TaK KaK HMelOTCH,
OYEBHAHO, COOTBETCTBYIOIIHE OMepaToOphi ,OrpaHHYeHHs®, TO MOMKHO
nocTaBuTh Bomnpoc o crnpasenauBocTd akcuom (F1) u (F2) 6es mpeano-
JOXeHHd O TOM, YTO PacCMaTpHBAaeMEe B HHMX MHOXeCTBa OTKPHITH B X.
QOueBuano, uyto 310 uMeeT Mecto aad (F1), Ho we aaa (F2). B nporusHOM
cayuae ma1060e otoBpaxeHue $: X —>oF , LIa KOTOporo p(s(x))= x,
61110 Obi HenmpepbLiBHEIM, TaK Kak X MOXKHO TNpelcTaBUTh B Bule 06Dbe-
NMHEHWs: OJHOTOYEUHBIX MHOXecTB. HecMOTps Ha 2F0, HMeeT MecTo
CACNYIOUHHA YacTHBIH pe3yibTaT, KOTODLIH MBI HCIIOJb3yeM HECKOJbKO
HUKE. .

Teopema 1.3.1. Ilycms F — nytox muosxcecms ¢ 6asol X u
wnme 1~ AOKANBRO KONEHHOE SAMKKYMOE NOKPLLMUE RPOCMPARCIMEA X.

Hycmb Oaust maxue cenenun s;CoF (M), wmo s;=s; na M;NM,;, -
Kaxossl Obi Hu Obvieu i # j. Tozda cyuecmsyem cenentie SEJ(X)
cosnadanuee € s; Ka M; npu anbon i€ 1.

OueBUAHO, YTO CYLIECTBYET U €IMHCTBEHHO OTOGDaXEHHE §: X—)é"
KOTOpOe coBrnanaer ¢ §; Ha M;. OcraeTcs NOKasaTb, YTO OHO NeNPEPLLBHO.
Tlo ycaoBuio Bcsikast TO'—lKa X o61anaeT OTKPHITOH OKpecTHOCTbIO U (X),
KOTOpasi TNepecekaeTCsl JHLIb C KOHeYHBHIM uMcjoM MHOxecTB M;. Ilycth
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sto 6yayt MHOxectBa M; , ..., Mip. Tak KaKk OHM 3aMKHYTHI, TO MOXHO

npeanoaoxurs, Buibupad U (x) 10OCTaTOYHO MaJjof, YTO BCe OHH COJLep-
AT X M UTO CyLEeCTBYyeT CedyeHue f myuka oF uan U (x), a1a koro-
poro uMeeM

tx)=s(x)=s;,(x)= ... :s,.p(x).

Paccmatpupas orpanuyesue cevenus £ Ha M, , IDHXOIMM K TOMY, 4TO Cy-
LlecTByeT OkpecTHOCTh Uy, (X) TOUKHK X, Takasd, 4tot =+, Ha U, (x)N M, .

OueBHAHO, MOXHO CYMTaTb, YTO Ul.k (x) = U (x) naa nwboro k. Torna

§ W t COBNAAAOT B

U@NM,U ... UM,)=U ().

a 9TO AO0Ka3bpiBaeT, YTO S HENPEpPBIBHO B TOYKE X.

1.4. MpocTeie nyukH.

[Tycte X — HeKOTOpOE TOMOJOTHYeckoe NPOCTPAHCTBO U A — Npous-
BOJIbHOE MHOXeCTBO. [Ipocmeim ny4dxom ¢ 6a3oi X u caoem A Hasbi-
BAIOT NYYOK, NOPOXIeHHBIA mnpeanyukoM U > A, onepaTopaMu oOrpaHu-
yeHusl KOTOPOTO SIBJAAIOTCA TOXIECTBeHHblE OTOGpameHHs.

Jlerko KOHCTpyMpyeTCs COOTBETCTByWOUlee HaKphBakollee MPOCTpaH-
CTBO oF . JleficTBuTe/ibHO, oF (X) ONpelelsseTcs KaK HHIYKTHBHbLIM
npenesa, OTKy.Ad, OUEBUAHO, oF (X)= A Wia Kamaoro x u o =X X A.
Kpome Toro, sicHo, 4TO ceyeHus, ONpefe/seMbie pACCMAaTPHBAEMBIM Mpel-
NyYKOM, — 9TO He YTO HHOe, Kak oTo6paxenus U —X X A, uMmewnuiue
BUl X — (X, a), Tle a-— NOCMOAHAbLE dIeMeHT MHOXecTBa A. I pyrumu
C/JIOBAMH, TOMOJOTHSI HA oF ==X X A ecTb NpOU3BENEHHE TONOJOIHH
npoctpaHctsa X M Ouckpemroid TOMNOJOrMH B A.

MuoxectBo oF (U) aas kawaoro otkpwmroro U oTomaecTBiseTcs
KaHOHHYeCKHM 06pa3oM C MHOXeCTBOM HeNpepbIBHBIX 0TOOpawenut U — A
HJIM, UHA4ye rOBOPS, C MHOXECTBOM Z0KAABHO NOCMOAHHOLX OTOGpameHUH
MHOxecTBa U B A.

B nanbHeftiieM, He omacasch HegOopasyMeHuit, mpl OyleM ualle BCero
0603Ha4YaTh NpocToit ny4yok ¢ 6asoft X u cioeMm A nmpoctro 6ykBoi A.

1.5. HHAYyUHPOBAHHELIE NY4YKH.

Tlycte X — TONOJIOTHYECKOE IIPOCTPAHCTBO, Y — NOANPOCTPAHCTBO
B X n oF —myuok ¢ Gazoit X. SICHO, YTO MHOKECTBO TOYEK HAKPBI-
BAIOLLETO MPOCTPAHCTBA oF , NPOEKTHPYIOIKXCcd B Y, ompeneader Ha-
KphIBaloIlee MPOCTPAHCTBO Han Y, T. e. myuok ¢ 6asoft Y, koTOpufl Mbi
6yneM o06o3HauaTb udeped oF |V ¥ HaswiBaTh nyuxorm Had Y, undyyu-
POBAHHBLM NYLKOM oF .
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¢gIlcHO, 4TO AJA BCSAKOro MHOXecTBa M B YV MHOMeCTBO ceuenui
nydka oF | Y Han M ectb oF (M). DTO NO3BOJSET WHAYe ONpPEe/HTh
Ny4oK oF |V, cOmocTaB/ss KamioMy OTKPHTOMY B Y Muoxectny Uc Y
MHOXeCTBO oF (U) ceuenntt myuxa oF Han U.

1.6. 'omoMopdHU3MBI NYUKOB.

IMycts o u % — ABa nydyka MHoxkecTB ¢ Oa3zoft X. Tlox romomop-
¢usmoM nyuka oA B % noHuMaloT roMomMopduaM npeanyuka £ B npex-
Nny4yok %, T. e. CHCTeMy oToOparkeHu#

f): AU)—> B (U),
YJAOBJETBOPSIOILYI0 OYEBUIHBLIM YCJIOBHSM COBMECTHMOCTH,
Bynem paccMarpubath Tenepbh of M % Kak HaKPbIBAIOILHE NPOCTPaH-

crBa Han X. Tlpu mepexole K MHAYKTUBHOMY MNpejeny roMmoMopgusm f
onpepenaseT O0TOOpaxeHUs

f () A (x)> F (%)
W TeM CaMbIM OTOGDaXEHHe HAKPHIBAIOIIErO MPOCTPAHCTBA A B HAKPHI-
Baiolllee NPOCTPAHCTBO B, KOTOpOe MBI 0003HAaYUM yepes f. Ecam s — ce-
YeHne NPOCTPAHCTBA of Hajl OTKPHITHIM MHOXECTBOM U, TO 3/eMeHT

FWe W),
paccmMaTpuBaeMbI#l KaK ceyeHHe NPOCTPAHCTBA % nan U, ecTb He 4TO HHOe,
Kak oToOpakeHue x—>f(s (x)). Orciopa ToTyac cienyer, yTo fﬂBJmeTc;l
AOKQAbHOLM 20 MEOMOPPHUIMOM, COBMECTUMBIM C NPOEKUUAMH.

O6paTHO, €CaH [AHO HenpepbiBHoe OTOGpaNeHHe f A—> &, cos-
MeCTHMOE C TMPOEeKUUAMH, TO IJs1 Kaxaoro otkpeitoro U otobpaxeHue
fF): AU)y—> % (U) npeobpasyer ceueHue S(X) B CeyeHHe fN(s (x).
Taxum o00pasoM, cywecmsyem B83auUMHO OCHO3HAHHOE COOMBemcmsue
Meocdy 2omomopusmant nyixos f: A— B u HenpepuisHulmu omo-
OpadceHuamu f~ A—> B, cosmecmumnmu c npoexguamu. Jhoboe
TaKOe HerpepHBHOE omﬁpameaue SIBJISCTCS JIOKATbHEIM TOMEOMOP(HH3MOM

W, CJELOBATEIbHO, OTOGpaKaeT o Ha omKpumoe N0JNPOCTPAHCTBO B g?
3ameruM, uTO BOOGie BCsKHH roMomopdusM f: A — % npeanydxkos
omnpenenasieT KaHOHHYeCKMM 0OOpa3OM TFOMOMOpPGU3M MyuKa, MOPOXKIAEHHOrO
npeanyukom £, B NMy4OK, MOPOkKIEHHHH mpeanyukoM %.
l'omomopduaM  nyuxos f:A~—~> & HaszbBaercs MOHOMopgﬁuaMOM
{COOTBETCTBEHHO numopghu3mor), eCau COOTBETCTBYIOLLEE OTOOpaKeHHe f
B3aMMHO OJHO3HAYHO (COOTBETCTBeHHO oToOpawaer € Ha ), T. e. ecau
TO K€ CaMOe MOXHO CKas3aTh OTHOCHTEJbHO oOTOoGpawenus [ (x):
A(x)—> # (x) nna moboro x€ X. Ecmu f-— moHoMopdusm, TO s
Kaxaoro orkpuiroro MHoxectBa U < X ortobpamxenne f (U): AU)-—>
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— % (U) B3auMHO OAHO3HAYHO, HO eciau [ — snuMopdusM, TO otobpa-
wenuss [ (U): A(U)—> % (U), BOOGwE roBOps, He ABAAIOTCA oTo6pa-
weHuamu Ha % (V).

Ilyctb, HanpuMep, X — KOMIJIEKCHOe aHa/JUTHYeckOe MHOroobpasie.
PaccMotpuM nyukd A M 4P, onpenedeHHble caenyouuM obpasoMm. [las
kaxaoro oTkpuitoro U mHoxecTBO A (U/) ecTb MHOXECTBO roJoMOpdHBIX
B U o¢yHkuuft, a & (U) — mHOxecTBO (yHKUHH, TOTOMOP(PHEIX U OT-
JHYHBIX OT HyJs Ha BceM U. Onpeneaum romomopcousm £ — %, cono-
cTaBasis BCAKOW rosoMopdHolt Ha U dymkunm f(x) dynkumio e/ . Tax
kak mobada rosomopcdHasd, He obpawanomaiacds B Hy/Jb (QYHKUMA Tpea-
.cTaBuMa 2okaasio B Buge e/ ™, To 3TOT roMOMOpPBHM3M MYuKOB fBAAETCSA
snuMopousmom. Ho xopouro usBectHo, uto eciad U He OMHOCBS3HO, TO

coorercTue f—>e’/ orobpawaer muoxectso A (U) He Ha Bce & (U).

1.7. Myykn poCTKOB roMOMOp{PH3IMOB.

Tyets o u 4% — nBa nyuka MHoxecTB ¢ 6asont X. OOosHauum
yepes Hom (s, %) muoxectso romomopcpuamoB nyuka A B Z.

‘Ecav ¥ — noanpocrpanctso B X, To Beakult romoMopousm f @ oA — F
onpejeJser, o4eBnIHO, romomopdusm f|Y : A|Y — % | Y. B uactHocTh,
ans oTKkpuThX B - X Muoxects U u VU noayyaeM KaHOHHYECKOe
oToDpaxeHue

Hom (| U, #|U)—>Hom (A|V, #|V).

NpHYeM BHLIMOJHSIIOTCS OOBIUHBIE YCAOBHS COBMECTHMOCTH. [T03TOMY MOXHO
paccMaTpuBaTh NpeanyyoK .

U —>Hom(A!| U, #|U).

JIerko NnpoBepseTcs, YTO, HA CAMOM Aefie 3TO AY4OK MHOXKecTB ¢ 6asoft X.
O06o3HauumM ero uepes

Bom (A, B)

M HA30BEM AYMKOM pOCmKO8 20momopusmos nyixa A & %. Ias
KAOXKAOFO omipsimoz0 B X MuoxecTea U MO MOCTPOEHHIO MMEET MECTO
paBEHCTBO

#om (A, #)(U)=Hom(A|U, #]|U).

3aMeTuM, UYTO [JS KaxAOH TOUKM X HUMeeTCs KaHOHHYeckoe oTobpa-
KeHue

¥om (A, B)(x)— Hom (A(x), F (x)),

TAaK KaK KamAb# POCTOK rOMOMOpdU3Ma B TOYKE X TMOPONKIAETCS FOMO-
MOp(hHU3IMOM Hajl HEKOTOPOH OKPeCTHOCTBIO TOUKM x. ONHAKO YKasaHHOe
oTO6paxeHye He siBAseTcd B OGIUEM Cjy4ae HU B3QUMHO OOHO3HAUHBIM,
HU OomoGpajicenuem HO BCe MHONCECHBO.
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1.8. Moanyuxku, o6pa3 romoMopgu3Ma.

OnpeneanM noanyyox nyuka of c 6azo#t X, kax Takol nyuyox 5
¢ Gasoit X, y koroporo % (U) < A (U) a4 kaXI0Or0 OTKPHITOFO MHO-
xkectBa U, npuueM onepaTopbl OrpaHHueHHs B % HMHAYLMPOBAHbI Ole-
paTOopaMu orpaHuueHns B JA.

Cucrema orobpawenutt Broxenus % (U)— A (U) onpenensier B 3T0M
c/lyude FOMOMOP(IH3M IYYKOB, KOTOPBLIA, OUEBHIHO, SBISETCA MOHOMOD-
pu3mon. TakuM 06pasoM, HaKpbIBalOllee NPOCTPAHCTBO %7 KAHOHHYECKH
OTOXKIECTBJSACTCSl C OMIKPbLMblM TOANPOCTPAHCTBOM B A.

SlcHO, ¢ Apyrofl CTOPOHBI, YTO BCSIKOE OTKPLITOE MOANPOCTPAHCTBO
B o{ sBJsieTCs HAaKPBIBAIOLINM TMPOCTPAHCTBOM Haia X M onpelenser
HeKOTOph moanyuox B of. (3aMeTuM, UTO MPOM3BOILHOE MOANPOCTPAH-
¢TBO npocrpaHcTBa o TakKe onpenedser HeKOTOphi nomnydok B A,
a MMeHHO NYy4YOK PpOCTKOB CeYeHHH €O 3HAYEHMAMH B TOM MOIINPO-
CTPAHCTBE; HO eC/H 3a[1aHHOE NONNPOCTPAHCTBO He SABASETCH OTKPHITHIM
B £, TO OHO He COBMalaeT C HAKPLIBAOUIHUM MPOCTPAHCTBOM, CBS3aH-
HBIM C ONpeje/ieHHBIM MM TMOANYYKOM.) B KoHeuHOM cueTe MNOHATUSA
MOANYYKd M OTKPHLITOr0 MOANMPOCTPAHCTBA NYYKa COBMANAIOT.

Ecian (l%’i)ielwxouewaﬂ COBOKYMHOCTb NMOANYYKOB B A, TO MOXKHO
ONpeleNnTb WX nepeceierue Kak I[epeceueHHe COOTBETCTBYIOLIMUX OT-
KpBIThX noanpocTpaHcts B Jf. [lyuok

#2=N#%
i€/
MOXHO OINpelesyuTh ¥ B CjAyuae, KOr[1a MHOXECTBO HHIeKkcoB [ 6Gecko-
HEYHO, MOJIOKHE [if KaXAOr0 OTKPHLITOro MHOxectea U B X

#U)y=[)#:)
ier
(BbIMO/IHEHHE AKCHOM INYUYKOB Jerko mnpoBepseTcs). OaHako B 9TOM cCay-
yae Yyie Heuab3sd INpeacTaBUTb % KdK TepeceyeHue OTKPLITbBIX B d{
NOANPOCTPAHCTB 97;; OH OYAeT TOJbKO BHYMPEHHOCMbI 3TOTO Mepe-
CedyeHHus.
[TycTb Tenepb 1aH roMOMOD{H3M NYUKOB

f:#—>A

Toraa ¢ TOYKM 3peHHsi HAKPLIBAIOUIMX NMPOCTPAHCTB f (%) eCcTh OTKPHITOE
NOANPOCTPAHCTBO, 4 CJIeL0BaTebHO, U MOANYYOK myuka Jf. Ilyuyox f (%)
Ha3bIBAIOT of6pa3om nyika % npu f. OueBunHo, uro f uHAyUUpYyeT
snumopdusm nyuka % Ha nyuok f(FF). Jlerko ybenutscs B -TOM,
yro f (%) MOXKHO ONpelejuTb ¥ KaK NYUYOK, ROPONCOeHHbLE NPeOnYLKOM

U—m|# (U) LD A ().
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1.9. ®axTOop-nyuKH.

[ycts oF — nyuyok MHOwecTB ¢ 6Gaso#t X. [NpennonoxuM. 410 A4
KaXIOr0 OTKPHITOrO MHO¥ecTBa U — X 3a1aHO OTHOLUEHUE SKBUBAJAEHT-
noctu R (U) B MuoxkecTBe oF (U). [oBOpPST, 4TO cHCTEMa 3TUX OTHOLIE-
HURt R (U) ecTb OTHOLIEHHE 3IKBUBAJEHTHOCTH B oF , eclH OHa yLOB~
JETBOPSAET CAEAYIOLLEMY YCJAOBMIO: IS TOro utobul §, ¢ € oF (U) Obian
9KBUBAJEHTHH OTHOocuTeabHo R (U), HeoOXO0AMMO M NOCTAaTOYHO, UYTOGLL
U mo¥HO 6bJIO MPeICTaBUTb B BHIe OOBenUMHEHUS TaKUX OTKPHITHIX
MHONecTB U;, uyTO I/ KaXIOro { OrpaHMyeHHs 3JEMEHTOB § M f Ha
U, 6blin sKkBUBAJEHTHH OTHOcuTeabHO R (U)).

IIpu BHINOJHEHUH 3TOTO YCJOBUA MOMHO BBECTH Ha ceMeilcTBe dak-
Top-MHOXKeCTB F (V)R (U) cTpyxtypy npednyira, onpeneiss ecTe-
CTBeHHEIM 06pa3oM 0TobpaneHus o (U)R(U)—>F (V)R (V) nas UV,
Onpeaenennsit TakuM 06pAsOM NpelNnyyoK YAOBJeTBOPseT axcuome (F1)
NyykoB, HO, BooOlle roBopsi, He ynosjersopsier (F2). O6osnauum
yepes oF [R NydoK, MOPOXKIEHHLIN STHM NpeanyuykoM [Tak uto F (U)/R (U)
B3aMMHO ONHO3HayHO BKiAanbiBaercs B (oF [R)(U)]. CucreMa kaHoHHye-
ckux orobpaweHut F (U)—>F (U)/R(U) mnosBoasieT ecTecTBEHHBIM
06pa3oM OTpeeUTb FOMOMOPH3M IYUKOB oF —> oF /R, KOTOpHIH fBAReTCH
anumopPusmon.

PaccMoTpuM, HanpuMep, roMoMop¢usM nyukoB f : of —> % U BO3bMeM
B A (U) B xadectBe R(U) OTHOLIeHHE SKBHBAJEHTHOCTH, KOTOpPOE ONpe-
neasiercs paseHcTBOM f(U)s= f(U)¢. Torna ykasanHble Bbie YCIOBHUS
BHI[JOJIHEHBl, ¥ (AaKTOpP-NYyYoK of/R KaHOHHYecKMM 00pasoM OTOXie-
creasercs ¢ f ().

1.10. Tpamoe mpou3BeneHHe My4KOB.

IycTs (Q‘?’i)igl*cemencmo Ny4ykoB Hal npocTpaHcTBOM X, Pac-
CMOTPUM MpeAMyyoK

U—JIF.),
i€l

oTo6paXkeHus OrpaHuyeHus Kortoporo ompenenexn mis U =V kak mnpo-
usBeneHus orobpaxenu#t orpanndenus oF ; (U)—F ;(V). Jror npeany-
YOK #BASETCS ~(PAKTUYECKH AY4KOoM MHONKeCTB. J[lelcTBuTenbHO, nycTh
(U,) — ceMeiCTBO OTKDBITHIX MHOMECTB, 06beLUHEHHE KOTOpHIX paBno U,
W MycThb AaHbl TAKHE 3JAEMEHTEI

Sx=(sn),-€,€i]EII5'.~(Ux),

Yr0 §3=s5, Ha u.n UP. Toraa nns kamaoro i CyIIecTByeT OJHO U
TOJILKO OJHO ceuyenue s;€E o ,(U), Kotopoe cosmamaer ¢ s, Ha U,,
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flcno, wuto S:(Sl-)iEI——elIPIHCTBCHHblVI saeMenT MHOwectBa IIoF (L),

KOTOPLIH Ha KawioM U, MHAyUMpYeT S, YTO M TpeBOBanOCh NOKA3aThb.
Tak omnpelnenenHbl#t nyyok 0603HauyaeTCs yepes

I+,

iel
M HABLIBAETCA MPAMbiM npoussedenuem RY4Ko8 oF ;. Ilyctb oF — 3TOT
ny4ok. Jlus KauIOro i KaHOHMYECKMM O6pasoM OnpenenseTcd OMOMOp-

$U3M NyuyKoOB
priiF —>F;

U TeM CaMbIM KAdHOHHYECKOe 0T06pa>xeﬂue
JmﬁgJM)
i

ps o060t Touku x. TlocienHee oTobpaxeHwe, QUEBUIHO, B3QUMHO OOHO-
3Ha4HO, HO, BOOOLle TrOBODs, He ABJAETCS OTOOpaKeHHEM Ha BCE MHO-

KECTBO: eC/H JJIS KaXI0ro i 3aJ1aH HEKOTOPHIM POCTOK CeueHUs MyuKa oF ;

B TOUYKe X, TO, BOOOIlEe rOBOpf, Hedb3d NPOJLOMKHTb STH POCTKU 00HO-
8peMeHHO HA HEKOTOPYIO OKPECTHOCTL TOYKHM X B X, ecau, pasymeercs, [
He KOHEYHO.

3aMeTHM, 4YTO MOHATHE NPAMOro NpousBeleHHs o6sanaerT CBOACTBOM
»YHUBEPCAAbHOCTH, T. €. €CJH 3aJaHbl FOMOMODP(HU3IMBI

fiidA—>F
TO CYLLECTBYET, H NPHUTOM TOJbKO OJHMH, TOMOMOp(dH3IM
f: df“’]EII 071»
12
TaKOW, 4TO

f,-—"—-pf,-°f

L kaxaoro (€ /.

1.11. UHRYKTUBHBIE Tpeaean! Ny4KOB.

[yctb (JX)XEA—CEMQHCTBO nyukoB Haj npoctpancteoMm X. Tlpen-
TOJIOKUM, BO-TIEPBLIX, YTO MHOXKECTBO MHIEKCOB A sBAseTCs Hanpas-
JEHHbIM, BO-BTOPBIX, YTO I8 KauAOH mapul A>p u3 A 3alaH romo-

MOpGHU3M NYYKOB
fﬁ P F > F
TaKo#, 4TO BbLINOJHEHBI CJeLyWOIHe YCJIOBHS TPAH3HTHBHOCTH:
— 1 — A .
=1L fi=frefy, ecmn h>u>o.

Torna MoXHO cielylOmUM 06pa3oM ONPELEIHTh MYy4OK

F = limind F ;.
A
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Ilna xawjaoro orkpuroro U roMoMopduaMel f;(U) MO3BOJSAIOT MOCTPOHTH
MHOXecTBO limind &, (U). Tak kak ana U >V amarpammsl Buia
X

X

7 -2 & )

£y
FH V) —"—>F, (V)

KOMMYTaTHBHBI, TO 418 U DV uMeercs kaHOHHUecKOe oToOpaxeHie

lim ind &, (U) — lim ind & ; (V).
A x

ITo3TOMYy MOXKHO paccMOTpeTb Apedny4ox
U — lim ind &7, (U).
A

[To onpeleneHHIo ¢F eCTb HYYOK, HOPOKAEHHBIH INOCTPOEHHBIM Tpej-

‘TYYKOM.
[Tpy MOMOLM KOMMO3HIHH €CTECTBEHHBIX OTOOpaxKeHHH
F 2 (U)—limind F, (U)
" )
limind o, (U) =& (V)
A

MBI MOXEM ONpeleHTb FOMOMOP(H3MEI NYYKOB
S e?’)\—> F
CO ChelyUmHM YCJIOBHEM COBMECTUMOCTH:
fr=r"f am 2>

3neck TaKXe HMEET MeCTO CBOHCTBO ,yHuBepcasbHOCTH®. TlycTh naHB
Takue roMOMOpPGU3MEL

hr 33\—) J,
“YTO- BbIMOJHEHO DPABEHCTBO
A b oA
B =h"cf, 11a rA>p
TOr4a CyWecTBYeT, U NPUTOM TOABKO OJUH, FOMOMOP(H3M

h:limind &, — A,
X

IJi1 KOTOpPOro HMEXT MeCTO paBEHCTBA

h*="ho f* nna mwoboro A.
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3aMeTUM, YTO MHOXECTBO oF (X) (C/OH Hal TOYKOR) MOXKHO onpenenmb
cnenyomnm ofpasom. IIpexne Bcero, oTo6paxeHus

) F () —>F (%)

YIOBNETBOPAIOT €CTECTBEHHBLIM YCJIOBUSIM TPAH3HTHBHOCTH H, cCJelOBa-
TeJbHO, Oﬂpe,ZLEJIHIOT KAaHOHHYECKOE 0T06pa)K6Hl/le

lim md oF 3 (x)—>F (x).

Aro orobpaxeHue HABAACTCA B3QAUMHO OOHO3HAHUABLM OMOOpAdCerueM
H@ oF (x). IleHCTBUTENBHO, B CHJIY CaMOM KOHCTPYKIHMH CJIOS B NMyuKe,
CBA33aHHOM C IIPEANY4YKOM, UMEEM

oF (x)=lim indlim ind G?’;(U)):lim ind <1im ind G?}(U)):
Udx k A A Udx
’ = lim ind %, (x),
A

YTO M yTBepkAanoch. Yutatenb Ges Tpyla NPOBEPUT, UTO oF KaK TOIO-
JOTHYECKOE MPOCTPAHCTBO eCTh WHAYKTHUBHBIY Ipeses] TONOJOTHYECKHX
NPOCTPAHCTB oF 3, T. €. HNOAMHOMECTBO B oF OTKPHITO TOTIa H TOJBKO
TOrId, KOTA4 BCE ero NOJHbE NPOo0Gpaspl NPH 0TOGpaKeHUsIX f* 1 oF ), —> oF
OTKPHITE B oF ;.

3aMeTHM TaKxke, YTO AMs KaX1OTO NOANPOCTPAHCTBA Y uza X umeer
MECTO KAHOHUYECKHP H30MOP(HU3M

oF | ¥ =Ilimind (F ;| ¥).
A

JlokasaTeJbCTBO 3TOro (pakTa ynoGHee BCEro NMPOBOLMTb C TOYKH 3peHUA
HAKPBIBAOW KX TIPOCTPAHCTB.

1.12. O6paTHplii 06pa3 myuyKa NPH HeNpPepPHIBHOM OTOGpaKEeHHH.

Mycte X u Y — 1Ba TOMOJOTHYECKHX TNPOCTPAHCTBA, [ — Hempe-
pHiBHOE oToGpaxeHue mpocrpanctsd X B Y, A U % — NYUKH MHOXKECTB
c 6a3amu X u Y cooTBeTCTBeHHO. MHb Gyl/ieM Ha3blBaTh 20MOMOPPHUIMOM
nyuxa A 6 B, cosmecmumnim ¢ f, Takoe Henpepvisnoe orobpawenue f
HaKPHIBAIOLLETO MPOCTPAHCTBA £ B HakpbiBaoliee NPOCTPAHCTBO %, 4TO
C/eAYIOUIas 1HarpaMMa KOMMyTaTUBHA

o

>

A
v
x-L

1(—&&

_)

ByneM roBopuTb Takwe, uto f ecTh f-zomomopguss mnyuka A B B.
lNokawxeM Tenepn, uyTo ecau aausl X, Y, f u %, TO CyllecTBYyeT

nyuok f* (%) vaa X u f-roMmomopdusm f.r (#)— %, Takue, ut0 BCsAKHH
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Jf-romomopduam A — F pasznaraeTcs B KOMIIO3ULHIO TOMOMOpduama f
M OJHO3HAYHO OMpefeleHHOTro romomopduama A — f*(#).

Mpemae Bcero ormeTuM, 4to ecau f/ : o — H ecTb f-romomopduam,
To 415 moboro ceveHus s € JA(U) orobpamente

s x—> f{s(x))

MHOXecTBa {J B HaKpbIBAIOLLee NPOCTPAHCTBO B ABJIACTCA HENpepbLiBHbLM,
npHueM

s (x)€ F(f (x)) ana awboro x € U. (%)

G6o3HauuM Tenepb ueped f* (4% )(U) MHOXeCTBO HenpephIBHBIX OTO-
G6paxenuti s’ : U — 4, y10BIeTBOPAIOINX TIpelpiaylieMy ycaosuio. Onpe-
[eJUB eCTeCTBeHHbIM 00Pa3oM ONepaTopbl OrpaHHYeHHs

F(#YU)—>(#)V)

A VU, Mul erko ybeauMcst B ToM, uto otobpawenue U — () (U)
3anaer nyworx muoxcecms f*(%) nan X. Hycts §' n s” — nBa ceuenus

nyuka f*(%) B OKpeCTHOCTH TOYKH x. [las TOro ytobbl POCTKH S’ (x)

W s (X)E S (P)(x) B TOUKe x COBMAaH, HeOOXOILHUMO M JOCTATOYHO,
yTOOH ~ OrpaHuyeHus QyHkuu# s’ u §” Ha HEKOTOpYIO OKpecTHOCcTb U
TOYKH X OblM TOXAecTBeHHbl. Clle10BaTeJbHO, LOMMKHO BBINOJHATHCA
paBeHCTBO

8" (x) = §" (x).

OGpaTHO, NpeanoJOXKUM, YTO MOC/AelHee YCA0BHe BhmoaHeHo. O6o-
3HAQUMM uyepe3 f HEKOTOpOe CeuyeHHe NyYKa % Hal OKpeCTHOCTbio V
Touk f(x), paenoe s’ (x)=s"(x) B Touke x. Tak kak f HenpepniBHO,
TO MOXHO IpelnoJaratb, 4yro s’ u s” ompeiesieHb B HEKOTOPOH Okpe-
ctHocty U Touku x, npuuem Ttaxkoff, uro f(U) = V. C apyro#i cropousi,
TaK Kaxk otobpawenus s’ u §”: U -—> % HenpepblBHBI U TaK KaK MHOMKeE-
cTBO ¢ (V) © 4 OTKpHITO, ec/H OTKPBITO V, TO COBOKYNMHOCTb Takux y € U,
yto 8" (¥) € ¢ (V) [coorBetcTBeHHO s” (y) € £ (V)] obpasyer okpectHOCTL U’
(cootBercTBenHo U”) touku x. [IpuHMMas BO BHUMaHHE yCJOBHe (%),
noaydaeM, uto s’ (y)=s"(y) B U’ N U". Caenosarenpuo, s’ (x) = s" (x).

M3 u3n0meHHOTO BHILE CAELYET, YTO CYLUECTBYET, H NMPHTOM TOJBKO
oAHO, oTobpawmeHnue f: f*(HF)—> %, Taxkoe, 4T0 AJa JI06OTO CEUYeHHUd S
nyuka f*(%) Hal HeKOTOPOHM OKPEeCTHOCTbI) TOYKM X BHIIOJHAETCA
paBeHCTBO

fs(x))=s(x).
Kpowme Toro, npelblayiide pacCyxAeHHs NOKA3bIBAIOT, YTO f HenpepbiBHO.
Tak kak f, oueBMAHO, COBMeCTHMO ¢ f, TO f ABAsercs f-roMoMopdH3MOM

nyuka f*(#) B F.

HenocpencreenHo nposepsieTcd, 4To AJA KaxaoH Touku x € X oOTo-
Opaxende f HHIYUHPYeT B3aMMHO OJHO3HAYHOE OTOGPaXKEHHE MHONKeE-
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ctBa f*(#F)(x) Ha B (f(x)). [eHcTBUTeIbHO, M3 NpeABAYUIHX pac-
CYXIeHu# ACHO, 4TO f B3aUMHO OLHO3HAYHO, H, CJELOBATENbHO, OCTAeTCH
NIOKa3aTh, YTO, KaKOBH Obl HU Oblin x € X M &€ F (f (x)), cywmectyer
TaKoe ceueHue s nyuka f*(%) Hal okpecTHOCTbIO U TOUKH X, 4TO
§(x)==>0. IlocTpouM AJd 3TOrO ceuyeHue { Myuka % Hal OKPECTHOCTbIO V
Toukn f(x), paBHoe b B Touke f (x). Iloaowum U= f~(V) u omnpe-
IeNUM § PaBeHCTBOM S="{o f.

dra KOHCTPYKIHSA, KPOMe TOI'O, MNOKAa3blBAaeT, UYTO AJ4a JI060ro or-
KPHITOro MHOXecTBa V w3 Y cCylLiecTByeT KaHOHHYeCKOe OTOOpaXKeHue
muokecrsa B (V) B f*(#)(f ™' (V)), coMectumoe ¢ oneparopamu orpa-
HUYEHHA. DTO OTOOpaXceHHe B3aUMHO OQHO3HAYHO, HO oTOOpaXkeHHeM Ha
BCE MHOXeCTBO fBJfAeTCH, BOOOLle roBOPs, TOJAbKO ,/OKAaJAbHO (B 3TOM
Aerko yO6elnTbCcd HA npumepe, B3AB X HECBA3HEIM, a Y COCTOAILMM H3
OIHOH TOuKH).

PaccmoTpuM, HakoHell, NpOW3BOAbHBIE f-romomopdusm f/: A —> B.
Conocrasum kaxaoMmy ceverntd s € o€ (U) orobpaxenne s’ : x — f/(s(x))
OTKpbiTOro MHOXecTBa U B 4. Mb moayuuM TeM CaMblM CeuyeHue
S € f*(#)(U). 310 HemocpencTBeHHQ onpeneaseT romomopdusm A —
— [*(%#), xoropuf B KoMnosuuuu ¢ f: f*(#F)—> £ naer f'.

[Tyuok f*(#) HasnBaerca ob6pamusin 06pa3om nyika % OmHO-
cumeavio f.

B xauecTBe mpuMepa oTMeTHM CJaefylOwHE pesyabrar. [Tycts X — npo-
cTpaHcTBO, Y — noanpoctpauctso B X u s — nyuok ¢ Gasoir X. Toraa
HHAYUMPOBAHHBLIH myuok of |V kanoHnuecku uzoMopdeH oOpaTHOMY
06pa3y myuxa £ TNpH KaHOHHYeCKOM BiaoxeHHn } — X,

1.13. llpamoit o6pa3 myuxa.

Tycts f : X — Y —HenpepriBHoe oTo6pasketie H f —Tyuok ¢ 6a3oh X.
OnpenenuM caeayiouuM obpasoM nyuok F = f(J£f) ¢ Gasonr V. [aa
BCAKOro OTKPHLITOro V < YV noaoxuM

BV)=A(/T W),
a a1a V/ < V" onpeneauMm otobpaxenue orpanuuenus & (V")— & (V)
kax orobpaxenue orpannuenus A{f (V")) — A(F (V")) Cosepierno
OYEBMAHO, YTO BCE AKCHOMbI NYYKOB BBITIOJHEHHI.

ByneMm rosoputh, 4t0 f (A) ectsh npamol o6pa3 nyika A omHO-
cumeavno f. Orobpawenue f — f (L) ABAseTCA, OUEBHAHO, KOBApUAHML-
HbiM  PYHKMOpOM, ONPeleSeHHbIM Ha KATerOpHW MydkoB ¢ Oasoh X,
CO 3HAayeHHAMHM B KATErOPHM MNyuyKoB ¢ Ga3dofi Y.

Mpl mpejnsaraeM uuTaTe/l0 B KaueCcTBe YNPAaKHEHHA H3YYHTb COOTHO-
[IEHHs MeXAy onepauuel B3sATHA NPAMOrO of6pasa M OmepalHel B3ATHA
obpaTtHoro o6pasa.
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2.1. MMyuykun xoJen.

B § 1 ra. | 6bi0° naHo o6luee onpejeneHde npeanyyka co sHade-
HUSIMU B NPOU3BOJBbHOH Kamezopui. Ecan KaTeropus TakoBa, 4YTO ee
O0DEKTH ABASIOTCH MHOdMCECmBamiL, a3 TOMOMOPOUIME OXHUX OOBLEKTOR
B ApYyrue COBNANalOT C OMOOpadiCeHusimu, TO MOXKHO, OUYEBHAHO, TOBO-
PHTb O AY4K@X CO 3HAYEHHAMH B ITOH KATEropuH.

Hanpumep, nydox rpynn uaa npocrpaHcTBoOM X (COOTBETCTBEHHO
nyyoxk abeseBhIX TPYNI, KOJeN, KOMMYTaTHBHBIX KOJel C elHHHUel
4 T. I.) ecTb npeanyyox ¢ 6asofft X W 3HAueHUAMU B KaTeropuyd rpynn
(cooTBercTBeHHO abeJeBbIX TPyNNn M T. J.), KOTOPHHE Kak NpelnydyoK
MHOXKECTB YIOBJETBOPSIET aKCHOMaM IyUYKOB.

Mycts A — nyyok kogen Han X. Torma aas Bcakoro otkpeitoro U
MuoxecTBa o (U) sBasiorca kodabuamu u aaa U>V oroGpaswenus orpa-
nauenus A (U)— A (V) asasorca roMoMopduamamu  xodaew. Orcioaa
CJaelyeT, yTO CJOH Han TOYKOH

A(x)=limind A (U)
JUE -

OynerT B npelefe KaHOHMYECKHMM 00pasoM CHAabweH CTPYKTYpOR KOJblLA.
Taxum 06pa3oM, Mepexo/s Ha TOUKY 3PeHHs HAKPHIBAKOILWX MPOCTPAHCTB,
Mbl MMeeM B o€ /Ba 3aKOHA KOMNO3uuMW: (4, V)—> 4+ u (4, V) — 4o,
KOTOpble OMmpeaesaeHkl JJIA  3JEMEHTOB, YAOBJETBOPAILUX YCJIOBHIO
P (#) = p(v), HHAYLHDYIOT HA KaXIOM caoe of(Xx) CTPYKTYpy KOJbla H,
KPOMe TOrO, Henpepwiguvi. Ecau s u f — nBa ceyenuss nyuka oL Han
OTKPHITHIM MHOXecTBOM U/, TO sdcHO, yTO St u St —93T0 ceueHun

X—>5(x)4£t(x) 1 x—>s(x)t(x).

Mpumep 2.1.1. Iycte A — ¢puxcupoBaHHoe KoJbno. Ilpocroit nmy-
yoK ¢ 6a3o#t X u cjoeM A sABAfieTCH, OuYEBHUIHO, NMYYKOM KoJjeu. STOT
Ny4yoKk MBI OOGBIYHO OyleM OTOXKIECTBJAATH C CAMHM KOJbLOM A.

[Ipumep 2.1.2. Ecam X — Tomosoruyeckoe npoCTPAHCTBO (COOT-
BETCTBEHHO AudipepeHLHPyeMOe HAH KOMIJEKCHOe aHaJMTHYeCKOoe MHOro-
0o6pasne), TO Ny4OK POCTKOB HempepbiBHBIX (COOTBETCTBEHHO AuddepeH-
HUPYEMHX HAH TojJOMOPdHBIX) yHkuu#h nHa X ouesuinbiM 00pazom
ABJSETCH NMyUYKOM KOJIell, ’
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MMpumep 2.1.3. [lyctb A — KOMMYTaTHBHOE KOJIbUO C elHHHUEH,
Wnean p == A HasblBaeTCd npocmotm, ecan Koapuo Afp ects 067acThb
UeJOCTHOCTH.  Hanomwum, uro ecam & — mueans, OTAHYHBLIH oOT A, TO
NepeceyeHne NPOCTHX HACAAOB, CONEPNKALMX W, COCTOHT M3 Tex x € A,
IJ51 KOTOPBIX X" € ( NIpH HEKOTOPOM LEJOM A.

Tlycte X = Q(A4) — MHOKECTBO BCeX MNPOCTBIX HAEAIOB KOJbua A
(,pocTo# crnekTp“ koamua A). Bpemem na X TONOJOrHiO (,TONOJIOrHIO
3apuckoro“), mNpuUHUMas 33 3AMKHYmbie MHOXKECTBA Te I[0JMHOXECTBa
u3 X, kotopsie umeT Bua F (a), rae F (a) — COBOKYNHOCTb BCEX HPO-
CTHIX HJ1€ajoB, COLepXAallMX 3aJaHHBIE HAea] a. Breimoanumocts akcuom
TONOJOrUYECKNX NPOCTPEHCTB TPHBMAJAbHO CleayeT u3 dopmya

NF@)=F(Za), F@QUF ®)=F @no).

Ins mpocTOTH TPeanonokuM, HTO A— 06.4acmb  UEA0CMHOCMU.
B stoMm cayuae nepecewenue aw0buxX 08YX HENYCMolX OMKPuIMbIX MHO-
acecms He nycmo. JetictButensHo, ecmn F()UF (h)=X, to anb
COLEPKHUTCA BO BCAKOM NPOCTOM HIease M3 A M, C/elOBaTe/bHO, paBeH
Hy/M0, a Toria no kpafiHe® Mepe OIMH U3 MAeaJoB a, b paBen HyJ0.

OunpenenuM Tenepb ny4ox Kxosey Han X chielyiowiuMm oGpasoM.
-Mycrs K — noae oruoweHu# koapua A W p-—upocroft ujean B A.
O6osHaunm uyepes A, MHOKECTBO 35JeMeHTOB Noas K, HpelCTaBUMBIX

B BULe X[y, rle x, yEA u yép. Koabuo Ay, o6ianaer eAHHCTBEHHBIM
MaKCHMaJIbHBIM HAaeanoM P - Ay. IJaa BCAKOrO HEMYCTOrO0 OTKPHLITOrO B X

MHOxecTBa U monoxum
U{(U):n A,

1%
u onpeneauM pias U>DV orobpaxenue orpannuenus A (U)— A (V) kak
TOMXIECTBEHHOE OTOOpaXKeHHe, YTO MMeeT CMbIC/, IOCKOJbKY, OueBHAHO,
AWy A V). Noaoxnm A (¢)==0. [La1a Toro uro6s npoBepUTh aKCH-
OMBI Ty4KOB, PaccMOTpuM ceMe#cTso (U)); ., HeMyCTHIX OTKPHTHIX MHO-
wecTs, oObeauneHue KoTOpux pasHo U, u rakue s,€ A (U)), uto aas

moGbIX § ¥ j OrpanuyeHust sjaemeHtos §; u §; Ha U;( U; cosnanamor.

Tax wak U;NU; ne nycto, TO 3neMeHT §; u3 K He 3aBUCHT OT (.
Takum o6pasoM, CyllecTBYeT, U HPHTOM eAHHCTBEHHBIM, 3JeMEHT

s€AW)=[) A W),
iel
KoTOpH#t ,unayuupyer* §; Ha kawxaom U;. Tem cambim 10Ka3aHo, YTO
koabua € (U) o6pasyoT Hal X Hyuyok Komel.

YKasaHHbIH BBILE NYYOK MOXKHO Dealu3oBaThb, KPOMe TOro, Kak my-
4ok poctkoB ¢yukuuit na X. Iycte f-—saement us K. Byzem roso-
pute, yto f onpedesen 8 mouxe pE X, ecau fE€ Ay Jlerko mpose-
pseTcs, uTo MHOxecTBO D (f) Touek, B KOTOpbIX f onpeneneu, omipsimo
B X (4ns LOKasaTeJbCTBa AOCTATOYHO paccMoTpeTs B A naeasn, cOCTOf-

10 P. T'ocaeman
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WKA M3 Tex g, Ana koTopuix gf € A). Ecau f onpenened B p, TO 3Ha-
yenueM saeMenma f 8 mouxe ) HazoBeM 00pas 3sseMenta f B InoJe
K (1) = Ay/p - Ay,

KOTOPOE OTOMAeCTBJAAETCH C 10/1eM OTHOLIEHHA 061aCTH ILeNOCTHOCTH Afp.
Taxum 06pasoM. MBl MOCTAaRHAM B cooTmercTsue KawaoMy fE€ K ¢yuk-
ILMI0, ONpelefieHHYI0 HA4 OTKPHITOM MHOxecTBe D (f) M NMPHHUMAWOMIYIO
gHaueHus B noasx K () (3aBucsamiux ot Touku D). Scho, uro A (L)
npeactaBiseT cobO# He 4YTO HHOE, KaK KOJbLO 3JeMeutoB f & K, KOTO-

pvie onpeneneHbl B Kaxio#t Touke U,

3aMeTHM, YTO COBOKYIMHOCTb Tex 3JemeHTOB f € K, KOTOpbe ompe-
nerensl Ha Bcem X, cosnamaer ¢ A. Jlpyrumu cioBamu, A spasercs
nepeceyeHueM BCeX J/OKaMbHBIX KoJjel A, (MOXHO Aaxe OrpaHHYMTbCA
TOMbKO MAKCUMQAbHBLMI WAealaMh P), B ueM Jerko ybGenHTbCs Heno-
cpeacteenHo. boaee Toro, Tak Kak rnepeceyeHue BCeX INPOCTHIX HMAea/ 0B
KOJbLA A paBHO HYyJIO, TO Mbl BHAMM, YTO COOTBETCTBHE MEXLy 3Jie-
mentaMu f € K n dyukuusMu p — f(p) Ha X B83aUMHO OOHO3HAYUHO.

HakoHel, 3ameTHM, YTO Jerko HaWTH KOablLO £ (P), BLIUMCIUB UHAYK-
Tusubiit npefea konew of(U), korma U npoGeraer HanpaBieHHOE MHO-
’KECTBO OTKPHITBIX OKPeCTHOCTeH TOYKM Pp. DTOT npened, OUeBHIHO, pa-
BeH noaxoJasuy noJs K, noaydenHomy obbennnenueM Bcex o4 (U), rae
U 3p. Ho yxasannoe o6beanHeHde cOBNalaeT ¢ JOKAJIbHBIM KOJBUOM Ay,
IMpexae Bcero, £ (p), oueBHIHO, colepxutcs B A, C Ipyroft cTopoHHl,
Beakui f € A, npunanaexur sekoropomy A (U) — 011 3TOro 40CTaToOuHO
noaoxute U == D (f). Ha 3ToM ocHOBanuu Mbi GyaeM HasbiBaTh € ny4-
KOM AOKQAbHBLX KOAel Had X, '

Mpumep 2.1.4. (Anrebpanyeckue MHOroo6pasus.) KoHcTpykumus,
paccMOTpeHHasl Bbllle, C HECYMIECTBEHHLIMM H3MEHEHHSMH TIPUBOIMT
K OINpeleleHWIO NMy4Ka JOKAaJbHLIX KOJell Hal NPOU3BOJbHBIM q.r2ebpai-
decKuM MHO2005pas3ues. Hanomuus cHauana, caenys lleanae 1), onpe-
nejeHue ajrebpanyeckoro MHorooOpasus.

Mpexae Bcero HaM MOHanoGsTCs caelyollue onpenenerus. Kommy-
TATUBHOE KOJbLO C eAHHHIEN A HA3LIBAT LOKAALHHLM KOALKOM, eCan A
061anaeT eNMHCTBEHHBIM MaKCUMaJbHHIM K/€ajioM, KOTOpHH Mbl Oyrem
o6osnauate yepes r(A). Ilycte A u B> A—nokajbHble KOJbLA. [0BODAT,
yro B domunupyem nag A, ecan tv(A)= ANr(B). Hakoneu, asa jio-
KaJbHEIX KOJIbLA, COJepKaulMecs B OLHOM W TOM xe ionie K, Ha3bi-
BAOTCS podcmeennbtmt, ecan B K CyliecTByeT Takoe JOKaJlbHOE KObUO,
KOTOpOe IOMUHMpYeT ¥ Han A, u Han 5. IJTO 03HayaeT, 4TO B mnol-
kosblle C noas K, mnopoxieHHOM A u B, unean, nopoxieHHb# t(A)
u t(B), orauuen or C.

PaccMoTpuM Tenepb mnoJde R, koropoe OyneM CYUTaTh AJAA NMPOCTOTH
aare6pavyecKu 3aMKHYTHIM, H NycTb K — pacuiMpenue KOHEYHOrO THIa

Y Chevalley C., Sur la notion de variété algébrique, Nagoya Math. J,,

6 (1955), 1.
Cartan H —~Chevalley C., Séminaire E. N. S, 1955—1956.
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noass k, 1. e. K=~R(x, ..., x,). lloakoabuo A u3 K, conepxatuiee &,
6yneM HasLBaThb agiunHOL aze6pod, eClN CYWECTBYIOT TakWe y, ...
..., V€A, uro A KaK MNOJKOJBIIO MOPOKAAETCH TOJAEM K U 3JeMeH-
TaM® y;, M ecau, Kpome Toro, K ecTb MoJje OTHOWEHHH KoAbla A.

HasoseM wmecmom pacumpenus K/kR a1w060e Jd0KaabHOe KOJbILO
BHAA Aw, rie A—addunnas anrebpa, a 1t — MAKCHMAJbHbLIA Huean
koapua A. HamomuuMm (,TeopeMa O HyJfax“), 4TO W 00s3aTe/qbHO fB-
JseTCsl SApPOM HeKOToporo romomopdusama kojbua A Ha k.

Aazebpauseckun mnozoobpasuem nad k, umeowun K 8 kavecmse
noan (PYHKyuH, HABLBAIOT MHOKECTBO X, CHabKeHHOe CTPYKTypolt,
KOTOpas onpeleiseTcs 3alaHueM M4 Kaxaoro x€ X HekoToporo
secma O (x) noas K npu BHITOJHEHHU CAEIYIOUIHX aKCHOM:

(VA1) Mecma O (x) u O(y) podcmseHHbl mMOabKO 8 MOM Caydde,
Ko020a x =Y. .

(VA2) B K cywecmsyem maxkoli KOHe4Hbll Habop adunnbix
anzebp A;, amo muoocecmso mecm O (x)(x € X) cosnadaem ¢ MHO-
scecmson mecm noan K, onpedeaennsix MmarncumasvHulmy udeasamu
Kozey A,

Has npousBoabHOro x € X ofo3HauHM deped N (X) eLHHCTBEHHbIH
MakcHMaabHbill uaeasa B O (x). Torna MOXHO KaHOHUYECKH OTOXIECTBUTbL R
¢ noaem O (x)/m(x). FoBopar, uro fE€ K onpedeaen 8 mouxe x, eciu
fE€O(x). B aTom cayuae cyulectByeT Tako#h f (x)€ &, uro

f=f(x) modm(x).

AaeMeHT f (x) HA3LIBAIOT 3Hadenltem asemernma f 8 moyxe x. Hakoneun,
o6o3HauuM yepea D (f) MHOxecTBO Bcex Tex x & X, B KOTOpHIX Olpe-
neqed agaemedT f. Takum o6pasoM, scaxuft f € K unayumpyer ortobpa-
wenue D (f)— k£, KoTopoe, Kak Jerko BHUIAETb, B3aMMHO OJHO3HAYHO
- onpeneneHo 3neMeHToM f. Tounee, ecou f, g€ K u f(x)=g(x) Ann
aoboro xED(HND(g), 10 f=g. Pyuxuun, onpeleieHHvle HALIUM
€1oco60M Ha HEKOTOPHIX MOAMHOXKECTBaX MHOrooOpa3us X, Has3blBalOTCA
PayuoHaLbHbi MY PYHKGUAML Ha X. _

KpoMe Toro, X MOXHO cHaGAMTb mono.ozued, BHIOPaB B KauecTBe
OTKPHITBIX B X MHOXECTB Te, KOTOpble [PEeACTaB/IA0T coOoH o6belnHe-

HHe MHOXECTB BHIAA
D(f])n e nD(fn)'

Jlerko y6enuThcs B TOM, UTO BCAKAA Y6bl8AIOMWASL NOCAEO08AMEABHOCTD
SQAMKHYMBLX MHOJNCECM8 CMAYUOHAPHA U, KpoMe TOro, 4ro 084 He-
nycmelx OMKPLLMbIX MHONCECMBQ 8Ce20a NepeceKaiOMcs N0 HEnYCMomy
MHooicecmsy 1).

) 310 cBo#cTBO aare6pamueckux MHorooOpasufi HasmiBaeTcs Henpugodu-
Mocmero. Boobie, Tonosoruyeckoe NPOCTPAHCTBO HAa3BIBAETCS HENPUBOOUMbBLM,
ecay Ao6He 1Ba €70 HEMYCTHIX OTKPHITHIX MHOMECTBA HMEIOT HEMyCToe mnepece-
YEeHHe HAH, YTO SKBHUBAJEHTHO, €CJIH €ro Heab3s NpeJCTaBUTbh B BHAE OODbEAH-
HEHHA JBYX COOGCTBEHHBIX 3aMKHYTBHIX NOAMHOKECTB. — [IpuXx. ped.
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Han npocrpancTBoM X MOXKHO ONpefeluTs AY40ic Koy G Cilelyw-
wumM o6pasom. aa kawxaoro orkpeiroro B X MHomecTBa U mnpuMeM sa
6 (U) muoxecrso Tex fE€K, nas koropeix D(f)D U, T. e. nonoxum

6(U)y= ) 0 ().

xclU

a 3a romomopdusm orpanuuenus 6(U)— G (V) (uin U V) npumem
Bioxenne koJoua 6 (U) 8 6(V)>6(U). He npencrasaser nukakux 3a-
TpyAHEHHH TIMPOBEPHTL, YTO AKCHOMEI MYYKOB BHIIOJHEHB W YTO CJOH
Han TOYKOH x myuka 6 cosnazaeT ¢ JOKaabubiM KoJploM O (X).

OueBHAHO, YTO €CJIM ONpeleJeHHbt HAa OTKPHITOM MHOKecTBe U
aneMeHT f & K npuHuMaeT B KamIOW Touke MHOxecTBa U 3Hauenwme,
pasuoe 0, To f=0. Orciona caeayer, uro 6 (U) MOXHO OTOXKIECTBHTH
C MHOXecTBOM oOToBpaxenn#t U --» k, KOTOpHE MHAYIMPOBAHLI DPaluoO-
BanbHEIMW (QYHKUMAME Ha X, ONpelejeHHBIME N[O Kpaftue#t Mepe wa U.
Takum 06pa3oM, MOXKHO pAaccMaTpHBaTh 6 KaK HEKOTODHIH HOANYYOK
nyuka POCTKOB oToOpaxkeHHH npoctpanctBa X B K.

2.2, Moayau Haj My4YKOM KoJeil.

[Mycrs A -—ny4yox KoJel Hal TOMOJOTMYECKHM INPOCTPAHCTBOM X.
Jesoim A-modyaem OGynem HasbiBaTh BCAKUH MYyUOK MHOMKECTB % Han X
CO caenyiolte#t CTPYKTypoH: AJIf KaXIOrO OTKPHITOro MHOxecTBa [ Ha
MHoxectBe & (U) 3anana cTpyKTypa JeBOro Monyis Haa koJabnoMm £ (U),
npuueM maa VU orobpawenue orpanuyedns Z(U)—> # (V) as-
JsieTcs ToMoMoppU3MOM MOLysel, COBMECTHMBIM C TOMOMOPQH3IMOM KOJel
AU — A V).

OueBuaHO, TOT K€ pe3yJbTaT MOAYYUTCH, €CAH PaccMOTpeTb Ha X
npoussesenus nydkos F X Z u AX ¥ (n. 1.10) 4 3a1ath Taxue
romomopdusMel X F—> P u ANX F—_F 0yukOB MHONKECTB,
yTo TpH J060oM x & X noJayudawolnecs H3 HUX oTobpaxeHus _F (x) X
X F(x)—> . P(x) 1 A(x) X _Z(x)—> _F(x) onpeneasioT Ha _F (x)
CTPYKTYpPy JI€BOTO MOZLyast Hal KoJbloM A (x).

Ecan A —npocro#t nyyok c Gaso#t X, cioeM KOTOPOro sBAseTCS
KoJbo A, TO seBble Jf-MORynH Ham X — 5TO He YTO HHOE, KaK IyUYKH
Haa X CO 3HayeHHsIMH B KaTeropuu jesbix A-Mmony.efl. .

MMycte % u o#f—nasa aesbix JA-moayas. ‘Tomomoppuamon
[ . Z —off Gyiem HasHBATh TaKoH roMoMODdUSM MyYKOB MHONKECTB, UTO
LI KAKIOTO OTKpuToro Muoxectsa U orobpaxenue f(U): ¥ (U)—
— oM (U) sBaserca romomopdusmom JaeBbix A (U)-monyiet. Mbl noay-
ypM, BIIpOYeM, TO ke camoe, Tpebys, yToObl mag Kamaol TodkH X € X
otobpamenue f(x): & (x) —>o#(x) aBALIOCH TOMOMOD(HUIMOM JeBbIX
J (x)-Monyned. Onpenenss ecTeCTBEHHHIM 06PasoM CyMmy IBYX TOMO-
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MOpGH3MOB nqua .9 B off, nonyyaeM Ha MHOXeECTBe

Hom , (&, o)

roMoMopdH3MOB nyuka & B ol CTPYKTYpYy aberegoli zpynnsi. Tem ca-
MBIM COBOKYIHOCTb BCeX JeBHX -MOAy/JeH MOXHO paccMaTPUBaTh Kak
addumusnuyw rKamezopuw. Mbl yBHIMM, YTO OHA ABJAAETCA B AeHCTBHU-
TeJbHOCTH abeJieBOH KaTeropuet.

C npyro#t cToponw, Aas nByx JeBwix of-MonyneR % u off MOnHO
ONpENeNUTh RYLOK

¥om (2, M)

pPOCTKOB roMoMopthusMoBs nyuka & B off, paccMoTpeB (cM. 1. 1.7) oTo-

Opaxenus
U—>Hom, ,(Z|U, of|U).

Mbl TOJAYUHM TIPH 3TOM Nyuyok abeseBbIX TPYMI, CeUYEHHA KOTOPOTO Haj
BceM X COBMagaiT ¢ roMmomopdusvamu nyuka &P B off. Ecam nyuok
koJel, KOMMymamuges, TO JerKO BUAETH, YTO B IIY4YOK Momﬂ (Z, o)
BBOLNTCS eCTeCTBEHHBIM 06pa3’oM CTPYKTypa Jf-Monyasi. 3TO MOXHO cle-
JaTh ¥ B Gojee obiieM cJayyae, koraa _9 M off — neBve oJf-Monyuw,
a & cHabieH, KpOMe TOro, CTPyKTypo# mpasoro ~E-Monéy.s, ,mepe-
CTaHOBOYHON® ¢ ero CTPYKTYpo# JeBoro Jf-Monyns.

Hanpumep, ecan o€ -—nyyok kosew ¢ eluHuleH, TO AJS BCAKOTO
J€BOTO E-MOAy/Isl & uMeeT MecTO KaHOHMYeCKMH H3OMOpGH3M JeBbiX
JA-Monyneh

¥om , (A, . P)=.2.

Jlns ycTaHOBJIEHHs STOTO H30MOpPdH3Ma 3aMeTHM, YTO TOMOMOPPU3MbI
| U-> 2| U B3aUMHO ONHO3HAYHO COOTBETCTBYIOT 3JEMEHTAM MOLY.d
L (U) — n0cTaToOYHO COMOCTABHTh TAKOMy roMoMopdusMy [ ceueHne
nyuka _%, KOTOpoe sBpjdercd o0pa3sOM eIHHHYHOTO CeueHHs Nyuka A
Han U npu romomopdusme f.

[Tpumep 2.2.1. Ilycte X — nuddepeHuupyemoe MHOroobpasue u
E—wMnoroo6pasue, apasiioweecsi pacca0OeHHBIM MPOCTPAHCTBOM ¢ Gasolt X,
CJ0# KOTOpOrO €CTb BelieCTBeHHOe BeKTOpPHOE HPOCTPAHCTBO KOHEUHOH
pasmepHocTH. Toraa nyuyok pocTkoB NH(pepeHUHPYeMBIX CeYeHHH pac-
cioenns E MOXHO paccMaTpHBaThb KAK MONY/b Hal NMYYKOM POCTKOB
tuddepenHuupyeMpx GyHkiu# Ha X,

2.3. Moamonyaun u daKTOP-MOLYJIH.

Mycts A —nyuok kosew ¢ 6asoh X u _P— nesnift A-Monyib.
ITodmodysem B P HazoBeM BCAKMH NOANYYOK & B &%, B KOTOPOM
LIS KaXAOTO X MHOXeCTBO ¥/ (X)) & (x) sBasercs oA (x)-noaMony-
aeM B % (x). OueBuIHO, YTO LIS KaXIOrO OTKPHITOro MHOmecTsa U
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muomectBo P (U) saBaserca oA (U)-noamonynem B % (U). Ciaenosa-
TENbHO, %’ MOMHO ecTecTBeHHbHIM 06pasoM CHaGIUTb CTPYKTYpO# Je-
BOTO o£-MOLy/s, KOTOPAs BMOJHE XAPAKTEPU3YETCH TeM, YTO KAHOHMYe-
cKkult roMoMOpU3M P’ — ¥ COBMECTHM C ajareGpaMueCcKUMH CTPYKTY-
pamu B ¥ u L.

Onpenenum Ttenepb gaxmop-mooyae P"= ¥/ ¥’. Hdaa 310ro
BBeJeM- OTHOuIeHHe 3KBUBajeHTHOCTH R (U) B Z (U) aas mwoboro or-
KkpoiToro B X MHoxectBa U, mosoxus s =¢ mod R (U) Toraa u T0abXKO
Toraa, koraa s==tmod &’ (U). Jlerko nposepsercs, 4To ycjaosus m. 1.9
BLITOJHEHET M HTO, C/el10BaTe/bHO, MOMHO OIpeleNUTb MYU10K MHOMXECTB
“#[R. HanoMuuM, uTO 1O Ompere/ieHHI0 3TOT MNYYOK MOPOXKJAAETCs Mpen-

TY4KOM
U—2U)/RU)=2U)Z {U).

Tak kax WMHAYKTUBHHIH Mpeses TOUHBIX TOCJAELOBATEIbHOCTEH ecTb TOY-
Haf TOCAeNOBATENbHOCTb, TO, OUYEBHAHO, HMEIOT MeCTO ClelLyiolide
KaHOHUYECKHe HU30MOPPHU3MbI

L () =2 (0L (%),

Tak uro nas awoboro x Ha _P7(Xx) onpeneneHa CTPYKTypa JeBOTO
J(x)-moayas. DTO MO3BOJAET CUMTATh 7 JNeBHIM JE-MOLYJEM, U MBI,
TakuM oGpa3oM, TOJTyuaeM MCKOMBIH Jf-Monyab P/ .P’. OuesuaHo, 4ro
cTpyKTypa Jesoro JA-moayias Ha _P” BHoaHe ompelenseTcd TpeGosa-
HUeM, YTOObl KaHOHUUECKHUH TrOMOMOpP(PU3M NYYKOB MHOXKECTB & — P7
6bl1 TOMOMOPHU3MOM f -MOAyJIeH.

Eciau paccMaTpuBaTh Ha nyuke _% = of KaHOHHMYECKYIO CTPYKTYPY
aAeBoro oA-monyasi, 10 A-NOIMOLYNM MOLYJAA & HA3LIBAWTCS RY4KAMU
negblx udeas08 Haa X.

Mpumep 2.3.1. TIlyctb X — TONOJOrHYecKoe MPOCTPAHCTBO,
A—koablo ¥ Jf— npocTo#t myuok ¢ 6asoit X u ciaoem A. IlycTb
% —nyuok uieanos B €. Tak kak of (x) MOXKHO KAHOHMUYECKH OTOXKIE-
CTBUTL ¢ A, T0 Ha ujealbl _% (X) MOXHO CMOTPeTb KaK Ha HIeasbl
B koable A. Ho Tak kak ceuenus nyuka of, a c/l1eloBarte/ibHO, U &P
npescTaBasdiorT cO60H J0KanbHO MOCTOSHHbIE (QYHKUHHN CO 3HAYEHUAMH B A,
TO ceMmelcTBO HAeanoB _¥ (x) koJsbua A o6JanaeT CAELyIOLIMM CBOH-
CTBOM: 04 KadXHCO020 A€ A MHOJNCECMBO BCex MeX 3iemenmos x € X,
das komopux a4 € _F(x), asafemcs omxpuimuim 8 X. ITO cBOKCTBO
8noHe onpedessem TyuKH UAeajoB.

Eciu A wuémeposo ciaepal), TO M3 YKa3aHHOTO CBOWHCTBA Jerko
NoJy4aeM CJedylouui peayabTar: A KaX[IOro JeBoro Hieata a B A
COBOKYMHOCTb TeX X, IJd KOTOPBbIX aC % (x), SBJSETCH OTKPLITHIM

) Koabuo Ha3biBaeTCsi HETEPOBBIM CJaeBa, €CJH BCAKHH ero JeBwll uaean
HMeeT KOHeuHBH 6asuc. — [Tpunm. peod.
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MHOXeCTBOM B X. 3TO MOXHO BBHIPA3UTb TaKme CJAELYIOWHM 0OpPasoOM:
AJsg a1060ro X Mbi HMeeM

Zx)c Y

LI BCEX Y, NOCTATOYHO OMH3KHX K X.

B uacTHOoCTH, BO3bMeM B KayecTBe A KoJbUO Z UeHX pAalLHOHAAb-
HbIX uyHcea. Mapeann koabua Z B3aMMHO ONHO3HAYHO COOTBETCTBYIOT lle-
JAbIM MOJOKHTEAbHBIM UYMCAAM. 3HAYUT, B 9TOM CJy4Yae NyYKH HIeaJoB
COOTBETCTBYIOT GYHKUHAM X -—>7(X), NPHHUMAIOLWIUM LleJble HeoTpHLd-
Te/JbHbIE 3HAYEHAS M YAOBJAETBOPSIOWIUM CJACIYIOLIEMY YCJAOBHIO:! 0.5
scex y, 00CMAMOUHO OAUSKUX K X, YeA0e Hucio n(x) Oeauncs Ha
n(y). 3aMeTHM, 4TO AJS KAXKAOrO 1ea0ro n > 0 MHOXKECTBO TexX X, Aas
KOTOPLIX #(x) Aeautr n, oTkpurto. CienoBaTelbHO. ecad X KBA3UKOM-
naktHo (T. €. ynOBJeTBOpsieT akcuoMe Dopeas — JleGera), To dyHkuus
n(X) NPpUHUMAET JHWb KOHeYHOe YUCJAO pAa3JUYHbIX 3HAYEHHH.

Mpumep 2.3.2. llycte X — anreGpanuyeckoe MHoroo6paszue Hag
anrebpanyecKy 3aMKHYTHM MoJeM R, K — no/e pauHOHaAbHBIX (PYHKUHK
Ha X 1 6 — nyuyoK JOKadbHuIX KoJjell Hax X (cM. npumep 2.1.4). [lo-
cTapaeMcsi ONHCAaTb Bce my4ykd HueanoB B 6. [lyctb § — HeKOTOpBIH
NyYoK HIeatoB B 6; Toraia & (x) siBAsSeTcHs uLeaqoM KoJpla 6 (x)
g aoboro x € X. TlosToMy 3amaua cBOAMTCH K TOMY, uTOOb HaiTH
yCJAOBHs, NPH KOTOPHIX 3alaHHe NJAF KaXILOro x HAealda g (Xx) JOKaldb-
HOro KoJabua 6(x) onpeneiser myyoxk uaeanos Haa X. Tak kak 3Ta
3alaya uMeeT, OYCBHAHO, JOKAAbHBIH XapaKTep, TO MOXKHO MPEANC.I0OKHTD,
yTO0 MHOroodpasue X aggunno, T. e. B K cyuecTByeT Takas apduHHAs
amrebpa A= 0 (X), uTO COBOKYyNHOCTb KoOJeu 6 (X) eCTb COBOKYIHOCTb
JOKaAbHLIX Koael Ay, rie m npo6eraeT MHOXeCTBO MaKCHManbHHIX HIe-
anoB konabua A. O603HauuM 4Yepes M (x) Haeal, COOTBETCTBYIOLIUH TOUKE X
(T. €. MHOXECTBO PAaLUOHANbHBLIX (YHKUKHK, OmNpeleseHHbIX HAa Bcem X
H OOpallialiiuxcd B HyJb B TOUKe Xx). B CHAy 3.1eMEHTapHbIX CBOHCTB
KOJlell OTHOWeHHR Hlead & (x) B G (x) NOpOKAAETCH HEKOTOPHIM HLEAIOM
U3 A, a uMeHHo HueadoM a(x)= A} & (x). Bmecre ¢ TeM KoJIbUO A
HETEPOBO, NMOTOMY YTO OHO HMeeT KOHEYHOE 4YHCJI0 o0pasylouHXx Hal R.
duxcupyem HeKoTOpyw Touky x € X u oyukuud f;(1 i< n), nopo-
KAAOWHe ufean a(x). Paccmarpusas dynkuuu f; kak ceueHus nyuka 6
Hal X, Mbl BHAMM, YTO ROPOXAEHHble HMH POCTKH CeYeHHH B TOUKE X
npuHanaexar K & (x). 3HAYMT, ecAM Yy JAOCTATOYHO OJM3KA K TOYKE X,
TO POCTKH cevyeHuit nyuka G, onpelejeHHsie QYHKIHAMH [f; B TOUKe Yy,
TaKke npuHamaexar k g (y). 2710, OueBHAHO, O3HauaeT. yTo f,E a(y)
oAy, [NOCTaTOYHO Oau3kux K x. Jipyrumu cJjoBaMu, Mbi  HMeeM
a(x)ca(y), xoraa y NOCTaTOYHO OJIM3KAa K TOUKE X.

[Tpumep 2.3.3. (luBu30pH H2 KOMIJIEKCHOM 3HANUTHYECKOM MHOTO-
obpasun.) Ilycte X — KoMmsiexcHOe aHa/JIMTHYECKOe MHOrooGpasue H
0 — ny4yok pocTKOB rouoMopdHbix ¢yHkuu#t Ha X. Tax kak aas
moboro x € X koabuo G (x) He uMeeT feauTes]ed Hy/s, TO MOXHO
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paccMOTpeTb ero noje OTHOWEHUH o (x). Ha cymme o MuOXeCTB o (X)
onpeie/qHM CTPYKTypy nyuka c 6azoft X, morpe6oBas, uTo6bl 0TOGpa)KeHue
x —> f(x)/g (x) 6b10 ceuenneM myuka o/ Hap OTKPLITHIM B X MHOe-
crBoM U, ecan f u g-—ceuenns nyuka 6 wan U, nmpuuem g(x)=#0
g mboro x € U. [3amernMm, uyTO dYeped g (x) Mbl 0603HauaeM 3aech
pocmox QyHKUHM g B TOUKE X, a HE 3Ha4eHue ronoMoppHOR GYHKUHH g
. B Touke x.] ToBopsar, uro off eCTb nY4OK pOCMKO8 MepOMOPHHLLX
Pyuryuii wa X. CeueHue nyuka of HaA OTKPHITHM MHOKecTBOM U
ABJAAETCH 10 onpeleneHuo MepoMopdHo# dyHkuued Ha U.

OueBHAHO, 4TO off — NMYyYOK KOMMYTATHBHHLIX KOJeElL H 6 — TOANyUYOK
nyuka off. Jlas BCAKOrO OTKPHITOro MHOxectBa U 06osHauum wuepes
o#*(U) (coorBercTBenno G6*(U)) My/ibTHIIMKATUBHYIO Tpynny o6paTu-
MbIX 3JeMeHTOB KoJbua off (U) (coorsercrenno 6 (U)). Orobpamelus

U—so*(U) n. U—6"(U)

MOpOKIAT Nyukw abedeBwXx rpynn Haa X, npuueM G* spasercs moa-
nyukoM abeleBbiX IpyNn nyuka o#*. dakTop-nyuok

€CTb 110 ONpelelieHHIO AYHYOK pOCMKO8 O0usu3opos MHoroo6pasusg X
a ero ceueHus Hal X HaswiBalTCA Ousuzopamu MHoroobpasus X. Cie-
IOBaTeNbHO, AUBU3OP Ha X MOKeT ObiTb NoayuyeH (6eCKOHEeUHbIM MHO-
#EeCTBOM CrnocoboB) chaelywouidM obpa3om: BHOepeM HEKOTOPOE OTKPHI-
tToe mokpeitue (U;) muoroobpasus X, ans kawaporo U; Bpibepem Mepo-
MoppHyw obpatumylo Qyuxkuuo f; H notpebyew, '-lT06bI Ha U,ny;
orHowenue f;/f; ObI0 2040MOpdroi w o6pamumol QyHKUHER, T. e.
He 06palaioch 6b1 B HyJb HH B olHOM Touke u3 U,NU;.

B uactHocTH, Besikas mepoMopdHas Ha X ¢ym<uuﬂ OnpeﬂeﬂﬂeT He-
xotophi#t muBu3op Ha X. [loaywaloumuecs TakuM crnocoGOM IAMBHU3ODHI
Ha3bIBAITCH 24a8KuLMU Oususzopamy Ha X. Boobie rosops, Ha X Mo-
FYT CyLIeCTBOBATb M He TrJaBubie [IMBU3Opw. Tak, HanpuMep, ecau X
KOMIIAaKTHO M HMEeT KOMIIEKCHYI0 pasMepHOCTb 1, TO B CHMAY KAacCH-
yeckO# TeopeMbl Abenst pakTOp-rpynna rpynns AMBH30poB Ha X Mo noa-
rpynne riaBHbIX IUBH30POB Ha X n3oMopdHa npsMOMY NPOHSBEIEHHIO al-
OUTUBHOW TPYNNbl LeABX UMCeJd H KOMIJIEKCHOrO TOpa PasMepHOCTH &,
rie g — poid kpueo#h X.

MMpumep 2.3.4. (AuBusopsl Ha anre6paniyecKOM MHOrOOGpa3yH.)
[Tycte X — ajre6panueckoe MHoroo6pasue Hal aare6panyeckd 3aMKHY-
THIM NOJeM R U 6 — nydok JokajsbHBX kojdenw uaa X. Tlocrynas TouHO
TaK Ke, KaK B TNpedblAyLIeM TMpHMEPE, MOXKHO ONpeaeHTb Myukn o,
off*, 6* u @. Ceuenna nyuka & Hal OTKPLITHIM MHOwecTBoM U OyleM
Has3biBaTh AMBH3OpaMH Ha U.

[Nonowenue B ITOM Ciyvae fABJIseTCA 60J1ee NpOCTHIM, 4eM B ciyuae
KOMIJIEKCHOTO  aHAJIMTHYECKOro .MHOroobpasus. [le#cTBHTENbHO, TNYyCTh
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K —noJie pauuoHaibHbix ¢yHxuu# na X. Toraa nmydok o/ ecTb NpPoOcTOH
nyuok ¢ 6asol X u caoem K, Tak Kak Ans M06Oro x moje OTHOLIEHHH
KoJbia O (X) KaHOHHYeCKH HM30MOpPPHO mNoJ0 K, TaK XKe KaK H moje
oTHOWeHHA Koibua G (U) ans BCIKOro AOCTATOUHO Majoro OTKPHITOrO
B X MHoxecTtBa U (pasymeercsi, Mbl mpeldnoJaraeM, 4to X Henpugoduro).
CrenoBareibHO, 1S BCAKOTO OTKPHTOro U  BHINOMHAETCS PaBEHCTBO
oA*(U)y=K*, rae K*— MyJbTHUI/NMKATHBHAS Tpynna 3jeMeHTOB u3 K,
OTJHUHEIX OT HyJas, W 6*(U) ssisercs noarpynno# B K*, 06pasosaHHOH
pallMOHAIbHBIMK  (YHKIHAMH, KOTOpHle OMpelesNeHbl H He PaBHBL HYJIO
Ha Bcem U.

2.4. KanoHuueckoe pasioxeHHe romomopdusma.

B 3TOM nyHKTe MBl NOKaXeM, 4YTO AaAJMTHBHAS KaTeropus JeBhIX
Moayie#t Hal nmyukoM kodew of ¢ 6asot X ynosiersopser akcuome (KA2)
abesieBbIX KaTeropuH.

PaccmoTpuM 4/ist 3TOr0 roMoMopousM f : P —> o# neBHX A-Monysel.
Mrl mocTpouM cefiuac, M NMPHTOM KaHOHHYeCKMM O6pPAasoM, iApO, KOsAapo,
o6pa3 u kooGpas romoMopdusma f.

(a) SHopo zomomoppuszma f. O603Hauum uepes P’ (x) nag awboro
x € X anpo orobpawenus & (x)—> o (x), ONpene/eHHOr0 TOMOMO Pk~
‘Mom f. Jlerko npoBepsercsi, 4T0 O6bennHeHHe &P’ BCEX MHOXeCTB & (X)
apasercs A-noaMonyieMm B _&. [lycTb i — KaHOHHYECKOE BJOKEHHE
nyuka ¥’ B _&P; toraa napa ((F', i) ecms 20po zomomoppusma f.
B camoM l1ene, paccCMOTPHUM TaKOH TOMOMOpdHIM g :¢& — &, uro
fog=-0. Torna g oro6pakaer & (x) B _&’'(x) npu mo6oM x H,
CJeNOBaTeNbHO, £ TPENCTaBHMO OJHHUM H TOJLKO OIHHM CIOCOGOM B BHIE
KOMIIO3HILHM HEKOTOPOro roMoMopduama & — P’ ¢ roMoMopdusMomM i.
TeM camblM Haule yTBEpwIeHWe [OKa3aHO.

(b) O6pas zomomopgusama f. Tlyctb off’ — NOANIYYOK MHOKECTB
B o/, sBisiowuiica o6pasoM nyuxa % npu romoMopdusme f (cm. n. 1.8).
OueBnanO, 4TO off’ aBngerca JE-moaMony/ieM B o ¥ uto f mnpencraBum
B BHIe KOMIO UMK KAHOHHYECKHX TOMOMOPGHIMOB p: P —>oll! n
Jiolt! —>oH. IMapa (p, o#’) ecms 06pa3 zomomopduama f. [Lehcrsu-
TeJbHO, TaK Kak

oM (x)= f(x) (L (x)).

TO o/’ MOXHO NpPH MOMOLIM p OTOMNECTBUTH ¢ (aKTOp-MOLyJaem P/ . F’.
OTc0na, OYeBUAHO, CJELYET, UTO AJs TOrO YTOOB FOMOMOP(H3M g P—>é7
YAOBJIETBOPAA COOTHOWEHHI0O goi=1{0 (rle {-— KAHOHHYECKHH roMOMOp-
busm P’ — P), HeoOXOMMMO M NOCTATOUHO, UTOOB g MOXKHO OBLIO
NpeACTaBUTb B BHIe KOMIIO3MUHH KaHOHHYECKOTrO rOMOMopdu3sMa p c He-
KOTOpbIM TOMOMOpdHIMOM o/’ — .

(c) Kosadpo zomomopgpusna f. Paccmotpum daktop-monyab o#’ —
= offjo#’ v kaHOHUuecKu# rOMOMOPDUIM ¢ : o/ — o#”. [lia Toro uTobni
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romoMopdusM ki : o# — ¢ ynoBAETBOPAN COOTHOWIEHHIO ko f =0, He-
06X0IMMO U JOCTATOYHO, YTO6H A OTOGpakan B HyJb Bce Moayau o’ (x),
T. e. 4To6bl BHIMOJHAIOCH COOTHOMHIEHHe ¢ o =0, rie j — KaHOHUYECKHH
romomopdusm off’ —o#. CnenopaTeNbHO, MOKHO YTBEDPKAATh, 4To (g, o)
eCcTb KOAIpO roMomMopdusMa f.

(d) Koo6pas 2omomopdbusma f. Kak nerko BuIeTb, KOOGPa30oM roOMO-
Mopdusma f ssasercs napa (o', J).

Takum 06pasoM, BCiKUE roMomMopdusM B KaTeropun oA-monyaeh
ofaanaer A4pOM M KOALpOM, u, OoJjee TOrO, 06pa3 m koo6pas romo-
MOpdu3Ma KaHOHHYeCKM M30MOpPdHEL. IJTO O3HaudeT, uto akcuoma (KAZ2)
BBLIMOJIHEHA.

B nanbHefiuteM Mbl OyleM BCeria OTOXAeCTBJATb AAPO TOMOMOpdhH3Ma
[ &P —>o# c noamonynem & monyas &, a o6pas u koo6pas romo-
Mopdusma f —c noamonynem o’ monyas o#. Toraa xosipo roMmoMop-
busma f orommectsurca ¢ dakrop-monyneM oo’ 3Hauut, LA KamIOU
TOukH X € X OyleM HMeTb CJeAyIOlde KAHOHMUYECKHe H3OMOPQH3MbI:

Ker (f) (x) =Ker (f (x)),
Im (f) (x) =Im (f (x)).
Coker (f) (x) = Coker (f (%)),
Coim (f) (x) = Coim (f (x) ).

2.5. Tounsie mocaenosaTeabHocTn JE-monyei.

PesyabTaThl npelbllyulero MyHKTd [O3BOJAT J1aThb ONpeneneHke
mourol nocAedo8amesbHOCIY B KaTeropun JeBbix oE-Moaysedt. ITocae-
LLOBATENbHOCTD

g_f_)odt_g_>dv.

HasbIBaeTCs MOYHOH, ecau g o f=0 u ecau roMomMopdusm Im (f) —Ker (g),
BHITEKAIOUWMH M3 3TOTO yCJOBus, apidgercs usomopdusamom. Tak kax Mhl
ycaoBuauch otokaectsasth Im(f) u Ker(g) ¢ oA-noamonyaamu B o/,
TO TOYHOCTb DPACCMATPHBAEMOH MOC/el10BaTeJLHOCTH, OYEBULHO, O3HAuaeT
coBmajeHne 3THX NOAMOAY/eH. [ pyrumMu cIOBaMH, L1 Kax 104 TOUkH X € X
COOTBETCTBYIOLIAA [OCAEN0BATENLHOCTE of (X)-MonyJeH

(%) L0 ot (1) £9 o ()

noakHa ObiThb TOYHOH. IDTO cieayeT u3 Toro, uro nyuok Im (f) ectb
o6benuHenve Monynei:

Im (P (x) — o (x))
 uto noanyyok Ker (g) ectb 06benunenue monyie Ker (o (x) — N (x)).
OueBuaibM 06Da30M OMpeesioTCs Ternepb TOUHblE MOC/AeNOBATENbHOCTH
¢ HeckoabkuMu umseHaMH. CkasaHHOe Bbllie- NMO3BOJSET HaM cdopmyau-
poBarh caelywliu#t pesy/bTar,
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Teopema 2.5.1. Jan mozo 4moGe. nOCA008ANENSHOCTE A€8bLX
JE-MO0yaell U 20MOMOPPUIMO8 OblA0 MOUHA, HEOOXO0UMO U 00CMa-
mo4Ho, 4moGu. 0af A06020 x € X gyuxmop F — ¥ (x) nepesoour
£e 8 MOHHYIO NOCALO0BAMEALHOCHL €8x JE(X)-MO0yAred.

Cnenosarenabno, ¢yukrop ¥ —> ¥ (x) Ha xareropun E-monyneh
CO 3HAYeHUSIMM B KaTeropuu of (x)-Mony/efi sIBJAACTCH MOYHOLM PYHK-
mopom.

Hanpotus, eciu M — IpoU3BOJALHOE MOAMHOXECTBO B X, TO (yHK-
T0p & —> & (M) 9BisieTCs TOJNbKO MOYHBIM CAE8a, TIOCKOIbKY CEYeHHUS
tdakrop-nyuka _¥/R, BooOille roBops, Hedb3s ,MOAHATHY 10 ceueHui
nyuka _% Had BceM M, Kak Mbl 3TO yxe Buiegd B m. 1.9,

YkaweM Lpyro#t, ocobeHHO BaxHbIH, NpuMep TOYHOTO C/IeBa QyHKTOPA.
Ilycrb oF — nyuok abeneBbix rpynn Haa npoctpaHctsoM X. Ilonoxum

I'(F)=oF (X.

Takum ob6pasoM, I'(;F ) saBasercsa abenesod rpynmoH ceuenu#t Ham
BceM X. Ecam s-— rakoe ceyeHue, TO HOcumeseMm CEUYEHUs S HABOBEM
MHOWKeECTBO || Bcex Tex x € X, aas koropmx s{x)= 0. Tak kak 10-
nosiHeHHe K |S| ecTb COBOKYMHOCTb TOuek, rie cedenus s u O paBHbl,
TO MHOXECTBO |$| 3amrkuymo B X. 3asaiuMm Tenepb B X MHOWKecTBO @
3QMKHYMbLX TOIMHOKECTB, YIOBJIeTBOPSAIOLIEe CleLYIOUIUM ABYM YCJIOBUAM:

(a) o6wvedunenne dsyx muoxcecms uz © npunadsescum D,

(b) scaroe 3amrHYMOe NOOMHONCECMBO, COOEPHCAULEECA 8 HEKOMO-
- pom mHodscecmse, npunadsesxcauenm D, ecmy mHoNcecmso u3 Q.

Mepl 6yzeM roBopuTh B 3TOM ciayuae, uto @ ectb cemelicmso wocu-
meaeii 8 X. Jlns BCAKOTO Tyuka oF abedeBbiXx rpynn ¢ 6aaoh X Muo-
wectBo L'y (oF ) Tex s € I'(¢F ), ais koTophix |s| € @, aBasieTcs NOArpynnok
rpyansl T'(cF"). Orobpaxenue

F —>Te(F)

ABNACTCS, OUEBUIHO, MOYHBM CACBA (PYHKMOPOM, ONpPEIETEHHBIM Ha
KaTeropuu NyuykoB aleneBulX rpynn ¢ Gasoi X.

MNpumep 2.5.1. Ilycte X — n-MepHoe auddepeHuupyeMoe MHOro-
obpasue. Jlaa xaxmoro uemoro p >0 paccmorpum mywox @7 pocrkos
nuppepeninalbibix  (GOpPM CTelleHu p Haa X, KOTODHH Onpenesaum,
COMOCTABUB BCSKOMY OTKDHITOMY MHOxecTBY U MHOmecTBO AH(depen-
uMasbHbIX Gopm crenend p Ha U. OrnepaTopnl sHewinezo OQuggbepen-
yuposanus QF (U)— QP (U), oueBnaHO, OmperessioT rOMOMOPQU3MbL
d:Qf —»QF! NyYKOB BEIUECTBEHHbIX BEKTOPHBIX NpOCTPaHCTB. Kpome
3TOTO, 3aMeuyas, yTo cpeau mudpdepeHuuanbnbix ¢opMm crenenn O ma U
(r. e. aupdepenuupyembix GyHkuufi Ha U) comepxkaTcs JOKaJbHO
NOCTOSHHbE (QYHKUNM, NOayunM Baoxenne j:R— 8% npocroro myuxa
co croem R B @0, OxasuBaercs, uto B 3THX OBO3HAYEHHSX NOCA4e008a-
meavHocHb

0>RIs 4015 4y0n 9
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apagerca mounof. Tak Kak yTBepuIAeHHe HOCHT UMCTO JNOKAJAbHBIM xa-
‘pakTep, TO Ia €ro A0Ka3aTeJbCTBA MOMXHO mpeanojarath, uro X ecTb
npoctpancteo R”. Ho TOrza OHO BbITeKaeT M3 KJACCHUYECKOH TeopeMbl
Ilyankape, coraacHo koTopo#f auddepenHunanbHas d¢opma o Ha R”,
YAOBJAeTBOpAIOWAs yCca0BUI0 do =0, npeiacTaBuMa B sule dw, eclu ee
cTeneHb _>1, W ABJseTCH HOCTOAHHOM, ecin ee creneHb pasHa 0.

OueBHIHO, uTO JAJ4 NPOU3BOJBHOTO MHOro06pasus X aHaJOTHUHBIA
peay/ibTaT B LeaOM, BOOOIIEe TOBOpS, HE HMeeT MecTa; NPYrMMH CJAOBAMH,
nOCA€008aMeAbHOCHLD ADEAEBHLX 2DYNN

0>R—->UX)> ... =>2"(X)—>0

.

8 o6ujem cayiae He AsAslemcA MO4HOL (CM. O 3TOMYy Bompocy mn. 4.7).

Mpumep 2.5.2. Mlycte X—ToONoJ0rHYecKOe NPOCTPAHCTBO, A—He-
koTopas a6ejeBa rpynna, U TNyCTb 3alaHO HekoTOpoe uenoe n > 0.
ConoctaBuM kamaoMy OTKphTOMy B X MHOxecTBy U abeneBy rpynny oto-
Opaxenuit U''—> A u nas U>DV onpegeauM oueBUAHHIM 00pasoM
onepaTopnl orpanHyeHud. IToaydaeM, TakuM o6pasoM, mpeanyuok Hax X
(1erko mnpoBepseTcs, uTO OH ynoBJeTsopsaeT akcuoMe (F2), xora (Fl),
BooOuie TOBOps, He BHINoJaHseTcs). TlopoxaeHnnit UM ny4ox abeneBnix
IDYNI eCTb RY4OK pocmio8 royeneli Arexcandepa—Cnanvepa cme-
nena n Ha X co 3uawenusmu 8 A. O603HauuM ero ueped oF " (X; A).

Ecan kawaomy orobpawennio f: U"t'— A conocrasum ortobpae-
Hue df : U"? — A, onpeneneHHoe pPaBEHCTBOM

n+1

df (Xg + .+ xn+1)=i§(—l)if(x0, s X e Xper)s

TO 3THM, OYEBUIHO, ONpeleaAeTC FOMOMOP(UaM MYUYKOB
d:F "X A—>F X A).

C npyro#t cTOPOHH, OTOXASCTBUB A ¢ NPOCTHM NyukoM Hal X co ciaoeM A,
MNOJYUYUM BJOXECHHE
Jji A= F VX, A).
[TocTpoeHHas TakuM 06pa3OM r10C.2e008AMEALHOCMb RYLKO8 QG enes8vx
2pynn
0>ALsF0X; AL F1X AL ...

mouHna. IeHcTBUTeNbHO, NYCTb HEKOTOPHH POCTOK KOUENH CTelNeHU n
B TOUKe X aHHYyJAUpyeTcs roMmoMopduaMom d. B HexoTopolt okpectHocTd U
TOUKH X €r0 MOXHO NpeacTaBuTh oTobpamenuem f: UT'— A, kotopoe
aHnyJupyerca omepatopoM d. Ecaum n=0, To 310, OuUeBHAHO, O3HAuaeT,
yro f nocrosuno. Ecau -n > 1, to onpeneaum otobpawenne g U" —> A
paBeHCTBOM

g(xg ooy X )=TJ (%, X5 +e0, Xy D

Jlerko npoBepsiercd, uro f'==dg, OTKyAa BBITEKaeT Hallle YTBEpP:KAeHHE.



§ 2. TIYVUKM MOOYJIEM 157

3aMeTHM, 4TO B NpHBelleHHbIX NpUMepax s TOro, 4yToO6b! YCTaHOBHUTDL
TOYHOCTb NOC/JEN0BaTE/AbHOCTH

g__/_,a/}{_g_,qjv"

npumensiics caedyiomn# npuxuun. Chauana nposepsietcs, uto go f =0,
a zaTeM — yTo Aas JMo6oro cevenus s € o# (U), kotopoe aunyaupyercs
roMOMOP(UIMOM g, CYWECTBYeT Ha A1000M Q0Cmamoino Mai0M OTKPHI-
ToM MHOxecTBe VU Ttakoe ceuenne (€& £ (V), uro orpanuuenue
Ha V sapasetca o6pa3oM ceuenust { npu romomopdusme f. DTO 03Hauaer,
yto nyuok Ker(g), onpenensiembifi OTOOpaMenuaMu

U—Ker[o# (U) — N (U)],
noposcdaemcs npeony4Kom

U—m[ 2 (U)—o# (U).

2.6. Mpamue npoussenenus A-moayaeil.

Mycts (L)), — HEKOTOPOE CeMEHCTBO JIeBBIX JA-monynett. Torza
ny4oK

j——:ﬂjil
Y

onpeneeHHstft B 1. 1.10, ABAsETCA KAHOHHYECKHM AeBHIM A-MoLynewm,
4 roMoMopdHu3MBbL

ori: > %

—roMoMOpdU3MaMH JIeBHX Jf-MOoLyNeli, KOTOPBIE K TOMY Xe SIBJSIOTCA 311~
mop¢usMamu. CBORCTBO yHuBepcanbHOCTH, chopMyauposannoe B n. 1,10,
nepenucuiBaeTcs 3jech caenyomnM ofpasoM. Ecad sazanbi romomop-
¢uaMbl SA-MonyaeR

fi oM > Py

TO CYWIECTBYET, U NPUTOM €IMHCTBEHHBIR, FOMOMOPhH3M f : c/l—»“,?,,
: i€l

yAOBRETBOPAOWUR YCA0BHIO f,= pr; [ aas kawporo i. ViHaue rosops.
cnpaseaausa dopmyaa

H . )= , ).
om , (c/l llé]/,g’,) ieIHomﬂ(cﬂt Z)

Q1c100a, OYEBMAHO, CAEAYET, YTO KATEropms Jesnix of-Monynet ynosie-
1Bopsier axcuome (KA3) abesneBmx xateropuft (M name naMHoro OoJee
cuabnod akcuomel),: Takum oOpaszoM, Kak MBl yXKe FOBODH/M, 9TA KaTes
ropus aBaseTca adesesod,
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2.7. Mpameie cymmsl JE-MonyJeii.
Tpu Tex e yCIOBUAX, YTO U B NMpPelblAyilleM MyHKTe, ONPEAANM NYYOK

glz.@gi
icl

KaK NYYOK, AROPOIKLOEHHbL NpelnydKoM
U— 2,(U).
icl

MMyuok _&’, oueBUAHO, ABJIsieTCA JeBHIM £-NIOAMOLYIEM MPSAMOTO NPOM3-
BeNEHMA MYyuyKoB ,%;. Hag Toro urobu ceueHue (S;) NpAMOTO npouisede-
Hus, OonpeleleHHOe Ha OTKPHTOM MHOXecTBe U/, GLulo ceueHueM mpaMoh
cyMMbl, HEOOXOLHMO K JOCTAaTOYHO, uTOOGL Ha MI06OM NOCTATOYHO MasniOM
OTKPLITOM MHOxecTBe VU ceueHna S, He paBHAMMCH HYJII0 TOJBKO
LJs KOHeuHOro umcaa [€J. ITO NOKAa3bIBAaeT, YTO MOHATHSA TPAMOTO
NpOH3BEeNEeHHA M TPAMOK CYMME COBMAajalOT KaxIbI pas, KOrja ceMefi-
CTBO (,%;) AOKAABHO KOHEYHO, T. e. B Cayuae, Koria nias Jai06oro
JLOCTATOYHO MaJOrO OTKPHITOTO MHOXecTBa U MHAYUMpPOBaHHBIE TYuKH
Z,; | U oTanuup OT Hyas Aumib AA8 KOHe4HOro umciaa I€ /.

Becrap Ha TOuky 3peHHs HAaKpLIBAIOWIMX NPOCTPAHCTB, NPHXOMHM

K DPaBEHCTBY
F (%) :%, & (%),

MpUyeM TOMOJOrHA B %/ TakoBa, UTO eCTECTBEHHbE BIOKEHHA ¥, —> &’
BJAIOTCA TOMOMOD(UIMAMH NYYKOB.

ITonsTne npaMo#t cyMMbl oO6JjalaeT CBOMCTBOM ,YHMBEPCAJBbHOCTHY,
aHAJMOTMYHLIM YKA3aHHOMY B TIpeNblAYLEM NyHkTe. Ero MOXHO Bhipasuthb
COOTHOIEHHEM

Hom , (ieglji, oﬂ)zilgllHomﬂ(,?i, o).

[ycts & — aeBbili J-monyab u P’ —noiMolyiab B of, HOJOMHM
"= P[.%. losopar, uto &’ —npamoe caaezaemoe 8 P, eciu
CyuleCTBYeT H30MOpPGU3M Moay.as P B F” Ha P, KOTOPHIH HHAYUU-
pyer Ha _%’ TOxIecTBenHOoe oToOpaxeHue. [Jas 3TOro AOCTaTOYHO
notpeGoBaTh TaKxe, 4TOOBl BIOXKEHHE &’ —> P’ NpoaosKanoch 10 TOMO-
MoppuaMa & —> %’ uam uytoObl CYLeCTROBAJI roMoMopdusm ¥’ — &£,
KOMIO3HLHA KOTOPOrO C % —> %" naeT TOMIECTBEHHOE OTOGpaxeHwe.
[lycTb Moc/aen0BaTeAbHOCTD

0= ' —> F—> F" >0
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To4yHa. PaccMoTpuM TouHHA caeBa kosapuanTHuift GyHkTop T co 3Ha-
ueHUsMM, HanpuMep, B kaTeropuu abeneBbix rpynn. Toraa aas Toro,
yTOOB MOCAEA0BATENBHOCTD

0->T(FN>T(P)—>T(F)—>0

6blia TOYHA, AOCTATOUHO, 4TOOB MOAyab _%’ O6ula NpAMBIM cJarae-

MBHIM B _#1).

2.8. TensopHble npoH3BefeHHu .

Mycts A—nyuox kosen nan X, . —npasbift A-Moayab u o —ie-
BH# Jf-Moay./ib. Beeaem o6o3Hauenue

P RM
&
LIS nY4Ka abenessix 2pynn, NOPOKAEHHOTO Mpeily KoM

U—2U) @ M),
A U)

145 KOTOpPOro ONEepATOPhH OrpaHMueHust OMNpefeasdloTCsi €CTECTBEHHDLIM
06p330M C TNOMOILBIO onepaTopos OlPaHUYEHUS DYIKOB dﬁ, Zou oM.
3aMeTHM, YTO eCTM A — my4ox KOMMYTaTUBHMIX KOJel, TO TeH30pHOe
NPOU3BEEHHE TaKXKe gpasercs JL-MOMYJIEM.

B cuny pesyabraros ra. [, n. 1.6 06 WHIYKTUBHBIX npejenax TeH-
3O0DHBIX NpOU3BEeNeHHH MOMHO TaKxke ONpPENEJUTb TEH30pHOE Mpou3Bene-
HHe caenyounm obpasoM. CoeM Hala TOUKOH X . ABASETCH

(F RQAM)(x)=.Z (x) @ M(x),
A A (x)

a TONOJOTHA HAKPLBAWIIEr0 NPOCTPAHCTBA & R o/ XapakrtepHayercs
TEM, 9TO eCAu S # f— CeueHus NyYKOB _& U off Hal OTKPHITHIM MHO-
wectBoM U, TO dopmyna

x—>s(x)@f(x)

onpefesseT cedeHUe TEH30PHOTO IpousBeneHus Hal U.

Tensopuble npousseseHus JL-MoAyJdel MOKHO OXapPaKTePH30BATh
CBOHCTBOM ,VHMBEPCANBHOCTH® aHAJOTMYHO TOMY, KaK 9T0 OblI0 ClenaHo
B ra. I. Mp ocrapageM 5TO uurateni0. DOALNIMHCTBO anre0panvyecKux
CBOACTB TEH30PHLIX l1pOH3BeAeHUH MOXeT GbITh pPaCNpPOCTPAHEHO, B OOLIEM
NOBOJLHO TPUBUANLHO, Ha cayualft nyuxos. Hanpusep, aas BCsKOro
1eBOTO A-MOAYISt MMEET MECTO KAHOHMYECKHH M30MOPHhUIM

AR oM = oH
oA

) IToT pesyabTaT OCTaeTcd, OYEBHIHO, CNPABENJHBHM B MPOH3BOJAbHBIX
abeJeBHX KaTeropusx.
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pasymeercd, 0OpU ycioBud, urto of -— nyuyok xoneu ¢ enunuuedt). Kpome
Toro, @Pyuwxmop oM - F QoM mouen cnpasa; 5TO eTKO YBHIETH
A

W3 PacCMOTPEHHs C/I0eB Hal TOYKAMH.

Mpumep. 2.8.1. Tlycts X — nuddeperuupyemoe MHoroobpasue
u E — paccroedHoe mHoroofpasme Haa X, CJAOH KOTOpOro sBjsercs
BEKTOPHHIM MpocTpaHcTBOM. O603HauuM uepe3 Q9 myyoK pOCTKOB AH-

depeHuHpyeMbX PyHKUHR Han X 1 yepes 9(}._-—-—r1yq01< pocTkoB AuddepeH-
uMpyeMblx cedeHHM paccaoenus E, koropuift apasercs KQO-Moaynem.
Torna ceueHHs MyuKa

QL — 905%'9”

*NpeACTaBAAOT cOO0OR Ougppepenyuansuvie Popmbs cmenewu p Ha X

co 3nauenusmu 8 E. TouHO Tak ke, ecan 0GO3HAUUTL UYepes @'? ny4oK
pocmros nomoros cmenernu p Ha X (cM. kHury XK. ne Pama no teopuu
IubdepeHunpyeMbx. MHOrooGpasu#i 1)), TO moTOKM cTelleHn p CO 3Haye-

nusMn B E cyTh cevenus nyuka Q%@ @77,
QO

[Ipy p==0 nonyuaem cexenus-pacnpederenus pacciOeHHOTO MHO-
roo6pasua E. MOXHO OmnpeneiuTb Takke cederus-meps. paccaoenus E
HT. L

2.9, TouHas moOCJaeIOBATENbHOCTH, CBS3aHHAA
€ JOKAaJbHO 3AMKHYTBHIM MOLNPOCTPAHCTBOM,

[oBOpAT, YTO NOANPOCTPAHCTBO V¥V B X AO0KGA6HO 3GMKHYMO, eClH
Ansl BCAKOM TOukH a €Y wHatigercs B X oTkpbiTas okpectHOCTh U (@),
aast xoropo#t ¥V 1 U (@) siBasercsl 3aMKHYTHIM MHOXKECTBOM B TOANpO-
crpaictBe " U(a). HpyruMu caoBaMH, Y — OTKpHITOE MOLNPOCTPAHCTBO

B Y, UM elle
Y—=UnF,

rie U ortkphito, a F 3aMkHyto B X.

Teopema 2.9.1. ITycme A—nodnpocmpaucmso 8 X. Toz0a care-
oyouue c80HCmMea IKEUBANCHINHDL:

(LF1) A zoxanreHo couxkuymo 8 X;

(LF2) 028 nob60z0 nywin & abeaessoix 2pynn Had X cywecmasyem
nywox F, Had X, xomopeid unoygupyem Had A nyuox, u3omopgp-
wotli FlA, a Had X\ A— Hysegoll nyox.

HoxaxeM cHayana, uto M3 (LF2) caenyer (LF1). [lpeanosnoxum,
yTo Haa X CyliecTByeT Ny4YOK %, KOTOpui# uHAyuupyer Z naa A u 0
Haa X\ A. Haa mwo6oro aE A Hal HeKOTOPOH OTKpPHITOH OKpecT-

1) XK. ne Pz;M, Ilmptpepeﬂunpyemue MHoroo6pasus, WJI, M., 1956. — ITpus.
peo.
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HocTelo U (a) Touku a B X cyllecTBYeT cedeHHe § MyuKa &, 445 KOTOPOro
s(a)y=1. Ecan U (a) nocratouHo Majo, 70 Mbl OyieM Humerh S (x)=1
ana goboro x &€ AN U (a) n, pasymeercs, s(x)=0 na U(a)\ A. Tak
kak Touku u3 U (a), B KOTOpHIX § paBHO HYMIO0, OGPA3YIOT OTKPHITOE
MHOXECTBO, TO A JMOKaJlbHO 3aMKHYTO.

Ilng nokasatenbCcTBa OOPAaTHOrO YTBEPMAEHHA NOCTATOYHO YCTAHOBHTH
CAeIYIOWHN pe3y/bTar. )

Teopema 2.9.2. [Tycme A— s0Ka26HO 3aMKEHYMOE NOONPOCMPAH-
cmso 8 X. [las 8cako20 nyina ¥ afeaegwx 2pynn Had A cyue-
cmayem, 4 npUMoOM MOAbKO 00uH, nyiox FX abenesoix 2pynn Hao X,
romoputli unoygupyem & Had A u 0 nad X\ A.

JlokaxceM CHayala eJMHCTBEHHOCTb B MPEANOJOKEHHH CYLIeCTBOBAHUS
nyuka PX. Tak kak PX(x)=0 a1 xE X\ A, 10 419 aw0boro
OTKPLITOrO MHOWecTBa U/ crpaBeliuBO BjlOUeHUE

X zUn4),

KOTOpOe MOoJyuaeTcs, €CIH OTOKIECTBUTbL ceueHHe § Haj U c ero orpa-
uuuenneM Ha U ] A. ITonyueHHsle Takuym cnocoboM cevenus ua & (U N A)—
9TO KaK pas3 Te CedyeHHsl, KOTOpble MpPHU MPOAOJIKEHMH HYJeM Ha MHO-
wectBo U N (U N A) ocralorcs Henpepyi8Hbimu, LPYTHMHU CJIOBAMH, 3TO
Te ceueHus, Hocumeau'l) womopwsx 3amxnymsi 8 U (a He TONAbKO
B UNA). 310 ¥ npuBOIUT HAC K eIHHCTBEHHOCTH myuka _@X.

IMepeiiem Tellepb K [0KAa3dTeAbCTBY CYILECTBOBAHHA Iyuka _&FX,
O6osnaunm uepes _ZX(U) nodepynny 8 _Z(UNA), 06pa3osannyn
CeHeHUAMU, HOCUMeAU KOMOpbX OMHOCUMeAbHo 3aminyms 8 U.
Oas U=V oneparopst orpanuvenuss (U N A)— # (V N A), 04eBUIHO,
orobpaxawt PX(U) B . #X(V). Takum ofpasom, noJydyaeMm IPeAnyyoOK
U-— #X(U). Jlerko mnposepsieTcd, 4YTO HA CAMOM feJe 3TO NYHOK
abGeneswix rpynn. Ocraerca yOeiuTbcsi B TOM, uTO OH HHayuupyer 0
Ha X\ A n % Ha A.

Ouesnnuno, uro %X unnyunpyer 0 wa X\ A. Ilycre x € AN\ A,
¥ NmycTb §— n060e cevenne us FX(U), rae U — HeKoTOpasi OTKpbiTas
okpectHocTh TOYkH x B X. Tak kak s, OyLyud ceueHHeM Iyuka &
Han U A, uMeeT B KauecTBe HocuTeds S 3aMKHYTOe MOAMHOXKECTBO
npoctpaHctea U M Tak kak S He COJEPKUT X, TO CYLIECTBYET OTKPHI-
tas oxpectHocTe V Touku x B U (a cnemoparenwHo, u B X), KoTopas
He mepecekaerca ¢ S. Takum ob6pasom, s unayuupyer 0 na V. Ilepexonsa
K Tpeseay, noaydaeM, uro FX(x)==0.

1) MMycts & — nyyok abeneBbix rpynn Hajg X M § — HEKOTOpPOE CeueHHE
nyuka _& Hajg noamuoxectBom M w3 X. HocumeneMm ceueHHs s Ha3HBAIOT
MHOXeECTBO Touek x € M, naa kortopux S (x)=£0. Tak kak BCsiKO€ HyJeBOe
B TOYKE CEYEeHHE pABHO HYJAI0 H B HEKOTODOH ee OKPECTHOCTH (HOTOMY YTO
oro6paxeHne x —»(0 dBAgETCS CeYeHHEM INyYka _%’), TO HOCHTEAb CEUEHHA §
€CTb OMHOCUMENbRO 3AMKHYmMOe NOIMHOXeCTBO B M.

11 P. l'opeman
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[lycrs temepn x € A. Torma cyuecTByer okpecTHOCTb U Touku x,
s kotopott AN U samkuyto B U. CaenosaresbHo, A1 KK I0H OTKPHITOH

okpectaocTd V, conepwauieitics 8 U, BHIIOAHACTCH PABEHCTBO Py =
= _Z(VN4)), orkyla B npejeie gx(x):j(x) aas moboro x € A.
Ocranoch yGelHUThCcS B TOM, YTO OTOXK/JECTBJCHHE MYUYKOB jxl Au &
COBMECTUMO C TOMOJIOTHSMM STUX IBYX NMYuyKOB, T. €. uTO CeUeHMA Hal

U N A nyuka, MHAyUMPOBaHHOIO MNYYKOM jx, COBNMANAT C CEYEHUAMH
nyuka _%. Ho ecan 0603HaunTh BpeMeHHO uepe3 o mMy4oK, HHAYUHADPO-

BAHHBIH MYUYKOM jx, u ecan saMeTuth, uro AN U samkuyro 8 U, 10

OUeBHIHO [pHHHMAas BO BHMMAHHE, 4TO jx unayuupyet O va U \ U N 4},
uro ceueHns myuka o/ Hax U A, npoomxennsle HyJdem Ha U N UN A4,

OCTAXTCH HenpepuiBHbiMH. [LpyruMu ciaoBamy, o/t(UﬂA):jX(U):
=_ZUUNA), uro nu rpebosaioch aokazaTb. Teopemn 2.9.1 u 2.9.2
MOJHOCTbIO JOKAa3aHbl. ,

C TOuKM 3peHMs HAKpPHIBAOWMX NPOCTPAHCTB MHOMKECTBO _F 4 MOXKHO
BJIOXHTb B MHOXKeCTBO & (B 0003HaueHusx teopemb 2.9.1), HO 3TO
BJAOKEHUE COBMECTHMO C TONOJOTHIMYH TYYKOB TOJbKO TOrja, korna A
omKkpeimo B X. B 5TOM c/yuae HeNOCDEICTBEHHO OUEBMJHO, 4TO €CJH
0603HauuTh Yepe3 &, MHOXKECTBO TOYeK Nyuka &, ABJAIOLWHXCA HY/ISMH
HJIH NPOEKTHPYIOWHUXCA B A, TO NOJyudTcs n00ny4ox mydka &, NpHU-
ueM &, unayunpyer Z|A na A u 0 na X\ A

Hanporus, ecau A 3amxuymo B X, TO PaBEHCTBO

ZLa)y=2Anl)

MOKAa3LIBAET, UTO HMEETCS KAHOHHYECKHH roMOMOpdHUsM &P —> & ,, ABJAI0-
IHHCS, OUEBUIHO, INUMOpPU3IMOM, KOTOPBHIE COMOCTABJIAET BCAKOMY
ceueHuo Hap U ero orpanuuenne Ha U (] A. 3ameTuM, uTO ITOT rOMO-
MOpJH3M aHHY/IMpyeT ceueHHe § Has U Toraa M TOJIbKO TOTJa, Korja §
paBHO Hy/10 Ha U1 A, ApPYrMMH CJI0OBAMH, KOTHA HOCHT@NbL CCUYEHHS §
corzepxkurcss B UN UNA. ChenosarenbHo, cnpaseijuBa cjenyouas
Teopema.

Teopewma 2.9.3. [das sw6020 3amxkuymozo nodnpocmpancmsa A
u3 X u a6oz0 nyd4na & abeqesox zpynn nad X nocaedosamens-
HOCHLb

OﬁjX\A-—»,?——{,g’A—»O
mo4na.

SametuM, uto -ecim A u B -— 1Ba 10KaAbHO 3aMKHYTHIX IOANpPO-
CTPAHCTBA, 10 CYIUECTBYeT CJelyHWNH KaHOHHYECKMH H30MOpGU3M:

(-?A)B = “?A na:
B uactHoctu, ecan npeacrasuth A B Buie A=UNF, rae U OTKPHITO,
a F samnyTo B X, 10 P 4 = (Pu)p = (LF),;» ITO NOKA3LIBAET, UTO P 4

ABAAETCA (PAKTOD-TYyUKOM HEKOTOPOTO MNOANyYKa Nyuka %, a TakKe
fIOANYUYKOM HEeKOTOpOre GakTop-nyuka mnyuka 2.
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AHanoruyHeIMH pACCYMIEHHAMH MOMXHO ROKA3aTh, 4YTO IJH BCAKOTO
nyuka & abesepblX rpynn Haig X HMeeTcsl CJAENYIQWHH KaHOHHUeCKU]
U30MOPPU3IM:

3A22A§g'

Tak kak Z,— nyuyoxk abeneBblXx TCpyIIN, CJAOH KOTOPOrO H30MOPdHBL
mu6o 0, 6o Z, TO 0TCKAA, OUEBUAHO, CIeLyeT, UTO PpyuKmop & — F,
mouen.

Teopema 2.9.1 nmokasbiBaer, 4TO BCAKHME Ny4OK HAL JIOKaJAbHO 3aMKHY-
TBIM MOANPOCTPAHCTBOM B X MHIAYUMPYETCS HEKOTODBIM Ny4YKOM ¢ 6a3oft X.
BoJee Toro, cmnpapeijMBa CielLylOLIas TeOpeMa.

Teopewma 2.9.4. [Tycmys A— nodnpocmpancmso monoaozuteckozo
npocmpancmea X. Beaxui nydox P MHOMCECM8 (COOMBEMCMEEHHO
abesesbix 2pynn) ¢ 6a3of A UHOYQUPYeMmCA HEKOMOPHLM NY4KOM
MHOJICECMB (COOMmBemcmBeHHO abeaegux 2pynn) ¢ Gason X.

HeficTBuTeIbHO, paccMOTpUM Hazl X MyuOK

Yo U 2ANU)

C eCTEeCTBEHHbIMH ONEpPAaTOPAMM OTpaHHueHUs (IIPOBEPKA AKCHOM IIYyYKOB
TPUBHA/bHA).

Cao# X,S? (@) Han ToukOH a€ A sAB/seTCA HHIYKTHBHBHIM IpelesoM
MHOXKecTB # (AN U), korna AU npoGeraeT HampaB/jeHHOE ceMeHCTBO
OTKPBITHIX OKpecTHOCTel Toukd @ B A. CaenoBareabHo, Aas ai06oro a € A
noJayyaeM KaHOHHYeCKHH H30MOpQHU3M

X
Z(a)=_Z(a).
C TOTMOMOrMYECKOH TOUYKH 3peHHUdA NoJy4yaeTcss B3dAHUMHO OILHO3HAYHOE

oToHpaxeHHe HAKPHIBAIOLIEro NMPOCTPAHCTBA & HA HaKpHBapulee INPO-
CTPAHCTBO XglA, COBMECTHMOE ¢ KAHOHMYECKHMH TMDOEKNHAMU 3THX
nByx npoctpaHcTB Ha A. Octaercsi TONbKO MOKAa3aTb, YTO 3TO B3aUMHO
OIHO3HAUHOEe OTOOpaKeHHe HempepblBHO B 00e cTopoHbl. JHJas srtoro
IOCTATOYHO YOEIUThCA B TOM, UYTO AJs BCAKOrO OTKPHITOrO B X MHOMKe-
crsa U cevenus mnyuka X @ wan UNA OTOKIECTBJIAIOTC € CEUCHUSMH
nyuka % nan U A. Urak, nycTb § — ceuenne Myuka Xj Hag U A
Toraa ans moboro a € U] A cyllecTByIOT OTKPHITas OKpecTHOCTL V (a)
TOUYKM a B X U ceyeHHe S, MyyKa X & man V (@), KOTOpOe MHAYUHDYET §
Ha V(a)N A. Ho no onpenejseHuto nyuxa X,,gﬂ CeueHHe S, OTOKIe-
CTBJASETCA C HEKOTOPHIM cevenueM nyuka & Haa V (a) A. Ouebuano,
TeM CaMbiM JOKAa3aHA HEMpPEPbIBHOCTL § KaK OTOOpaweHHs NMPOCTPAHCTBA
AN U B HakpwBapouiee npocrpauctso _¥. OOpaTHO, M3 Onpejie/eHHus
nyuka X & qcHo, uTO BCAKOE CeueHHe nyuka % Hal U] A ompenenser
HEKOTOpOe CeyeHHe TyuKa X Han TeM Ke MHOKCCTBOM. Teopema
JNOKa3aHa.

11*
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PasymeeTcs, nydok %7, BooGue ropops, He pased O BHe MOALPO-
cTpaHcTBa A.

3amevanune 2.9.1. Iycts (& — ny4ok abeneBux rpynn ¢ 6azo#t X
u U -—orkpuiToe 8 X MHOXecTBO. Torga uMeeT MeCTO KaHOHHYeCKH#
H30MODP(H3M

Hom (Z,, %)= .7 (U).
lle#icTBuTEIbHO, paccMOTpuM roMomopdusm f:Z, —> . Ou otoGpaxaer

eAUHAYHOE CeveHne Myuka Z, Hal U B Hekoropoe ceuenue f & & (U),
3HaHHE KOTOPOro NOJHOCTBIO onpenenser romomopdusm f. Obpatno,
BCsiKOe cededHe sE &7 (U) onpepnensieT, o4eBHAHO, TFOMOMOPGH3M mpoO-
cTOro Iyuka co cioeM Z u 6Gazoft U B uniyuuposanHumti nywok | U.
[lepexols x KAHOHWYECKMM paCLIHPEHUAM 3THX NYYKOB Ha Bce X, noay-
yaeM TOMOMODP()H3M IyuKa ZU B ju, a 3HAa4yuT, U B &, TaK Kak ju

eCTb TOANYYOK B &7, uTO ¥ Tpe6OBaNOCH JAOKA3aTh.
Orcwona soiBoantes, utro Hom(Z,, %) aBaseTcs He YeM HHBIM, Kak
MYyYKOM
V—->_2Unv)
C OUEBHAHBIMH ONEPATOPAMH OTpAHHUYeHUs, DTOT NMYUYOK Helb3st CMEIUUBATH
¢ NYYKOM ju.
3ameuanne 2.9.2. Ycranosiennoe Buiue cootHoutenne Hom (Z,,,

P)= _Z (U) nossoasieT 10Ka3aTb, UTO BCAKUL nyioxK _F aberesvix
epynn Had X ecmes DAKMOPp-RYLOK HEKOMOpOL NPAMOL CYMMb Ry4-
K08 8uda Zu- He#tcTBUTebHO, paccMOTpuM cemelictBo (U, Sl)iEI’ rie

U,—otkputoie B X MHOMXECTBA M §; — ceduenus nyuka _& Han U,.
Kaxnoe s; onpelendeT roMoMopdU3M Zui—>,? M TeM CaMbIM (CM. 1. 2.7)

TOMOMOP(H3M
hY
i%}lui—»,?.

Has toro urobet 3TOT roMomopduaM O6bla 3MUMOPPUIMOM, HEOOGXOLMMO
H 10CTAaTO4YHO, 4ToOb Aast Jwboro x abesaeBa rpymna _% (X) mopomnia-
JAaCbh 3JeMEHTaMM §;(X), OTBeYalolUMH TeM HHAeKcaM [, AJs KOTODBIX
x € U;. Orciona, ouyeBHIHO, C/elyeT Hallle yTBepMkIEHHE.

3ameuanue 2.93. Ilyctb X — TONoOJOTHYECKOE TPOCTPAHCTBO,
Z — npoctoit ny4ok ¢ 6a3oht X, c1oeM KOTOPOrO SIBJAETCH KOJBILO LEIbIX
PaLMOHANBHBIX 4HCen U % — noAnyuyok abeseBmiX rpynn nyuka Z. Jlasa
moboro x umeem F(x)=n(x)-Z, rie n(X)— OXHO3HAUHO OTpelejieH-
HOE HEOTPHIlATeNbHOE LUEeJI0e YHCI0, 06/aaamotiee TeM CBOUCTBOM, YTO 71 (X)
Jdeanrcs Ha n(y) AJaa Bcex Y, JAOCTAaTOuYHO O6aM3KUX K x (npumep 2.3.1).
Mpi noayyuM OTCIOLa BaXKHble CBeleHHs O mydyke _% B TOM CJayuae,
KOrja NPOCTPaHCTBO X KBa3MKOMNAaKTHO. K3 3TOro npennonoxenus cae-
AyeT, YTO £ (X) TPHHHUMAET TOJbKO KOHERH0e YHCJO 3HauyeHHH.

[Mycte U — MHOXeCTBO Tex x, 1js KOTOpHX n (X) = 0. MHoxecTBO U
ABAAETCA, OYEBRIAHO,  Omipbimsisa B X, TAK KaK TONOJSOTHA B nyuke Z
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otaenuMa. Jlas BCAKOro uenoro s > 1 HepaBeHcTBO 1 (x) < s onpenenser
B U omxpsimoe MHOKecTBO U, moToMy uTo M0GOR neanTenb uncaa n(x)
O6yzer < n(x). TeM caMbiM MB NPUXOAHM K UEMOYKE BKJIIOUEHHH

UcUyc ...,

npuueM U,=U pn1a Jocrarouso GOJLIIOLO n, TaK Kak X KBa3UKOM-
NaKkTHO. PaccMoTpuM Tenmepb MOLMyYKH

Ls=Ly (s>1)
§
nyuka %. Torma ana &% moayyuM ,KOMIO3UUMOHHBIA pan“
e Le... oL, =92,
noc/Jae10BaTebHble (PAKTOPH KOTOPOrO Mbi ceHuac BLIYMC/IHM.
OueBHAHO, uTO jlzzul. Pa;cmmpm Ll Ly A1a s>1 u
BBEIEM JOKA/IbHO 3aMKHYTOE MHOMXECTBO
— N
A=UNU,_,.
SlcHo, uTO 3TOT (hakTOp mpeicTaBaAseT COOO# NHyyoK Z, - Taxk xak
§
n(x)=s n1a moboro x € A, T. e. n(X)— Uel0e YUCIAO, He 3aBHUCALLEE
oT X, TO ,Sﬂs/,?s_]/ H30MOpdeH Nyuky ZAs'
Hrak, & Oonyckaem KOMROSUUUOHKOLE pAO KOHeHUHOH OAUHbL,

nocaedosamenvisie PaxKmops Komopozo umeiom 8ud Z,, 206 A— a0-
KQAbHO 3QMKHYmMOe MHOdxcecmso u3 X.

2.10. Mosanoe TeH30pHOEe MPOH3BEREHHE.

Oycte X um ¥V — 1Ba TONOJOrMYECKHX MNPOCTPAHCTBA, A — OCHOBHOE
KO/bUO, & — MyuOK MpaBhix A-monyie# ¢ 6a3o#t X U off — NyuoK JeBLIX
A-monyneit ¢ 6asoft Y. Mnl onpenenuM Han npocmpancmgon X XY

nyuoK abe/eBHX Tpynm

N= QA
A
U GyseM Ha3bIBATb €r0 NOAHGLM MEH3OPHBIM NpOU3BedeHueM TYUKOB P

u o nan koinuoM A. JTa TePMHHOJOIHS H 3HAY0K @ ynorpebasiorcs
oad Toro, urobn u3bGexarTe B cayyae X =Y BO3MOXHOIO CMeIleHHS
C TOHATHEM TEH30PHOrO MpPOU3BeleHHA, BBeleHHbIM B m. 2.8,

Ilaa mobeix x € X u y€ Y nonoxum

N (x; y)z,.?(x)?w’i(y)

OcTaeTcss TOAbKO YCTAHOBHTb YCIOBHe, TIPH KOTOPOM OTOGpakeHHe

(x, P> ux, NYEN (%, y),
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onpeje/eHHOe Ha OTKPHITOM B X X Y muoxectse W, aBiaserca ceweHuem
nyuka oN°. ITO ycioBHe COCTOUT B caelyiomeM. Kaxosa Goi Hu Gbiaa
moura (x, yo)EW, cywecmsyom omxpsmas 8 Y oxpecmnocms V
mouxu y, u omxpomas 8 X oxpecmnocmoe U mouxu x; cedexus
$;€.2U) u cenenun t,€ oM (V) (8 KOHeuHOM HuuCAE), 0L KOMOPLLX
umeenm

UXVcW aalx, y):Zsi(x)@)ti(y) oan xEU, yeV.
O6o3snauuM Ternepb uepes o' (W) MHoxecTBO oTOGpameHud u, yIOBJIe-
TROpSOWUX 3TUM ycaoBuam. Ecau W < W, To uMmeercsa, ecrecrseHHo,
romoMopduam orpannueHus o’ (W) — of° (W), upuueM nerko nposepanTcs
akcuoMbl npeanyukoB. [Iposepka axcuom (F1) u (F2) nna nyuxoB Takke
TpHBHaJbHA. YTOOB YCTAHOBUTb, 4TO o (X, y) ecThb B TOYHOCTH Tpymna
pOCTKOB ceueHu#t nyuka o\° B Touke (X, y), NOCTATOYHO MOKAa3aTh, YTO
yepea J11060# sjement rpynnsl oY’ (¥, y) ,MPOXOJUT* HEKOTOPOE CeueHHe
(UTO OYEBHIHO), MU NPHUTOM JIOKAJIbHO TOJBKO OIHO.

Hns 3TOTO [IOCTATOYHO [10Ka3aTh, YTO ecau ceueHua ;& P (U)
U t;€o#(V), B3ThEe B KOHEUHOM UYMCJe, TAKOBb, YTO SJEMEHT

25 ()B4 () € Z () @ oA (y) pasen nymo 5 1ouKe (x5, y) € U XV,
TO OH pABEH HYJIO TAKXKe W B HEKOTOPOM OKPECTHOCTH TOUKH (X;, Vo).
Ho mnockoabky

Z(x)=1m ind & (U), o# (y)=1lim ind o# (V),
Uy x Voy

TO HMeeT MeCTO KaHOHHYeCKHH H3OMOpQU3M
Z (%) QoM (y)=1lim ind Z (V) Qo# (V).
A U3x A
Vay
Ilo mpeamonomeHUO 3/eMeHT Esi@)t,- 3 Z(U)Ro# (V) pasen nyaic
: A

B &P (xg) @c# (yy). [losToMy MokHO, uaMeHds B cayyae HamoGHocTH U
A

i V, MpeanofiokUTh, YTO OH TOXKIECTBEHHO DABEH HY/I0 (B CHJAY camoro
onpejle/leHdsl MHAYKTHBHOrO npenena). TeM caMbiM Haule yTBepKIEHUE
NOKa3ailo.

AAcHo, yrto Anaq J06HX OTKpbITEIX MHOMecTB U X n VoV MoxHO
ornpeneauTh O0TODpaxeHHe

J(U)XMZ(V)—>.7§MZ(U><V).

KOTOpOe OUIMHEHHO OTHOCHTEJNbHO OCHOBHOTO KOJbLA A H COBMECTHMO,
B OUEBMIHOM CMBIC/IE, C OMEPaTOpaMu OrpaHUUEHHS,

OO6paTHo, 'NyCcTh 3aAanbl HEKOTOPbift Ty4ok ¢ abeseBLX TFpyNm Haj
X XY n A-Oununefinbie 0TO6paxeHHd

LWy X AMV)—>F (U X V),
COBMECTHMBE C OMeparopamu orpanuuexus. Torla sTM oToGpakeHHs
MpeACTaBUMbBl B BUAE KQMMOBUUMHA ONpele/eHHLIX Bblllle OGUIMHEHHLIK
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oTo6paxeHH#t C OLAHO3HAYHO OIpeleeHHBIM FOMOMOP(UIMOM
F QM.
A

310 cBOHUCTBO MOKAa3bIBAeT, YTO NONHOE TEH30PHOE NMPOH3BeleHHE ABJAETCA
pewenueM ,npoG/eMsl YHHBEPCAJALHOCTH®, aHaJOrMYHOM TOH, KoTOpas
NPUBOAMT B aiarebpe K MOHATUIO TEH3OPHOTO NpPOM3BENEHHT ABYX MONY-
Jefi Hal KOJbLOM.

2.11. O6partnpii 0o6pas myuxka HNpH HempepsIBHOM OTOOpaMEHHH.

[lycts X # Y — 1Ba TONOAOTHUECKHX NMPOCTPAHCTBA W f — HENPEPHIB-
Hoe orob6paxenue mnpoctpanctea X B V. Kak Mwm Bupeau (n. 1.12),
oro6paxenHe [ T03BOJAET CONOCTABUTb KAXKIOMY Ny4Ky MHOmecTs off
¢ Gaso#t ¥V nyuok MuHOKecTB & = [*(of) — o6 pammuuiii 0o6pa3 nyuka off
npu orobpaxenun f. HanoMmHuM, 4TO Mg BCAKOTO OTKPHLITOTO MHOXKeE=
crBa U X cevenns nyska & Han U MOKHO KaHOHHMECKM OTOMIEs
CTBUTL C HenpepbléubimMi OTOGpareHusMn s npocTpanctsa {J B Tomnono-
THYECKOe MPOCTPAHCTBO o/, KOTOpPLIE YNOBAETBOPHIOT YCJIOBHIO

$(x) € oA (f (x)) s moboro x € U. e}

[TpeanosomuM Tenepb, uTo off — ny4ox rosey waz Y. Ouesnnuo,
yTO pemieHns ycaoBHa (1) 06pasyl0T KOAbIO, B KOTOPOM CYMMa M NPOU3-
BeleHUe Oonpelensiorces GopMmynamu

(s +5) (%) = s(2) F+-L(x), () (x) =5 ()¢ (%)

Boaee Toro, sTH onepaimuuM COBMECTHMBI C ONlEpPaTOPAMH Ol paHHYEHHS
B ,¥. Takum o6pasom, Ha &% MOxeT 6bITb KAHOHMUYECKU BBEAEHA CTPYK-
Typa nywKa Koaey.

[Tyctb, Gonee o6ium o6pasom, % — nyuox Koneu Han ¥V u off —— ne-
Boitt #-monyab. Torna & = f*(o#) saBaserca aemM E-ModyieM, rie
A= f*(F). Urobu ybenutbcs B ITOM, NOCTATOUHO ONPENEJNHTH ,ecTe-
CTBEHHBIM“ 06pa3oM npou3BeneHue HekoTOporo ceuenns s& A (U) Ha
ceuene t€ ¥ (U). Tlpencrasue s u ¢ oroGpamenusmu npocrpancrsa U
B % ¥ off, NON0KUM

(S)y(x)=s(x)t(x).

SicHo, yro nas BesAKoro X € X orofpamenue f MHAYUMDYET TOMOMOPdH3IM
koael; A(x)— B (f (x)) u romomopdhusM modyaeid & (x)—> ol (f (x)).
COBMECTUMBLIH € NpenblayuuM FOMOMOpP(UIMOM,

[lepexons K mnpuMepaM, paccMOTPUM NPOCTPAHCTBO X, OCHOBHOE
koiavo A, nyuok _&% mnpasbix A-Monyie#t u myuok o# sesmx A-mony-
aeh ¢ Gazok X. Torna menszoproe npoussedenune F R ol KanoHu"eCKN

A

u30MOPpPHHO O6PAMHOMY 00pA3Y ROAHO20 MEHIOPHO20 RPOU3EEOEHUA
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F QoM npu OuazORGALHOM OMOCPANCERAU
A
x—>(x, x)

npocmpancmea X 8 X X. OcTaBiseM udTaTeNl0 10Ka3aTb 3TO yTBep-
KIeHHe B KauyecTBe YIPAXKHEHHs.

Jpyro#t mpuMep moJyyaeTcss NMPH PaccMOTPeHHM Myuka ¥ abeseBbIX
rpynn wap upocrpancTeoM X. Hus BcAkoro noanpoctpasctsa ¥V ous X
undyyuposannnii nywox LY ranonudecku w3omopgen o6pGmMHOMY
o6pasy nyuxka _F npu KAHOHU4ecKoM 8aodcenun ¥V — X.

Hau6osee BaxHbIM CBOUCTBOM oOlepauuu B3dTHA o6patHoro o6pasa
aBaseTca cieayoutee: GyHKTOp o —> f*(o#), ONpeneseHHBI HA KaTero-
puH nyukop abejneBblx rpynn ¢ 6asoft ¥V, co 3HaueHUAMH B Kareropuu
nyuyxkos abeieBbix rpynn ¢ 0asoff X sapaserca mo4HbiM  QYHKTOPOM.
HefictBuTenbHo, 118 BCAKOM TOYkM xE X MB HMeeM KaHOHHYECKOe
83aUMHO 00HO3HAUHOE omobpadcerue MuoxecTsa f* (o) (x) Ha o (f (x))
(cM. m. 1.12), koTOopoe, OUeBHIHO, COBMECTUMO C AJAMTHBHBIMH CTPYK-
TypaM 3TUX AByX MHOkecTB. OTCi0Ja HeNOCpPeACTBEHHO cJjelyeT HAue
YTBEpXKIEHHE.

2.12. IlpaMoii of6pa3 myuxa.

PaccMoTtpuM, Kak M mpexje, 1Ba npoctpaHcTda X M Y W HenpepbiB-
Hoe orto6paxenue f:X—Y. Toraa mid BCAKOTO TNyuKa MHOmeCTB A
¢ 6asoit X onpenensierca (cM. m. 1.13) npamo#t o6pas f (uf) ¢ basont V,
a UMEHHO NYYOK

VA )

Tpeanonoxum Tenepb, uto £ — nyyox kosew ¢ 6asoft X. Ilpeawiayuree’
omnpeje/eHue TOKa3biBaeT, uTo Ha mHoxecTBax [ () (V) nmeerca cTpyk-
Typa KoOJbld, COBMECTHMas ¢ onepatopaMu orpanuuenus. Crenosa-
TebHO, f (A) MOXHO ,eCTeCTBEHHHM® 06Pa30OM PacCMaTPHBATL KAaK AYYOK
rKosey ¢ Gasott Y. Ecan & — neBwit A-MoAy/ab, TO aHaJOrHuHble pac-
CYXJEHHs TOKAasbBAlOT, 4TO [ ( ) asasercss JeBbM [ (A)-Monyiem.

3ametnmM, uyro dynkrop F — f(F) mouen caesa. eHcTBUTeNLHO,
€C/Id TOCAeN0BAaTEAbHOCTE A -Monyned Hap X

0> 9 > 9>
TOYHA, TO AJg J060ro OTKPDBITOTO MHOXKeCTBa U NOoCJAeN0BATENbHOCTD
0— 2 (U)—» 2U)—>2"U)

TOYHA H, CJAeJ0BATEJbHO, MIJd KaXIOro OTKPHLITOrO MHOXECTBA Vev
TOYHA NOC/JAe10BaTEJbHOCTD

0> f(Z)YV)—>f(L)YV)—>f(LHV),

OTKYyZa W cJelyer Hallle yTBepxaeHHe. Hamportus, dyHkTOp & — f ((F)
He TOYeH CIpaBa, 3a HCKJIOYEHHEM TPHBHAJbHBIX, MaJ0 HHTEePEeCHBIX
CJyyaes. ’



§ 3. NPOAONMKEHME U NOABEM CEUEHMH

3.1. Baasle ny4xu.

[Tyyok oF MHONKECTB Hal MNPOCTPAHCTBOM X HA3BIBAGTCA BA.261M,
ecau Aas aw060ro oTkpuToro B X MHo:xecTBa U oTobpaxeHue oOrpaHu-

YeHust
F (X)—>F (U)

ecTb omobpascenue Ha sce F (U).

Tax 6yleT, HampuMep, B TOM CJydae, KOT1a ¢F ecThb NMy4YOK POCTKOB
8cex (He 06s3aTe/bHO HENPEPBLIBHbIX) CEYeHHH KAKOrO-HHOYIb PacC/OeH-
HOro mpoctpaHcTsa ¢ 6azoft X. Tak Kak BCAKUH NyyoK dBAseTCA NYYKOM
POCTKOB CeYeHUH HEKOTOPOr0 HaK PhIBAIOLIErO TPOCTPAHCTBA Hal X, TO 1eTKO
ybexaeMcad B TOM, YTO 8CAKUI NYHOK MHONCECME MONCHO NO2PY3UNMb
8 8aasti nywor. TouHee, NI KakAOro nyuka oF nyuok QY(X; <F ),
onpejenseMbit GopMyaoh

U— Il & x
ey

BMeCTe C OYeBHIHLIMH OTOOPAMeHHAMU OTrpaHUYEHHS, §BJSETCH BAJBIM

NyYKOM, COAEPKALIUM oF .

[lyuku Takoro pona OyAyT urpaTb (QyHIAMEHTaJbHYIO POAb B Cles
IyoolieM mnaparpade.

Mpumep 3.1.1. Ilyctb X — HenpuBogumoe anrebpanyeckoe MHOro-
obpasue Hal noaeM k. Kak Mbl yxe Bujenu, B 9TOM Ciyude IepeceycHHe
400X JIBYX OTKPHITBIX HEMYCTHIX MHOXECTB He NyCTO H, CJeLOBaTelbHO,
BCAIKOE OTKpbITOe B X MHOXeCTBO c823H0. M3 3T10r0 ¢haxra BbITEKaET,
yro scakud npocmod nywox nHad X ssiafemcs 8aasim (,Teopema [po-
Tenauka“) !). HerpyiHo y6eiuTbcsi Takike M B TOM, YTO BSJIBIM MYYKOM
OyleT NMy4YyoK POCTKOB AMUBU3OPOB Hal X (HO, KOHEYHO, HE NYyYOK JIOKadb-
HBIX KoJsell Han- X).

BaiocTh nyuka oF ABASETCS 20KAAbHbM CBOXCTBOM. JleHcTBUTENBHO,
NpPeiNOoN0OKHM, YTO oF | U/ — Bsdbifl MyuoK 417 MI060r0 NOCTATOYHO MAJIOrOo
OTKpPLITOr0 MHOXecTBa U, W MycTb §-— cedyeHUe MyuKa oF HAl NpOUs-
BOJbHBIM OTKDHITbIM MHOMecTBOM V. Paccmorpum Muoxectso E mnap

1) Pasymeerca, TO, uro X — axre6paudyeckoe MHoOrooGpasue, He ABAfETCH
3Jech CyLIeCTBeHHbM. Pe3yibTaT BepeH MAs J1060ro HENpPHBOJAMMOrO TOMOJOTH-
_ YeCKOrO NpocTpaHCTBa (CM. npumedanue Ha cTp. 147). — IIpun. peo.
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V', 8, tie VoV u s'€F (V') unayuupyer s Ha V. Ynopanouus E
€ MNOMOLUBIO OTHOMIEHHS ,MPOLOMKEHUA, MOJIYUHM, OYEBUIHO, HHIYKTHUB-
Hoe MHoxectBo!). Ilycte (V’, §’)— MakcuMmanbHbift 37emeHT B E
nycts V/ = X. Torna cyuwectsyer OTKpniToe MuoxecTo U, He colepxa-
weecs B V', nas xotoporo oF |U — Bsabi#t my4yok. DTO NO3BOJsSET NDPO-
10KUTh Ha U orpaHuyeHe ceveHua s’ na U NV’ u, caenosarenbho,
nponoaxuts s Ha U V’. Takum obpasom, V' =X, T. e. oF — BsabHl
,B leaomM* mnydyok. OO6paTHO, OYEBHAHO, YTO BAALIH MYyYOK HHAYUHPYET
Ha JIO60M OTKDBITOM MHOXeCTBE CHOBA BAJLIH MyYOK.

Teopema 3.1.1. [lpamod o6pa3 844020 ny4tKa npu HEnpepsieroM
omobpascenuy ecme 8746l NYLOK.

[Myctb 3amaHbl HempepniBHOe 0TOGpaxende f:X— VY, paautt nyuok oL
¢ Gazoit X u nycte & = [ (uf). Toraa no onpefefeHuio npaMoro o6pasa
145 11060ro oTkpuTOoro B YV MHOxecTBA V KOMMyTATHBHA cijedyloulas
oyarpaMma:

AX)—> A V)
N N

FX)—>% V)

[To onperenenuio npsmoro o6pasa BepTHKajAbHbLE CTPEJKU CYTh B3aUMHO
OIOHO3HAYHEIE OTOépa)KeHHﬂ Ha BCE€ MHOXECTBO. BerHﬂﬂ rOpuU3OHTaaAbHadA
cTpeika eCTb OTOGpAXKEHHE HA BCe MHOMXECTBO, Tak Kak of — BAJbIA
nyyok. OTCiola u chaeldyer TeopeMa.

Teopema 3.1.2. [Tycmes

0> 9 > 7> "0
— MOYHAS ROCAeDOBAMEALHOCML ny4Ko8 abenesutx zpynn. Ecau

F'— sAanvli nywox, mo 045 kaxno020 omrpumoz0 U moyna nocaedo-
8amMeABHOCMY

0—> 2" (U)»> 2U)—> 2" U)—>0

(m. e. mouHa nocaedosamensHOCMs NPeOnY4K08).

Moxno cuMtath, yTo U =X, u BCe CBOMUTCH K 1OKA3aTeAbCTBY
TOTO, YTO NPOU3BOAbHOE cedenne §” € 7 (X) NOPOKAAETCS HEKOTOPHIM
ceyendem nyuka .%. Paccmorpum MHoxectBo E map (U, s), rae s¢& & (V)
unayunpyer s” Ha U, ynopsioueHHOe C MOMOLLLIO OTHOWIEHUS ,MPOAQJ-
xenusn“. Torma E — uuiykTuBHOe MHOXecTBo. [lycte (U, ) — Makcu-
MaabHb#t s7eMenT B E. Ecim x € X\ U, 10 cyuwectByer okpecTHOCTh V
TOYKH x M cedeHue f € ¥ (V), koropoe unayunpyer s” Ha V. Ceuenus §
u t oranyaiorcds Ha UV rToabko Ha ceuenwe nyuka _%’, KOTOpOe
MOKHO TPOLO/KHTbL HA V, Tax kax &’ — Baau# nyyox. CienosatefbHo,
U3MeHHB £, eCaIH ITO HeoHXOAMMO, MOMHO CUHTaTh, uto Ss=1*¢ Ha UV,

1) HacTHuHO yNOPANOYEHHOE MHOXKECTBO HA3HBAETCH HHAYKTHBHBIM, €CJH
B HEM BCKOE HAMNpaBJEeHHOE MNOAMHOXECTBO HMEET MaKCHMAJbHBIH 3J1€MEHT.—
Ilpum. peo.
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Ho rtoraa snement (U, s) ue sBasercs MaxcuMaiabHbiM. TakuM 06pasoM,
U= X u Teopema 10Kazana.

Caencrsue. Ecau P u P — sasve nyuxu, mo u P — 84l
ny4ox.

HeftcTreUTenbHO, BeAkoe cevenne s” myuxa 2”7 uan U nopomaaercs
HEKOTOPHIM CeyeHueM myuka & Hajn U, xoTopoe NpOLOMKUMO Ha Bce X.
CrenoBaTe/ibHO, MPOLOMMKHMO HA Bce X U s”.

[Mycte ® — cemeltcTro HocuTene B X (n. 2.5) u % — nyuox abe-
qesbix rpynn Haa X. O6oaHaunM uepes ['q (L9’) MHOMeCTBO ceueHuH

SE #(X), HOCHTENH KOTODBLIX mpHHannexar cemeltctsy ®. Ouo, oue-
BUIHO, oBpasyet abeseBy rpynny, npuueM & —> 'y (&) ABAseTCA TOUHBIM
caeBa (yHKTOpPOM (1. 2.5).

Teopema 3.1.3. [Tycme

0> P> ot 5 |

— MO4HASL NOCACO0BAMEALHOCHL BAALLX NYLK08 abenessix 2zpynn. das
aw6020 cemeiicmea O Hocumeneld coomsemcmsynowas nocaedosamens-
Hocmb abenessix 2pynn

0—)P®(30)—)P¢.(31)—> R
mo4Ha.
ﬂeHCTBHTeI{bHO, MMOJIOXKHM

z? =Ket[ "> #" = Im[ "> &
Torna, oyeBUIHO,
Is (ZP)=Ker [Ty (FP) > Ta (F7],

M BCE CBOAMTCA K J0KA43aT€/JIbCTBY TOYHOCTHM MOCJAENOBATENbHOCTEN
0T (29 >Te (P >Te(Z7H >0,

O1HAKO MOC/EI0BATENBHOCTH
0—> ZP—> ¥ > ZPT1 50

1 v
tounsi. CrenoBaTenbHo, ecau ZP — Bsabiit nyuok, To u ZPH' — BaAbE

nysox. Tak kak ZO0=0 saBisercs BsibM, TO BCe Nyuku Z7 paabe.
TakuM 06pa3oM, Bcskoe cevenne 2PT! myuka ZPT' ¢ mnocurenem SE @

MOXeT 6bITh MOAHATO 10 HekoTOporo ceuenus [” myuka %7, u ocraercs
MoKa3aTb, YTO HOCHTeNb cedenus [7 MOXKHO mpeimoJaraTh MpPHHAAJIEka-
wum @. Ho I” unpyumpyer Ha X \.S HekoTOopoe ceueHHe mydka %7,
KOTOpOE MOXHO MNPONONKHTL HA Bce X, TaK Kak %P — Baau# MyyoK.'

Buuutas u3 [ 910 ceuennme nyyka Z P, Mbl M npuieM K HCKOMOMY
pesyJabTary.
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3.2. MapaxkoMnakTHLHIE NPOCTpPaHCTBA.

TIpocTpaHcTBO X Ha3bLIBAGTCA NAPAKOMRAKMHbLM, ECIH OHO 0MAeAl MO
M eCJH [IJf BCAKOrO OTKpHTOro nmokpuitva (U/;) mpoctpanctBa X cyule-
CTBYET L0KQALHO KOHE4HOrZ OTKPHITOE MOKpHTHE!), BrnucanHoe B (U)).
[TapakoMnakTHOe MPOCTPAHCTBO HOPMAJbHO, OAHAKO OOPATHOE YTBEP:H -
IeHHe He BepHO. BcAkoe 3aMxknymoe moANpoOCTPaHCTBO NMAaPAKOMIAKTHOIO
NPOCTPAHCTBA MAPAKOMINAKTHO. Mempu3yemsie npPOCTPAHCTBA NAPAKOM-
naKTHH (C/1€10BaTeJbHO, W BCE€ WX NMOIANPOCTPAHCTBA, TAK KAK OHH TOKe
METpPU3yeMbl), TaK Xe, KaK M JIOKAJAbHO KOMUAKTHBIE NPOCTPAHCTBA,
cyeTHele B GECKOHEUHOCTH (ABAAIOLIMECH OObeNuHEHHWeM CHYEeTHOTO YHCJ/a
KOMIT2KTHBIX MPOCTPAHCTB).

Mbl  nocrosiHHO OyleM Hcmoab30BaThb (6e3  CCHIIOK)  caenyrouui
pesyabrar. Ilycme (Ui)iy“_ OMIPHLIMOE A0KAABHO KOHEHHOe ROKpbimue

Hopmaasnozo npocmparcmea X. Tozda cywecmsyem maxoe OmKpbL~

moe noxpsimue (V) umo V,c U, daa scex (€1

icr

[Mycts X — HekoTOpoe npocTpaHcTBO. HazoseM napafco/unafcmuﬁu-
gupyouwum cemeiicmson B X Bcakoe ceMelictso © noamuomects npo-
cTpaHcTBA X, YAOBJIETBOPsiOLiee CJEIYIOLIMM YCJIOBUIM:

(PRK1) Iodmnosxcecmsa SE © 3amxuyms. & napaKomnaxmmst.

(PRK2) O6sedunenne KOHEUHO02O HUCAQ MHONCECMS, NPUHAOALEHCA-
wux ©, npunadsemncum O,

(PRKS) Jiw6oe 3amxuymoe noomnoxcecmso muoxecmsa SE O
npunadaexncum O,

(PRK4) Bcearoe SE P o6aadaem oxpecmuocmswo?), npunadaexca-
weil ©.

Hanpusmep, ecan X siB/sieTCS OTKPHITHIM NOANPOCTPAHCTBOM [1apaKkoM-

NakTHOro mpoctpaHcTsa X, TO 3amxuymsle 8 X mnoamHoxectsa Sc.X

06pasyioT napakomnaktuduimpyiouee cemefictso B X. Taxum cnocobom
NOJyHaeTca BCSKOe MapakoMNaKTHQUUUpYIOLIee CeMeHCTBO, ecnH TOJbKO
obbenunenne Bcex SE @ ects Bce X.

Ecimu @ — cemelicTBo Hocuteneit B X u ¥V —- I'IOlHIpOCTpaHCTBO B X,
To 4eped @[V Mul Bcerga OyleM 0603HAauaTb COBOKYNHOCTb TeXx SE @,

kortopeie cofepxarca B Y. Ecau mpu srom Y 3amruyrto, 10 @ |V ecTs
TaKxe COBOKymHOCTb mepecedenuit SNY, SE€D.

1 Mokpnitie (M;) mpocrpancTBa X HA3bIBAETCH JOKAAbHO KOHEUHBIM, €CHH
Kaunas Toyka H3 X 006AajaeT OKPECTHOCTbIO, Nepecekaluiefica AHINL € KoHed-
HBIM 4YHCJIOM MHOXeCTB M; — ITpuns. peo.

?2) Nlon oxpecmnocmeio MHOXKecTBA S C X moHuMmdercd 110608 MHOXECTBO
Mc X, aaa xortoporo cymecTByer Takoe oTkpuroe U, uto S U M. Takum
06pa3oM, OKpPECTHOCTb He o6s3aHa 6bITh OTKPHTOH. — [Ipus. peo.
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Ecin ® — napakoMmnaktudunupyiomee ceMelctso u Y — soxaasno
3amxnymoe B X MHO¥ecTBo, 10 @|V sBISeTCA mNapakoMnakTH(UILY-
pyoluuM cemeHcTBOM B Y, Kak B 3TOM /JerkO yOeUThCcsl, PacCMOTpPEB
paBeHcTBO Y= U N F, roe U — oTKpHTOE U F — 3aMKHYTOE MHOXeCTBA.

3.3. JlokaabHoe mpopOJKEeHHEe CeuyeHHs.

Teopewma 3.3.1. [Tycms oF — ny4ox MHONCECMB HAO NPOCMPAH-
cmaom X, S — nodmnoocecmso 8 X u S — HEKOMOpOe ceverle nYIKG oF
Hao S. '

Ecan S oOonyckaem 8 X yHOQMeHMAABHYIO CUCMEMY RAPAKOM-
RAKMHBLX OKpecmHOCmel, Mo § npPo0oANCAeMCS HA HEKOMOPYIO OKpe-
cmHocme mHodxcecmsa S 8 X.

MoxHO, oueBUAHO, cuuTaTh X 1apaKOMNAKTHEIM TNPOCTPAHCTBOM.
C napyro#t CTOpOHBI, MOXHO MOKDPHETb S OTKPHITHIMH MHO:KecTBaMu U,
u Hattn Takue S;€oF (U), uro s;==s ua SN U, 3amesus X napa-
KOMNAKTHOU OKpPECTHOCThIO MHOXECTBA S, conepxaiueiics B U Ui, MOXHO
cyutath, 4ro U; MOKpHBalOT X U Jaxe 4YTO 3TO TOKPBITHE JOKaJIbHO

KoHeuyHOo. BriGepeM BTopoe nokpritHe V; Tak, uTobw V,c U, mns Bcex i,
H 00o3HauuM uepes W MHO¥ecTBO Tex x € X, M1 KOTODHX M3

XEV,N ‘71' caenyer, 4to s; (x) = $;(X).-

B cuay teopemn 1.3.1, npuMeHenno#i k nyuky oF |W, cylecrtsyer
ceueHue nyuka oF Han W, koropoe unayuupyer s; na W NV, Ono,
OUEeBHJHO, ABJIAETCS NPOLOKEHHEM CeyeHHUs S, U OCTAETCs, CJIeAOBATEIbHO,
nokasaTt, uTo W ecCTb OKpecTHOCTb MHOXecTBa S.

[ycte x € S, Toraa cyuiecTByeT OTKphITas okpecTHocTs W (x), nepe-
ceyeHne KOTOpOH ¢ MHOkecTBaMu V/; e mycro sumb ans Vi, ..., V;p
Wamensisi B caydae Heob6xoaumMocTd W (x), MOXKHO CYHTaThb, 4TO BCE 3TH
MHOXeCTBa coJepxaT X W 4To W (X) CcONepMHTCA B MHOXECTBax

Uix’ Ce Uip. Ceuenus Sipy ooy s,-p onpelesieHbl B TOUKE X H, OYEBHAHO,

paBHBl B 3TOH Touke. Tak Kak MX KOHeYHOE UYHCJAO, TO MOXHO CUHTATh,
YTO OHM PaBHBl HA BCeM OTKpHTOM MuoxectBe W (x). Takum oOpasom,
W (x)cW, uTo u 3aBepllaeT J10Ka3aTeabCTBO.

Cnencreue 1. Ilycme X — monoao2uteckoe RpOCMPAHCINBO,
oF —nyuox ¢ 6azoli X u S— nodnpocmpancmso 8 X, donycranouee
PYHOAMEHMAABHYIO CUCMeMY NAPAKOMRAKMHbLLX oxpecmHrocmeld. To-
20a

oF (S)=limind & (U),
Uos ,

20e npedea Gepemcs no ynopsaodoieHHOMY (RO BKAIOMEHUI0) HANDABACH-
HOMY MHONcecm8y oxpecmuocmel U nodnpocmpancmsa S 8 X.
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JleHCTBUTENLHO, KAXIOE CeueHHe Ny4yka oF Hal S NponoaKaerca
Ha HeKOTOpyI0 okpecTHocTh U mnoanpoctpanctsa S B X. Kpowme Toro,
ecau ceyeHus Han okpectHoctaMu U wu V' noanpocrpanctBa S B X
COBMANAT HAa S, TO OHH COBNAJAlOT M HA HEKOTOPOH OKPeCTHOCTH
WcUNV mHOoxecTBa S.

[Npeasiayee cieACTBHE NPUMEHUMO, B YacTHOCTH, B cayyae, koraa X
NapaKOMIaKTHO, a § 3aMKHyTO, Mad koraa X MeTpudyeMo, a S mpo-
H3BOJILHO.

Cnencteue 2. [lycms A— nexomopoe noOnpoCMpancmeo mempi-
3yemozo npocmpancmsa X. Beawuid 8saavd nywor ¢ 6a3oi X u#oy-
yupyem Ha0 A 8AAbE NYLOK.

JeACTBUTENLHO, €CAH oF -~ BAABLIH ny4qok ¢ 6a3oft X, TO SICHO, 4YTO
7060e CeyeHHe TyUKA oF HAN NpOU3BOAbHBLM NOIMHOKeCTBOM 8 X
Iposfo/Kaercd Ha Bce X, OTKy/Ja M BLITEKAET CNPABENLJIUBOCTH CJEACTBHUS.

3.4. Msarkue ny4Ykd HA MAPAKOMNAKTHHLIX MNPOCTPAHCTBAX.

Mycth X — NapakOMNAKTHOE INpPOCTPAHCTBO, ¢F —-NYUOK MHOMKECTR
nan X. Ecin oF — Bsabif Myuok, TO M3 Teopemsl 3.3.1 caeayer, uto
6CAKOE ceteHle NYIKA oF HAO HEKOMOPHLM 3AMKHYMBLM MHOMNCECH
80M npoooAXNCUMO Ha Bce X.

Bynem rosoputh BooOule, YTO My4yok ¢ Oasolt X aBaserca MmAzKuM,
ecau ou o6iaanaeT 3TUM CBOMCTBOM. ITO CBOUCTBO B NEeHCTBUTENLHOCTU
UMeeT 20KaabHbill xapakTep. TouHee TroBOpsA, CHpaBelNuB CJeAYIGHIMH
peayabTar.

Teopema 3.4.1. ITycms oF — nyuok HAO naparoMnarkmsm
npocmparcmeom X. Ilpeononoscun, wmo rkaxoas mouxa u3 X umeem
okpecmuocmey U, ydossemsopsiowyio caedyiouemy \CA08UI0; BCAKOE
cetenne nYiKa oF HAO 3AMKHYMBLM ROOMHOXNcecmsom 8 X, codep-
scamumcs 8 U, npodoaoaemces na U. Toeda F — maexuli ny4ox.

TycTh § — HEKOTOPOE CeueHWe NyuyKa oF Hal 3AMKHYTBIM MHOXe-
crBoM S. MoxHo HaWTH a1 X JIOKa/AbHO KOHEWHOE HNOKDLIiTHE (Ui)te/

OTKPHITBIMA  MHOMKECTBaMM, O0JalAOUIUMH  C(OPMYJIHPOBAHHLIM  BhILIE
ceolicTBOM, M 3aTeM Takoe nokpmithe (V;), uro V,c U, aaa moboro i,

Monowum F, =V,
F;=JF,

icJ
aas moboro moamHoxectsa J B 1.

PaccmorpuM Teneph MmuoxectBo E map (¢, J), rae JoI n £ — He-
KOTOpOe ceyeHue nyuka oF Hal F;, pasnoe s na S F,. 3ameruu,
YTO 3TO MHOMECTBO HE NyCTO (AOCTAaTOYHO B3iTh oaHo UJ;, KoTopoe
nepecekaetca ¢ S, M NpoAOMKMTb Ha F; cedyeHHe §, omNpefle/eHHOE
Ha SO F;). Ero MoxHO ynopanouuth, noxoxus (¢, J) << (¢, J’), ecau
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Sl nt'=t" Ha Fp. YnopsnoueHHOe MHOXeCTBO E uniyKmusHo,
KaK MOXHO 3aMeTuTb, Hcnoab3ys Teopemy 1.3.1. Ilycrb (¢, J) — Mmaxcu-
ManbHBIR 37eMeHT MMoxecTBa E. Ocraercs nokasatbh, uro J=/. [lpex-
MOJOXKUM, YTO CYWECTBYeT HHAEKC {, He MpUHaLIexawu#t kK J, U mno-
aoxuM J =JU {i}. YroGbl NpPUHATM K NPOTUBOPEUUIO, AOCTATOYHO [O-
CTpouTb ceveHde ¢’ Haa F,; kortopoe Ha F,(}F,; coBnanaer c ¢, a Ha
F,(S copnasaer ¢ s. Ho Tak xax £ =¢ Ha Fy(\ S, To 3ajaua cpoaurcs
K NpOJO/KEHHI0O Ha F; ceueHus, 3aJaHHOrO HA B3aMKHYTOM IOJMHOXeE-
cree F;, uto BO3mMOXHO B cuay BhiGopa U, Teopema nokasaua.

Teopema 3.4.2. [lycmp oF — MAKUL NVLOK HAO NAPAKOMAAK M-
Hotm npocmpancmsom X. Tozda F unoygupyem Msekuli nywox Had
Kaocosim 3amMKHYmolMm noonpocmparncmson 8 X, a ecau X Mmempu-
3YeMO — MmO 0Qoie HAO KANWOBM AOKAALHO 3QMKHYMBM HOOAPO-
cmparcmsoMd 8 X.

[Tleppoe yTBepXAeHHE TPHBUAALHO. [lad TOro uToObl yCTaHOBWUTH
BTOpPO€, pPAacCMOTPHM JOKaJbHO 3aMKHYTOe IOAMPOCTPaHcTBO A B X U
Touky x u3 A. Touka x umeeT B X TaKyl0 3AMKHYMYIO OKPECTHOCTh
V(x), yuro ANV (x) samkuyto. Bcsikoe 3aMkHyTOe B A MHOXECTBO,
comepxkaweecs B V (x), Oyzer, TakuM o00pa3oM, 3aMKHYTHM H B X,
OTKyJa cJjelyeT TeOpeMa, ecaAd INpPHHATb BO BHUMaHHE ONpedeNeHHe
MSPKOIO IIyyKa M HCIOJAb30BaTh TeopeMy 3.4.1 (4TO BO3MOXKHO, TaK
Kak A MapakOMIaKTHO).

CunencrBue. Ilycms (o?i)t.y—/zoxaﬂbuo KOHe4HOe ceMelicmao
nY4K08 Q0eAe8blX 2PYAN HAO NAPAKOMNAKMHBM Rpocmparcmsom X.
Ecau 8ce oF ;— msieKue ny4xu, mo ux NpAmas cymma 6ydem maroice

MAZHUM NYUKOM.

Hetictutenpno, nycth x € X. Toraa cywectsyer okpectHocth U
TOUKH X, MM KOTODOH CeMeMCTBO MHAYUMPOBAHHBX NYUKOB oF ;| U
CONEPMUT TOJbKO KOHEYHOE YMCAO HEHyJAeBbIX Imyuykos. MomHO mpej-
MONOXHUTL, OYEBHAHO, uTo U 3aMKHYTO H, CJ€L0BaTe/qbHO, N2paKOMMNAKTHO.
Tak Kak 1Js KOHEYHOro CeMeWCTBAa NOKA3hlBAeMOe CJeJCTBHE TPUBHAJIBHO,
TO npsiMas CyMMa of IyukoB oF ; MHAyuupyer Haa U Msrkufi mydox

TakuMm 06pasoM, oF — MATKEH Ny4oK.

3.5. ®-MArKHe MyuyKH,

[Tycte X — Tonosorudeckoe npocrpaHcrTso, ® — napakomnaktuduuu-
pyiouee cemeHcTBO B X H oF ~—INyuyok MHOKeCTB Han X. I'oopsr,
yro F ectb ®-mmexui nyworx, ecam aas aoboro SE O uaaynuposaH-
HHfl TIYYOK oF |S sBAseTcs MArKHM, T. e, ecad aaa 8, "€ D u §'28”
oTOOpaxeHHe OrpaHHYeHus

F () —>F (")
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ecTb OoTOGpaXeHHe Ha Bce MHOXecTBO. B cuay reopemsr 3.3.1 gcsruii
saasiii nywor asasemcn P-maexum nyaxom. C 1pyro#h CcTOpOHH,
APAMAS CYMMA A0KAABHO KOHEHHOH COBOKYNHOCI®U NY4KO08 oF ; ale-
aesoix epynn ecmy O-mazxuld nydok, ecau Kaxcovii RYHOK oF ; ecms
®-mazxuid nywox. JeRCTBUTEAbHO, AAA MPAMOH CyMMbl of MYUKOB oF |
cnpaBeinuBa ¢GopMyJa

FIS=B(F IS e,

M TOSTOMY Hallle yTBeDXJAeHHe BHITEKaeT M3 CJeACTBUS TeopeMbl 3.4.2.

Teopema 3.5.1. Iycms X — monosozuneckoe npocmpancmso,
oF —nywox afeaeswx zpynn Had X u ©-— napaxomnaxmuguyu-
pywwee cemelicmso 8 X. Jaa mozo umobu F Goia O-mazxumn ny4-
KOM, HEOGX00umo u docmamonno, 4mobe. 04R xaxdozo SE D zouo-
mopgusm Ty (F ) —> F(S) 6b1a snumop@buamor.

He#cTBuTeabHO, NycTh §— ceyeHHe wan SE€ @. BosbMeM HekOTOpY0
oxpecmuocime S' € O muomecrsa S. Toraa MoXHO onpeneluTb cedexue
nyuka oF Hal 3aMKHyTbIM MHOxectBoM S| F (rne F —epanuya muo-
wecTBa §’), NoJowuB ero paBabiM § Han S u pasumM O Haa F. ro
ceueHHe npoaomxaercs Ha S, ecan oF ectv D-mazxud nyuwox. Ho
TaK KaK OHO paBHO Hyai0 Ha F, TO ero MOXHO NpPOIO/KUTL Ha X,
cyutas ero PaBHHM Hyal0 Ha X\ §’. Teopema noxasaHa.

Teopema 3.5.2. Hycme X -— monosozuteckoe npocmpaxcmaso,
@ — naparxomnaxmuguyupyouwee cemeicmso 8 X u

0> % > 7> ¥ >0

— MOYHAS NOCAe00BAMEABHOCME NY4KO8 alferessx epynn. Ecaun &' —
D-mazrul nynor, mo ROCACOOBAMEALHOCTLY

0->Te (F) >Te (L) > Ta(F") >0
Mo4Ha.

Mpeanonoxum crayana, uro X mnapakoMmnaktHo u ® — ceMe#icTBO
BCeX B3aMKHyTHX noaMHoxect8 B X. [lycTh §” — npoussosbHOe cede-
HMe nyuka 7. Hapo ,nommats® ero 10 cevenus nyuka _&°. Tak kak
3TO MOXHO Ce]aTh JOKAAbHO U TaK KaK X MAPAKOMMNAKTHO, TO CYle-
CTBYIOT JOKa/MbHO KOHEYHOe OTKphiToe nmoKpuTHe (U,);¢; npocTpancrsa X
H ceyenus s;€ % (U;), npencrapasiomune cevenve s” na U,;. Brbepes
nokputue (V,), nas koroporo

F,=V,cU,
npu Bcex f. )
Paccmorpum teneppr Muowecrso E map (s, J), rae J=I, a §— He-
KOTOpOe ceyeHHe nyuxka & uaip F;= U F,, xoropoe mnpeacTaBiasger
i€y
HA 3TOM MHOXECTBe cedenue §7. MHO)KEEECTBO E, oueBHIHO, He MYCTO
v, OyALyud YMOPSAOUEHO MO NMpPOAO/DKEHHI, MiaykrusHo, [lycts (s, J)—



§ 3. IPONOJ/DKEHHE U TOOBEM CEYEHUH 177

MaKCHMaJbHb 3/MeMeHT MHOXecTBa £E. Bce cBOIMTCA K 10OKa3aTe/lbCTBY
toro, uro J==/. Ilycte { €7\ J. BoabmMeM Torna Hexoropoe ceuenue s,
npeacrasasoniee s” uwa ;. Ha muoxecrse F;NF, ceyenus s u s; 01-
JAHYAIOTCS TOJBKO Ha cedeHHe INyuka _¥’/, KOTOpOe NPOJAOMKAETCH Ha
Bce Uy, Tak kax &/ -— Mmarku#i nyyox. Takum 06pasoM, s MOmHO TPO-
ROMKUTE, Ha F U F;, 4TO NpUBOAMT K MPOTHBOPEUHIO.

[epettaem Temepbp k obuiemy cayuamo. [lycts s” — HekoTopoe ceue-
e 3 Lo ((Z”), a §"€ ® —ero nocuresab. Tak kax _&/|S” — Markui
Ny4yoK, TO NpeAUIeCTBYIOLIHE PacCy:kAeHHs MOKAa3blBAIOT, UYTO §” MOMKHO
NOAHATL 10 cevenus s nyuka % wman S”. Tlyctb §€ @ -— okpectHoCTb
muoxecTBa 87, MOXHO NPEANOJOMHTb, YTO § TPOAOKEHO Ha S,
Ocraetcd TOMbKO y6eIHThbCs B TOM, YTO MOXHO CUMTATL S PABHBIM HYJIO
Ha rpauvue F wmuoxecrsa S. Ho rtak kak s” pasHo wyawo Ha F, To
orpaHuyeHHe ceyeHus s Ha F ecTb ceyeHHe Nyuka _¥’/, KOTOpoe MpoO-
Lo/KaeTcs L0 ceuenus s’ nyuxa 9’ Han S, tak kak _&’ ecth -msr-
ku#t nyuok. Mbl rnonyunM TpeOyeMbl peayabTaT, 3aMeHHB S Ha § — §’.

Caencreue. [Tycmy X — napaxomnaxmuoe (coomsemcmeerno
MEMPUIYEeMOL) RPOCIPAHCMEBO U NYCMLb

00— #F' —> F—> F"—>0

— mounan nocaedosamedvHocme nyqKos adesesoix 2pynn Had X. Ecau
P ecmb mAKul ny4wox, mo nOCAed0BAMEALHOCHL

0—> 2" (A > 2 (A)—>.2" (A0

MOYHA 04 AI00020 3AMKHYMO20 (COOMBEMCMBEHHO AOKAAbHO 3QM-
KHymoz0) nodnpocmpancmea Ac X. _
JTO yTBepkACHHE OYEBMIHO, TaK Kak Nyqox _P'|A markuh.
Teopewma 3.5.3. [Tycms X— monoaozuteckoe npocmpaxcmao,
O — napaxomnaxmuguyupyouee cemelicmso 8 X u

00— F —> F—> F"—>0

— MOYHASA NOCAEO0BAMEABHOCHL NYHK08 alese8olx 2pynn ¢ 6a3of X,
Ecau ' u @ — Q-muazkue nyuxu, mo _F" maroce O-msazxui
ny4ox.

Teopema 3.5.4. [lycms X — monoaozuseckoe npocmpaxcmso,
O — naparomnaxmupuyupyouee cemeiicmso 8 X u

0 PV P ...

— mounas nocaedosamesshocms P-MAzKUX NY4K08 alenessix zpynn
¢ 6asoil X. Tozda nocaedosamenpHocmp

0—->T'e () —>To((F)—
MoOYHG.
066 3TH TE€OPEMBbI JOKa3pIBalOTCAd TAK WKe, KaK dHAJAOQOTHUYHbIE peaynb-
T4THl AJS BSIBIX NYYKOB.
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Teopema 3.5.5. [lyems X-— monosozuueckoe npocmparcmso,
® — napaxkomnakmuduyupyrowee cemelicmgo 8 X u A— 20KaAbHO
3amrHymoe nodnpocmpancmeo 8 X. Toz0a

(a) scaruli ©-maexul nyton P ¢ 6asoh X undyyupyem (Q|A)-
Mazxall nys1ox Ha A.

() ecau P ecme O-muzxui nywox abeaesoix 2pynn ¢ 6azoi X,
mo nywox P, maxoce D-mazrui.

(c) ecau oF ecmoy (V| A)-mazkuii ny1ox abenresoix 2pynn ¢ 6a3oi A,
mo ry4oK F X ¢ 6asoi X ecme O-mmziuii ny4or.

YTBepxaeHue () TPHBHAIBHO.

Ilaa Toro uyrobwm J10KasaTb yrsepwieHHe (D), BO3bMEM HEKOTOpOE
SE®. Hano mnoxasath, uto P ,IS ectb wMarkuit myuox. Tak kax

3A’SZ(3|S)A[‘|S' TO MOXHO oOTBAeubcsi or ® u cuurare, uyro X

napakoMnakTHo. Torga ocraerca TOJBKO pPaccMOTpeTh CJyualt, Koraa
A — OTKpHTOE MHOXECTBO, M c/1ydyall, KOoraa A — 3AMKHYTOE MHOMECTBO.

[Tycte A OTKpHITO H § — HEKOTOPOE ceuehHe nyuka %, Hal 3aM-
KHYTLIM MHOxecTBOM Sc.X. 3T0 ceueHne GyleT ceueHHeM OyuKa &
Han S, pasHuiM Hyao Ha SN(X\ A). Tak kak _% — markufi myuok,
TO § MOXHO NPOLOKUTL O CeYeHHs £, ONMpPeAeJeHHOro Hal BCeM X.
Ocraercd 1oKasaTh, 4YTO MOXKHO CUMTAThb ! pPaBHBIM HYJI0 Ha X\ A.
Ho Ttax kak s paBHO HyJI0 Ha 3aMKHYTOM MHOxecTBe S (X '\ A4), TO
CyulecTByeT ceueHue s’ myuka % Hal 3aMKHYThIM MHOXecTBOM S | (X \ A),
paBHoe s Ha S W Hymo BHe ero. Basge 3a { HeKOTOPOE NpONO/KEHHE
ceyeHus s/, MOJyyaeM HCKOMBIP peayabTar. B cayuae, korna A — 3aMk-
HYyTOE  MHOXECTBO, JAOCTaTO4YHO (Teopema 3.5.3) 3aMeTuTb, uTO

,?A:,?/jx\‘q.

Jloka3aTe bCTBO yTBepHKACHHA (C) TaKkKe CBOAMTCT K CJIy4aio, KOraa
@ — ceMeHCcTBO BCeX 3aMKHYTHIX MHOXECTB MapaKOMMAKTHOrO NpPOCTpPaH-
crBa X. CemetictBo ®|A o6pasoBano B 3TOM caydyae TeMd Sc A,
xoTopbie 3aMkHyTol B X. IlycTb §— HekoTOpOe ceyeHHe Nydka oF X
Han 3aMKHYThIM MHOxecTBOM B. Te x € B, nna xortopuix s(x) =+ 0,
06pasyloT 3aMKHyTOe INOAMHOxecTBO B X, colepkauieecs B A, T. e.
muoxecTBo S € ®| A, Caenopareabno (teopema 3.5.2), orpaHuyenue ceye-
HUA § HAa A1 B mpoio/kaeTcs 10 HEKOTOPOrO CeueHus nyuka oF Han A,
HOCHTE]b KOTOPOro 3aMKHYT B X, OTKyld OUYEBHIHA MNPOLONKUMOCTD
ceueHHA § Ha Bce X.

3.6. Pa3noxenHe cedyeHUs B MATKOM My4Ke.

[Mycts & — nyyok abenesblX PPyNN Haj NPOCTPAHCTBOM X U (si)iE[——
ceMeBCTBO cevennit myuka % wan X. [oBopar, 4TO ceMeHcTBO ceyeHmH
A0KAABHO KOHEYHO, eCIM HOCHTENH CeyeHHH §; COCTABIAKT B X JOKaAbHO
KOHEYHYIO CHCTEeMY B3aMKHYTHIX MHOXeCTB, LPYrHMH C/I0BaMH, e€Ciay Mas
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KaX/10r0 IOCTATYYHO MAJOr0 OTKPLITOro MHOXecTBa U /[HIIL KOHEUHOE
uncio ceveHnft s; He paBno mymo na U. B srom cayuae MoxHO ompe-
NeMTUTh ceueHue

S= 2 S;

ict
nyuka &, noaowuB mia Jawboro x € X

s(x)= 2 §; (x).
icl

[lycte Tenepb §— ceyeHHe myuxka & Hal X u (Ui)iél*OTKprTOe
noxpmtHe npocrpanctsa X. Hasomem pasaodcenuem cewenusn s, nood-
yuneHHoi M noxpeimuie (U)), BcAkoe pasiomeHHe s:zsi Ce4eHUs s
B CYMMy J0KQJAbHO KOHEHHO20 ceMeHCTBA ceuyeHHMH, 006/analoWEro TeM
CBOHCTBOM, 4TO HOCHTE]b KAKIOrO S, COLEpKUTCA B COOTBETCTBYIOLLEM
OTKPBITOM MHOxecTBe U;. S$IcHO, uTO ec/M CyLIeCTBYeT paslOxKeHHe
ceyeHHs §, NMONUMHEHHOE GoJee MeAKOMY MOKPEITHIO, 4eM (U}), To cyule-
CTBYeT TAKXKe pAa3loXeHHe, NMOJYHHeHHOe NOKPHTHIO (U;). Mel monyunm
ero, Ipynmupys NMOAXONALIHM 06pa3oM uleHbl HePBOrO PasjiOKEHHs.

Teopema 3.6.1. [lycmy P — mazxkud ny4ox abesesvix zpynn
HAO napakomnaxkmusirm npocmpavcmsom X. Has 8CAK020 ceweHUR S
nyska [ Had X u 048 BCAK020 OMKPbLMO2O NOKPbHIMUA (Ui)t‘€1
cyuwecmsyem pasaodcedue cewenus S, noouunennoe noxpumuw (U).

MoxHo cunTaTh, 4TO mokpwmTHe (U)) JoKanbHO KOHeuHo. BribepeM
HeKOTOpoe 3aMKHyToe mokpuitue (F;), n1a xoroporo F,cU; nia4 Bcex i.

Paccmorpum MHoxecTBOo E ceMmelcTB (s[)iEJ, rie Jol u s;— He-

KOTOpOe ceueHHe mNyuka _% Hal X, HOCHTedb KOTOPOTO COJEPKHTCA

B U;, mpuuem
§;=s§ Ha F;= F,.
% ! iléjj t

3To MHOKECTBO He NyCTO H, OyLydyd VYNOPsIOYEHO MO MPOJOMKEHHIO,
HHIYKTHBHO. [lycTb (Si)iéj-——MaKCHMaJIbem 3JIeMeHT MHOxecTBa E; To-

TA2 BCE CBOJMTCA K N0KA3aTeAbCTBY TOro, uro J=/1.

Ho ecau cywectsyer (€7 \ J, To nas Toro, uToOul NMpUHTH K mpo-
THBOPEUMIO, [0CTAaTOYHO NMOCTPOMTH Takoe ceuenue §; € _F (X), xoropoe
yAoBaeTBOpaI0 Ob CaenylowuM ycaopusM: §;=0 nHa X\ U; u

§;=8§— Z §; Ha F;UF,;.
1eJ

B cuny ykasaHHBIX yCJIOBHH S, ye ompele/eHO HA 3aMKHYTOM MHOXecTBe
(FiUF)UX\ U),

TaK 4TO §; MOXHO TMOCTPOHUTH, €CJH & —— MATKHH MYYOK. TeopeMa no-
Ka3aHa.

12*
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3.7. ToHKHe ny4KH.

HokaxeM cHauana caefyWOWHUHR pe3yabTar.

Teopema 3.7.1. Ilycmbs X — monosrozuieckoe npocmparcmso,
A~ nywor xoaey c eduruyel nHad X u ® — napaxomnaxmugpuyu-
pywuee cemelicmso 8 X. Ecau_ b ecme D-muexuli nydox, mo u
Kaxucobli A-modyas ecmov ©-maercuii nysox.

MoxHo ocTaBuTh B cTOopoHe @ u cuuraTh X NapaKOMMNAKTHBIM IIpPO-
CTpaHCTBOM. [lycTb & — neBhllt Jf-MOAy/Ab M § — CeYeHHe Nyuka & Han
3aMKHYTHIM MHOxecTBoM A. Kak yxe uH3BecTHO, § NPONOJKAGTCA Ha
HEKOTODYI0 OKPECTHOCTb B MHoXecTBa A, KOTOPYIO MOXHO INpeanoJa-
ratb 3amiHyTo# B X. Ocraercss TOJAbKO MOKA3aTh, 4TO MNPOLO/KEHHE
ceuelts § Ha B MowHO BHOpaTh Tak, urtoGbl OHO ObIIO PABHO HYJIO
Ha rpaHuue F MuoxecrBa B B X.

Ho Tak xax o — MArKH# Oy4yok, TO CyIUECTBYeT cedeHHe # myuka A
Hax X, xotopoe paHo | Ha A u O na F. 3aMeHas pacCMOTpeHHOe
NPONOJIKEHHE CeveHHS § Ha ceyveHHe X —>u(x)sS(x), Mbl H NPUXONUM
K HCKOMOMY pe3y/bTary.

YuureiBas TO, YTO CBOHCTBO mnyuka OBITb MATKHM HOCHT JOKaJbHBIH
Xapakrep, 3aMeyaeM, YTO MpeNlIECTBYyOIlee PACCYXACHHE INPUBOAUT HAC
K CJeNyIOIeMy pe3yJabTary.

Teopema 3.7.2. Iycmp A — ny40x Koaey c edunugel Hao napa-
Komnaxmubim npocmpancmeorm X. Jas mozo 4mobe A Goin mazcum
"RY4KOM, Heofxo0umo u docmamouro, 4mobu awnban moixa u3z X
ob6aadasa maxoli okpecmuocmeio U, 4mo 04 406X 3A0AHHBLX He-
nepecekaroujuxcn aamknymox muosxcecms S, Tc U cyujecmsyem cede-
Hue nyika A nad U, pasnoe 1 na S u 0 na T.

PaccmoTpuM Temepnb nyuyok & abeseBbIX TPYNN Hal NapaKOMOAKTHLIM
NpoCTpaHCTBOM X (COOTBETCTBEHHO HAA MPOCTPAHCTBOM X, CHAOMXEHHBIM
napakoMnakTuduuupyowuM cemeticteoM @). Fosopar, uro & — monruil
(coorBercTBenHo P-roHKHMH) IMyuvoK, ecau Myuok Koiel ¥om, (L, .¥)

ABJSETCA MAZKUM TYYKOM (COOTBETCTBEHHO, eCad _#|S sBAseTCS TOH-
KUM Nyukom aas Jiogoro S¢€ @), 3nauur, aas TOro 4roObl myuok abe-
JeBbIX TPYNN Hal NapaKOMIAKTHBIM IPOCTPAHCTBOM X OBLT TOHKHM,
HeO06XOIMMO H [J0OCTATOYHO, 4TOOL Wi JMI0OBIX JABYX 3AMKHYTHIX Hemne-
pecekamoliuxcss MHOwecTB A M B u3 X CyllecTBOBal TOMOMOpP(U3M
P —> &, MHIYUHPYIOLIUH TOMXAECTBEHHOe OTOOpameHHe Ha HEKOTOPOH
OKpPeCcTHOCTH MHOXecTBa A U 0 HA HEKOTOPOH OKPECTHOCTH MHOXeCTBa B.
3aMeTHM, BOpOYeM, YTO LOCTATOUHO IPOBEPUTb 3TO CBOMCTBO JOKAMBLHO,
4yT00H yOEAMTHCA B TOM, 4TO MyuoK % — TOHkHH. C Apyro#l CTOpoHH,
ACHO, uTo BeAkHA ®-ToHKUE TyuoK Tem Bosee aBasercs ©-MArkuM nyuxom
(teopeMa 3.7.1). Baxuocte ®-TOHKHX Ny4KOB BHAHA M3 3TOrO INOC/IEN-
HEro CBOHCTBA, a TaKXKe M3 CJedyIOllero pe3y/abTard. _
Teopema 3.7.3. Ilycms X — monosozudeckoe npocmpancmaso,
® — napaxomnaxmuguyupynouee cemeicmso 8 X u P — O-monrui



§ 3. MPOJOIKEHHUE U TTOOBEM CEUYEHUM 181

ny4ox abenesux 2pynn. as 8cAK020 nyixa off abenesvix zpynn
¢ 6azoid X nysox F QoM asasemca V-mourxun nYUKOM.
z

MoxHO, O4YEBHAHO, CBECTH [0KAa3aTelbCTBO TEOpeMbl K CJyuvalo,
Korjga _% — TOHKHH# MNy4OK Ha mapakoMuakTHOM mpocrtpaHctee X. Tak
KaK % — JeBblt MONy/b Hal MArKMM IIYUYKOM KoJell [a HMeHHO, Hanl

¥om, (&L, L)), To TeM ke CBOHCTBOM 06.alaer u F Q@oH, otkyna

Jerko caenyet TpeGyeMbld pe3y/bTaT.

B me#icTBUTENBHOCTH Mbl OOBIYHO 6yaeM HCNOJL30BATh npenblnymylo
TeopeMy B caeaylouiedt ocaabiaennoil dopme: ecau P — MOHKUE nyY4OK,
mo nywor F Qo — mazkuii, Kaixos Gvl HU 6b6in RYLOK off.

IMMpumep 3.7.1. Ilycte X — Tonosoruyeckoe npocTpaHctso H @ —
napakomnakTuguuupyomee cemetictso. Torma nyuox oF °(X; Z) xouerneht
Anexcannepa — Cnanbepa crenenu O npoctpanctsa X ¢ 1eTOYHCAEHHBIMH
aHayeHUAMH (T. €. NY4YOK POCTKOB oTo6GpaeHHH npoctpanctsa X B Z)
apasercss @-TonkuM. [TOCKOMBKY 9TO NyYOK KOJeil, TO XOCTATOYHO MO-
kasarb, uro oH @-markult. Tlycte SED® u A, B — Henepecekarwuinecs
3aMKHYTHe TOAMHOKecTBa B S. BosbMem nexotopyio okpectHocts S’ € @

maomectsa S. Tak kak S’ wopManbao, TO B S’ CYLIeCTBYIOT Hellepe-
cekawoumeca okpectHocty U u V Muoxects A m B u, crenoBarenbHo,
cywectByeT orobpaxkenune §:S —Z, pasuoe 1 va U u 0 ua V. Orpa-
HHYUB 9Ty (YHKIMIO HA BHYTPeHHOCTb W MHOKecTBa S’, moJayuyuM ceuye-
Hue nyuka oF 9(X; Z), orpanuuenne Kotoporo Ha S pasHo 1 Ha A u 0
Ha B (3aMeTHM, YTO He HYXHO CMelIMBATh OrpaHHYeHHE CEYeHHs C orpa-
HHUYeHHEM (YHKUHH §), uTO M Tpe6oBaNOCh N0KA3aTh.

M3 ToMbKO YTO NOKA3aHHOrO ClenyeT, uto BCAkuM oF © (X; Z)-moayab
apasgercs @-markum u naxe D-TOHKMM nyykoM. ITO OTHOCHTCS, B 4acT-

HOCTH, K nyykaM o " (X; G) Aznekcannepa — Cnanbepa ans aio6oro n > 0
1 moboit abenesod rpynnm G.

Ananoruysnnie pacCy:Kienus ¢ TNpUMEHEHWEM Ha STOT Pa3 TeOpPEMb
YpricOHa NMOKA3LIBAIOT, YTO NYyYOK POCTKOB Henpepsi8Hbix BeLIeCTBEHHBIX
dyHkuuit sBaserca @-tonkuM. CnepoBaresnbHo, TeM e CBOHCTBOM obaa-
JaeT BCAKMH MOAYJb Hal 9THM TNYYKOM KOJell, HalpHMep My4yOK pOCT-
KOB ceyeHHH pacc/JOEHHOro MNpPOCTPAHCTBA, CJOAMU KOTOPOTO fABJSIOTCA
BEKTOPHbIe NPOCTPAHCTBA.

Eciu X — napaxomnakmnoe ougpbepenyupyemoe MHO2006pa3te,
TO, KaK Mbl MOKaxeM, Nyuyok Q0 pocTkos AuddepeHuHpyeMHX (yHKUHE
Ha X sBasercs @-rtoHkuM. [eACTBHTENbHO, B CHAY TeOpPeMbl 2 MOXHO
OrpaHHYUTLCS (3aMeHHB X Ha OTHOCHTENbHO KOMIAKTHOE OTKPHITOE MHO-

KecTBO, H3oMopdHoe R”™) N0Ka3aTeNhCTBOM C/EAYIOLIEr0 YTBEPKACHHS:
148 MO6BIX HeuepeceKawuxca Komnakmusx MHoxects A u B B R”
cywectByer auddepenunpyemas ¢ynkuus f, pasHas 1 B HexoTOpOH
OKDPEeCTHOCTH MHOXKecTBa A U O B HEKOTOPOH OKPECTHOCTH MHOXKeCTBa B.
Iaa sToro nocraTouHo B3ATh (TeopeMa YpBICOHA) HEMpepbiBHYIO QYHK-
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uuio g, 06/1aal0Uy0 3THMH CBOHUCTBAMHM, 4 3aTeM ,PeryaspH3oBaTh“ ee,
T. €. 3aMEHUTHb ee QyHKUHCH

fo=[gx—ynhrway.

rie i — nojoxutenbuas AHddepeHunpyemas QYHKIUSL, PAaBHAA HVIIO BHe
HEKOTOPOH JOCTATOYHO MaIOH OKPECTHOCTH Hayala KOOPIMHAT, HHTErpas
OT KOTOpOH pasen 1.

Orciona CaenyeT, 4TO NYYKH 91) ABJAAIOTCA TOHKHMH TOYHO TaK Xe,

KaK ¥ BCAkuH mydyok Q0-Monyne#t, HampuMep TYYKM pPOCTKOB ROMOKO8
CO 3HAYEHHUSMH B PACCAOCHHOM MHOIOOODA3HH C BEKTODHBIMH CJOSIMH.

3.8. JleMMa 0 NOKpPHITHAX HOPMAJLHOIO TPOCTPAHCTBA.

[Mpexxie dYeM NPOAOJAKATL M3YYEHHE NYYKOB HAJL NMAPAKOMIAKTHLIMH
NPOCTPAHCTBAMY, MBI JOKAXEM CJAEAYIOLLYIO JeMMY.

Jemma 3.8.1. Ilycme (Ui)iE]-/zoxa/sz0 KOHeYHOe OMmKpuLmoe
noxpsimue Hopmaasnozo npocmpancmsa X. Ilpeonoaosicus, umo 0ia
kaosicdoli napu i, j u aw6oz0 xeU;=U,NU; sadana oxpecm-
wocms Vi (x)yc U, mouku x. Toeda 0an aw6020 xC X nalidemcs

8 X maran oxpecmuocms V (x), xomopas ydosaemsopsem Credyw0-
WM YCA0BUAM:

(a) ecau x€ Uy, mo VIix)cV;;(x);

(b) ecau V(x) u V(y) nepecexawomcs, mo cyuecmsyem marod
underc i, wmo U; codepacum V (x) u V (y).

Tak Kak moxpuiTHe U/, 10KaNbHO KOHEYHO, TO J/IErKO Y/IOB/JETBODHUTD

ycaosuio (a). [as Toro yroOnl yA0BAETBOPUTL yCJa0BHIO (D), paccMOTpUM

oTKpHITOE MoKpHTHE (U7]), 1451 KOTOPOrO U,c U, nns Beex i. TTockoabky
ycaoBue (a) BHIIOMHSIETCSA, MOXHO CUHTaThb CBEPX TOrO, YTO er; BJE~-
yeT 3a cobo# V(x)cU’l.. C o1pyro#f cTOpOHBI, CYILECTBYET JHIlb KO-

HeyHOe UMCAO HMHIEKCOB I, Aas KoTopux V (x) mepecekaercs ¢ U}

TAK YTO MOXHO yIOBAETBOPHTL ycaosuio: V (x) mepecexaercs ¢ Uj, ecin
74
ToMbk0 X €U,
Mpennoaoxum Temepb, uyTo V(x) u V(y) mnepecekaiorcs. Torna
Hatzerca Takoe i, uto x€U; m V(x)cU; Cuenosareavro, V (v}

nepecekaerca ¢ Uj, a 910 mnokaswisaer, uro yEUj. Ho toraa yeU,,
tak yro U, comepxur V(x) u V(y). JleMma nokasaua.
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3.9. TlpuaoxkeHHe K mpenmydKam.

TlycTe of — NMPeANYyYOK MHOMECTB Hal NPOCTPAHCTBOM X H oF ~—
nopoxieHHet UM nyyok. Kak Mul yxe Buienn (m. 1.2), orobpaxenne

F (X)—>F (X)

B3aHMHO OJHO3HAUHO, eciH oF yaoBaeTBopseT akcuoMe (FI) myukos.
Mpl mokaxeM Teneph, 4TO ecad X napaKOMIAKTHO, a oF yIOBJeTBO-

paer axkcuome (F2), To 3T0 ecTh orobpamenue Ha oF (X). Mmeer mecro
crenyowas obuiag Teopema.

Teopema 3.9.1. ITycms oF — npednywox mHod#cecms Had napa-
Komnaxmuoin npocmpancmsorm X. IlpednoaoscuM, 4mo 8unoaHeno
cAe0yoWee YCA0BUL: eCAll 3A0AHB. AOKAABHO KOHELHOE OmKpbimoe
nogpemue (U, ., npocmpancmea X u makxue semenmsi s;€ F (U),
amo s; u S; na Uy pasws oas awobux [ w j, mo cywecmsyem
S€F (X), oepanuvenne romopozo na U, pasio s; 048 aio6o20 i,
Tozda kauoruteckoe omobpasicenue oF (X)—oF (X) ecmv omobpa-
oicerue Ha F (X).

[lyctb § — ceyeHHe myuka & Han beeM X. CyllecTByeT OTKpHITOE
nokpeitde (U,;) npocTpancTBa X, KOTOpPOE MOMXHO CUHTATH JIOKAJAbHO
KOHEuHBIM, M Takue s;€cF (U,), koropele mnpeictaBasior s Ha U,
Nycte xE U, Tak xak s; W §; OnpenejdioT OIMH M TOT XKe DPOCTOK
CevyeHHs B X, TO CYLIeCTByeT Takas OkpectHocTb Vy(x)c Uy, uro
OrpaHMyeHns 3JEMEHTOB §; W §; HA V;; (x) coBnasawr.

BoabmeM Temepb OKpecTHOCTH V (x), cymiecTBOBauue KOTOpHIX ofec-
neyupaerca JemMod 3.8.1. Tak kak V (x)c U, ans scskoro takoro i,
uyro x € U,, To MOXHO paccMOTpeTb OrpaHHueHHe 3/eMeHTa §; Ha V (x).
IT0 OrpaHdyYeHHE He 3asucum om UHOexca ! B CUIY YCAOBUS (a) JeMMbL.
O603Haunm ero uyepes s,. Ecam V(x)NV (y) ne nycto, To cyue-
ctyer U}, conepxauee V (x) u V (y). CrenoBarensuo, s, u 8y, SABAAOTCSA
OrpaHHYEHUSIMH 3J€MeHTA §; W MOTOMy coBnanalT Ha V(x)1V (y).

3aMeHss NOKPBITHE (V(x))xex BIIHCAHHbIM B HEro JOKalbHO KO-
HeYyHbIM MOKPHITHEM, Mbl CBeleM Hallle YTBepxIeHHe K CAyYai, KOria
OTpaHHYCHHA 3JeMeHTOB s; U S; Ha U, Bcerma cosmanawr. Ho Toraa,
N0 NpPeLfOJOKEHHIO, §, ABAAIOTCA OrpaHuuenusmu Ha U, uekotoporo
sneMeHTa U3 oF (X). Tak Kak OH, OYEBMAHO, TPpPEICTaBAAET AAHHOE
ceyeHHe §, TO TEOpeMa [OKA3aHA. .

B ycnosuax teopembl 3.9.1 MOxHO MOCTPOMTb oF (X) cleayoium
ofpasoM. HasoBeM aseMentsl § M ¢ U3 oF (X) A0KAAbHO pasubimu,
eC/Id PABHB WX OrPAHMYEHHS] Ha BCAKOE JOCTATOUHO MaJioe OTKPLITOE
MmHoMecTBo. Takum. o6pasoM, nonyuyaeM B oF (X) OTHOlEHHE SKBHBA-

JEHTHOCTH, H oF (X) npelcTaBiseT cOGOH He 4YTO MHOe, KaK COOT-
BETCTBYIOUlEE . PAKTOD~MHOKECTBO, B uacTHOCTH, eciu oF -— MPEAnyuox
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aGeneBbiXx rpynn, 10 oF (X) ecTb (pakTop-rpynma rpynnsi oF (X) no
noArpynne, o6pa3oBaHHOM SaeMeHTAMU U3 oF (X), 20KAALHO DaBHbLML
HYA0.

Mpumep 3.9.1. (Cunryasapusle kouenu.) Mycts J— ,cTaHAAPTHOE
TONOJIOTHYECKOe MPOCTPAHCTBO (HAMpUMep, ,CTaHAAPTHBIA CHUMILIEKC*
HJIH ,CTaHAApTHHIR Ky6“ B TEOPHU CHHIYJIAPHbIX romojoru#t). Ecau X —
TONO/IOTHYECKOE TIPOCTPAHCTBO, TO HA30BEM CUHZYAAPHbIM J-CUMNAEKCOM
npocTpaHcTBa X BCAKOE HenpepblBHOe oToOpaxende s:J-—>X. Ilyctb
S, (X) — MHOXeCTBO TaKHX OTOGpameHHH. [na MPOH3BOJALHOTO MHO-

KecrBa A (Haubouaee BaxeH cayvaih abeqeBOH rpynmbi) 0603HAUMM uYepes
J
CS (X; A
MHOXKeCTBO oOToOpawendd Sy(X)—> A (,cunryasphole J-xouemnd 1upo-
cTpaHcTBa X CO 3HaueHUsMH B A“),

Ias otkpuiTeix B X MHOwecTB U u VU uMmeer MecTO BJOXKEHHE
S;(V)— Ss(U), koTopoe no3Bo.sieT ONpelefuTh ONEPaTOpP Or paHHUYEHHS

cS'(U; A->cS’' v, A).

CienoBaTeNbHO, U—>CSJ(U; A) ecTb npednywox MHOXKeCTB Hax X.
[MopoxaeHHbIH UM nNyyoK o06o3HauuM udepe3d &7/ (X; A). Ceuenus 3TOro
nyuka Hal X Ha3blBAT A0KAAUIOBAHHLLMU CUHZYAAPHULMU J-KOUenAMYU
npocmparcmea X co 3HQueHuAMU 8 A.

O603HauMM COBOKYNHOCTb BCeX TakUX ceueHuil uepes S7(X; A).

Toraa umeerca KaHOHHYECKOe OTOOpa)KeHHe
cs'(x; a)— S x; A).

[Ipu sToM jaBa 37eMEHTa @ U BECSJ(X; A) onpenensioT OAHY H Ty Xe
KOUEMNb TOTAd M TOJbKO TOTAd, KOTAA CYLIECTBYeT TAaKOe OTKPBHITOE MO-
kpbitie (U}), 4To a(8) == (S) A1d BCAKOrO CHHIYJASAPHOro J-cUMIjekca §
,nopsaaka Manoctu (Up)“, 1. e. Takoro, mas koroporo s(/)cU,; npu
HEKOTOpOM .

Mpeonyworw U—>CS/(U; A) scezda ydosaemsopsem awcuonme (F2)
nyuxos. HencrButeabho, nycTb (U;) — ceMeHCTBO OTKPHITHIX MHOXECTB,
o6benuteHHe KOTOPbIX ecTh U, U nycTh naubl saementsl a, & CS/(Uy; A),

L8 KOTOPBIX OrpaHUYEHUs SJCMEHTOB o; M a; Ha Uy cosnanawnr. 3r1o
03HAYaeT, YTO €CJH § eCTb CHHTYJApHBbIA J-cHMIUIEKC npocTpancTBa Uy,
10 o;(8) =a;(s). Ilycrb Tenepb §— HEKOTOPLIA CHHTyAsApHBIA J-cuMIl-
aexc npocrpauctsa U. Ecau s comepxutcs B U, TO sneMent a,(s)E A
He 3aBUCHUT OT I M, CJelNOBAaTeJbHO, €ro MOXHO OOO3HAa4YUTb uepe3 a(s).
B nporuBHOM cayuae BhHOGepeM a(S) MPOM3BOJbHLIM 006pa3oM. TeM caMbiM
Mbl ONpele/MM HeKOTOPHIH sieMeHT a & CSY(U; A), KOTOpbI#, 04EBHIHO,
udayuupyet a; 8 U,
TakuM 00pasoM, omobpadcerue

CS (X, H—>S'X; 4
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ecms omofGpascenie Ha 8ce MHOJCECMBO, ecau X — napaKomnarmuoe
npocmparcmso. 3aMeTHM, YTO 5TO OTOOpaXKEHME HHMKOTa He ABAAETCH
B3aUMHO OJZHO3HAUHbIM. JleHCTBHTENbHO, KAK YyHe OTMEYaJoCh, JBa 3Je-
MeHTa a, BECSJ(X; A) omnpeneaflOT OAHO H TO e CeUYeHHe MyyKa
&’ (X: A) Toria u TOABLKO TOrZa, KOTAd CYUIECTBYeT OTKPHTOE TOKPHI-
tve 1l mpocrpanctsa X, nas koToporo a(s)==08(s) A1a BCAKOrO CHHTY-
JAPHOTO CHMIIeKca § nopsaka Martoctu .

Mpeabinywn#t pesyabraT nospoasel A0KasaTs, uto nyidox &7 (X; A)
ABASCMCSA B8AAWIM, ecau npocmpancmso X mempusyemo wuiu, Gosee
o6LIUM 06pasoM, eclu BCAKOe OTKphITOe MHOXecTBo {J mpocrtpanctsa X

NapaKOMNaKTHO. [le#cTBUTEAbHO, ACHO, YTO QSPJ(X; A) wunnyuupyer B U
J
nydox & (U; A), npuyem nuarpamma

CS’(X; A)—CS’(U; A)
N N

S, A — S U; A

koMMyTaTtuBHa. Tak kak U v X — napakoMMNakTHble MPOCTPAaHCTBA, TO
IBe BEepPTHKaAbHble CTPeJKH CYThb OTOOpa)keHHss H4 BCe MHOMXECTBO.
[TepBast ropusoHTanbHaf CTpenka TaKwke, TPUBHAJAbHbIM oOpasoM, obaa-
laeT 9TUM cBo#ictBoM. CienoBaTedbHO, OTOGpa)eHHe OF paHUYEHHs
SJ(X; A)—»SJ(U; A) ectb oToOpaxeHHe HAa Bce MHOXKeCTBO, UTO H
10Ka3hBaeT Haille YTBEpWAEHHE.

[TokaxceM Tenepb, uTo 045 206020 RAPAKOMRAKMHOZ0 RPOCMPAH-
cmsa X nyworx &' (X; A) ssasemcs msexuml). Onpelenum cHayana
A5l BCSAKOTO moanpocTpaictBa Y u3 X KaHOHHYecKM#t rOMOMOpHH3M

F(X; AHY =L/ (Y; A). (nH

I 3TOFO KOCTATOYHO COMOCTABHTL, M IPHTOM eCTeCTBEHHbIM O00pasoM,
BCAKOMY CedeHHIO a nyuka ¢F”(X; A) Hal noiMHoxecTBOM Y u3 X He-
Kotopoe ceueHne nyuka oF/(Y; A) naa Y. Ilokpoem Y OTKDHITHIMH
B A’ MHOxecTBaMu U, u BeiGepeM CHHTyJApHbIE J-KOLENH a, ECS/ (U, A)
TaK, yTo6bl OHM npencrasiasin o Ha U, Kaxnaa a; MHAYLUPYeT CHHIY-
aspuyio  kouens B, €CS/(U;NY; A), u cemeictso (8;) onpeneaser,
OYeBUMIHO, HekoTOpoe cevenue [ nyuxka &7 (¥; A) nan Y, koropoe,
KaK Jerko MpPOBEPUTb, 3aBUCHT TOJBKO OT Q.

) B cayuae, koraa MuomectBo A ecTh afeneBa rpylna, TPHBHAJLHO NpO-
Bepsietcs, uTo &/ (X; A) — Monmyab naa myuxoM koaen C°(X; Z) [BmbepeM pas
M HaBcerja Touky o€J u GyneM pmas mo6oro U paccMaTpHBaTh CSJ(U; A)

kak CO (U; Z)-MoLy b, CUMTAS [POH3BEIEHHEM CHHIYIAPHON KOUEIH a € S’ (U; A)
H OPOH3BOAbHOH dyHkuuu n € CO(U; Z) cuHryaspHyo kouenb s ->n (s (0) ) a ()}
Crenosatenbno, B aToM cayuae &/ (X; A) aABasieTca naxe TOHKHM MyYKOM.

\
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Pasymeercsd, romoMopdusM (1), BooOuie roBopd, He sBJAAeTCH H30-
MOpDGH3MOM, HO ecli 0603HAuuTh 4Yepes U BHyTpeHHOCTb MHOXecCTBa Y,
TO TOMOMOD(U3IM )

FI(X AU~/ (Y, AU,

HHAYUHPOBanHb# roMoMopdusMom (1), sBJaseTcd U30MOP(UIMOM H IIOCHe
OYEBU/HBIX OTOXKIECTBAEHHH CBOAMTCA K TOMXIAECTBEHHOMY M3OMOPGH3MY

FI(U; A)—F/(U; A).

Mu MoxeM Tenephb 10Kasath, 410 oF7(X; A)— MArku#H nyuok,

ecad X — NapaKOMNakTHOE LpOCTPaHCTBO. [IycTh o — HeKOTOpOE ceyeHue
9TOro TyuKa Hal 3aMKHYTHIM B X MHOXxecTBOoM F. MoxHo npeinoJaaratb
(Teopema 3.3.1), uTO OHO onpeleteHo Hald HeKOTOPOR 3aMKHYTOH
oKpecTHOCTbIO V' MHOXectBa F. IlycTb §— TO ceuenne nyuka 7 (V; A),
KOTOpOe moaydaercs M3 o npu romoMopeuame (1). Tak kak Y — mapa-
KOMMAKTHOE TPOCTPAHCTBO, TO [ MOMHO MpPesCcTaBHTL HEKOTOPBIM 3Je-
MentoM MHOxectBa CS7(Y; A), KOTOpHH MO npocTHiM cO0BpaXeHHAM
MOXHO CYMTAThb HHAYUHPOBAHHBIM HEKOTOPmIM 3aeMenToM 7 & CSY(X; A).
Toraa, xak Jerko BULeThb, ceuene nyuxa ¢/ (X; A) Hana X, onpele-
JeHHOe 3/JEMeHTOM 7, MHAyUHpyeT o Ha BHyTpeHHocty U MHoxecTBa Y
M, ClIe10BaTelbHO, TeM OoJjee Ha F, OTKyla M ciaelyeT yKkasaHHoe
BEILlEe YTBeDKIACHHE.
. 3aMeTHM, 4TO 35TH pe3y/]bTaThl NPHMEHHMbl He TOJAbKO K OGBIYHBIM
CHHTY/APHbIM kouensM. Ecau B kavecTBe J B3ATb OJHO H3 MHOXECTB A,
paccmorpeHHlx B ra. 1 m. 3.11), TOo noayuatcs pesyJabTaThl, IpHMe-
HUMble K KouemlsM Aaexcangepa — Cnanvepa (npumep 2.4.2).

3.10. CeyeHua HHIYKTHBHOI'O mpejaeJa.

Mel  nokaweM celtyac peayabTaT, KOTOpHIH ObIO Obl HHTEPECHO,
€C/M 9TO BO3MOXKHO, pacnpocTpaHuTb Ha OGojee oOwUH cayuaft,

Teopewma 3.10.1. [ycmp F = limind F , — undyxnusgusii npe-
dea nyuros MmHONCeCm8 HAO Komnaxkmuvim npocmparncmgor X. Tozoa
KaHoHu4ecrKoe omobpasenue

lim ind &7, (X) = F (X)
A

ecmb 83aUMHO OOHO3Ha4HOoe omobpasicenue Ha oF (X).
IMokaxkeM CHayana, 4TO 3TO OTOGpaXeHUe B3AHUMHO OJHO3HAUHO.

[TIpeanonoxum, uto

s, s €lim ind &F 5 (X)

1) Pasymeerca, B A, paccMaTpUBAeTCA AUCKPETHAs Tomonorus. — [lpus. ped.
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ONpelelIIIOT OAHO M TO Ke CeueHHe NyuKa oF . Tak Kak oF TNOPOMAEH
NpealyyKOM N
peany oF o U—limindoF, (U),

TO CYlleCTBYeT TaKOe KOHeYHOe OTKphITOe MoKphiTHe (U)) mpocTpancrsa X,
YTO OrpaHMueHHss 3/7eMeHTOB s M §” Ha U, copnagawr. Ho mis moixons-
wumM 06pasoM BLIOPAHHOTO HHAEKCA A CYWeECTBYOT S, S €7, (X),

KOTOpble npeicTaBaflor &’ W §”, npndueM HaWAyTCAd TaKHe HHACKCHL
h; <A, 4TO ceueHus MyuKa oF , , HHIYUHPOBAHHLIE CEUECHUAMH S H S’
i

npy TOMOMOp(H3Me Q?’A»Q?'Ai, cosmanair Ha U, 3amennm ) nau-
MeHbuiuM u3 Bcex Ay Toraa s, u s, GyayT cosmazath Ha kaxaom U,

a caenosareibHo, W Ha X. D10 moxaseisaer, uro s’ =yg".

Il TOTo uTOGBl yCTAaHOBUTH, UTO paccMaTpuUBaeMoe OTOOpaueHHe
ecTb OToOpawenne Ha 8ce oF (X), npuMmennm Teopemy 3.9.1 k mpea-
nyuky oF o Mrak, mycrs (U;)— KOHeyHOe OTKpPHITOE MOKpPHTHE NMpPO-
crpanctBa X ¥ §; € oF ((U;)— Taxkue sjeMeHTH, 4TO OrpaHHueHus 3je-
MeHTOB §; # §; Ha U, cosnasaor. ITo cooGpakeHHs M KOHEYHOCTH,
HaRAyTCA MHIEKC A M ceueHus S, €7 ,(U;), KOTOpble NMPeiCcTaB/AOT §;.
YcinoBHA COTMaCOBAHHOCTH HA NepeceyeHHH o06eCneyuBalOT [/1Sl HNPOM3-
BOJAbHBIX { M J CYUIECTBOBAHHE TAKOTO HMHIEKCA Ay <A, uTO Sy H §p
ompenenaT Ha U, O0IHO H TO e CeyeHue MyuKa Q?}U, 3aMeHHB A

Ha HAUMEHbUIMH MHIEKC CPeIN BCeX A;;, MOXHO CUHTATb, YTO §;==S;
Ha U;;, a 3naunt, Haiiercs Takoe cedyeHHe $, € F 5 (X), xoropoe HHIy-
uupyer s, Ha U, DieMeHT MHOKeCTBA oF (X ), MpeicTaB/leHHHH Ceye-
HHEM Sy, HMHLYLHMPYeT, OYeBMAHO, §; Ha U;, uTO M 3aBepmaeT KoKasa-
TeJIbCTBO.

Ipeodsdyuass meopenma ocmaemcss cnpasediusoli, ecau X ecmp
npocmpancmgo 3apuckozo (IPOCTPAHCTBOM 3apUCKOrO Ha3bIBAIOT IIpO-
cTpaHcTBO X, B KOTOpPOM BcfiKasi yOBIBaoOWlas MOC/IEL0BATEIbHOCTh
3aMKHYTHIX MHOXKECTB cTaGuansupyercs !).) HenocpeacTsenHo nposepsercs,
4YTO 3TO CBOHCTBO IKBUBANEHTHO CACAYIOLIEMY: BCAKOE NOONPOCHPAHCMEBN
8 X K8a3UKOMNAKMHO, T. e. yiOBJAeTBODsAeT akcuoMe Bopesas — Jlebera
(moctaToyHo naxe TOro, UTOOLL BCAKOE OmMKpeifiioe TOAMHOXECTBO B X
6b110 KBa3MKOMMAKTHEIM).

Yro6ur ycraHoButb teopemy 3.10.1 B caywae, xoria X-— mpo-
CTPAaHCTBO 3apHCKOTO, 3aMeTHM CHadyasla, uTO HepBas 4acTb JOKasa-
TEJILCTBA TEOpeMbl MNPOXoAHT 6e3 u3MeHeHHH, Tax Kak X KBa3HKOM-
nakTHO. PaccMOTpHM Temepb ceveHHe s € oF (X). Tak Kak

o?'(x):limxind F (%)
a8 mo6oro x € X, To, Kak Jerko yGeanThCid C TOMOWbBIO JeMMBI

Bopesaa — Jle6era, cyuecTByloT KOHeUHOE OTKPLITOE NOKPHITHE Wiicicn

) Hanomuum, uto Bcskoe ajirebpanueckoe MHOTOOOpasHe fABJAsieTCA HEIPH-
BOIMMBIM NPOCTPaHCTBOM 3apuckoro (npumep 2.1.4). — Ilpunm. peo, o
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npocTpaHcTBa X, HHIAEKCH A, M CeyeHHs s.eo?'h(U-) KOTOpble ,npen-
cTaBasoOT* s Ha U, l'lonomm V =U,U...U U H MOCTPOHM Tenepb
HHAYKLHeRd N0 p ceueHHe NyuKa o?'x Han V, KOTOpoe npencTaBiser §
Ha V,. Tem caMbiM TeopeMa Gyuer nokasana.”

l'IOCTpoeHue TpUBHAAbHO Aad p==1. OcraeTcs cnenaTb MNepexoi
or p kK p- 1. [lyctb £ — ceuenne U3 oF y (V). koTopoe npenctasaser s
Ha V,. Tak kak X eCTb MPOCTPaHCTBO 3apnc1<oro TO TakHM ke 6yder
H BCAKOE  €rO NOAMPOCTPAHCTBO, B uacTHoctH, u V,NU,,,. Takum
06pa3oM, B CUJy NepBOR UAaCTH IOKa3aTeabCTBa KaHOHHYECKOE oTobpa-

KCHHUE )
limind F,(V,N U, )~>F V,0U,.)

B3aUMHO onHO3HauHO. CJeloBaTeJbHO, BCE CBOIHTCS K CJAy4yalo, KoOrua
h=Mk,,1 0 t=s5,,, Ha VN U, uT0, OueBHIHO, 3aBepliaeT IOKa3a-
TeJbCTBO.

W3 nonyueHHOro pe3ynbTaTa BHITEKAET, UTO UHOYKMUBHBLE npedea
BAABLX NYHKOB HQO NPOCMPAHCMEOM 3APUCKO20 ecmb 8AAbLE NYHOK.
Jle#cTBUTEALHO, NYCTh oF —- MHAYKTHBHBIA [Npefed BAAbIX MYYKOB oF j
M § — NPOU3BONbHOE CeYeHHe MYyUYKa oF Hal OTKPHLITbIM MHOWecTBOM U,
Tax kak U — npocTpaHcTBO 3apUCKOro, TO Npeablayuiul pe3yabTaT Mo-
KasblBaeT, YTO CYLIECTBYIOT MHIEKC h M CedeHue §, MNyuka oF , Han U,
KoTOpoe mnpeacrasiser s Haa U. Tlponmoaxum s, Ha Bce X M pac-
CMOTPUM ceyeHHe TyYKa oF , KOTOpPOe WHIYLHPOBAHO [POLOIKEHHEM
ceueHus §,. SICHO, UTO MOC/]elHee SABJIACTCA MPOLONKEHHEM CEeYeHUf §
Ha Bce X, uTo U TpPe6OBaNOCh AOKA3aTh.

AHaJorHYHblE PACCYIKAeHHS MOKA3bIBAIOT, YTO WHOYKmusHsili npedes
MAZKUX NY4KO08 HAO KOMNAKMHBLM NPOCMPAHCMBOM ecmb MAKUL

RYHOK.
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Bo BceM sToM maparpade cioBo ,ny4ok“ o003HauaeT NyuoK afese-
8oLX 2pynn.

4.1. Jnpdepesunanbybie TYUKH.

[MycTh X — TOMONOTHYECKOE NPOCTPAHCTBO. [ pAdYUPOBAHHELM RY4KOM
Hal X HasbIBAaeTCsl BCAKAs IOC/E10BATENbHOCTD _EZ*:(j”)HEZ NYuyKOB
nan X. Toopar, uto " ecTb xoMnoHeHTa cTeneuu n 8 _P*. Ecau T—
¢$YHKTOpP, OnpeneNeHHbLH Ha KaTeropuu NYYKOB, CO 3HAYEHUSAMU B KaTe-
ropun abeneBnix rpynn (wau B Jw06o# apyro#t abeneBoit kareropuu),
10 uepea T( %) Mb OyleM NOCTOSHHO 00603HauaTh TIpPaAYHPOBAHHYIO
rpynny (7(.Z") Jncz. B uacTHOCTH, A% moGoro cemeficTsa Hocutenett @

B X NOJOMUM

[ (2 =T, (L),cz

+ n
3ameTuM, uro npamyw cymmy rpynn 'y (") neanss, Boobuwe rosops,
otoxaecTsaats ¢ rpynnot I') (B _#"). [Tostomy nosesHo oTauuarh no-

cA4€e008aMeABHOCMb TYYKOB OT IYyuKa, SB/SAIOIIErocs npaMOR cymMoH
YeHOB 3TOH MOC/el0BaTENbLHOCTH. .

Mycts P u o#* — nBa rpanyupoBaHubix myuka Han X. lomomop-
puIMOM cmeneHu r TPalyuPOBAHHOrO MNyuka _&° B off* HasbiBaercs
nocaenosate bHocTs f == (f*) romomoppusmos nyukos [ : F"-—>o#f"t,
F'omomopdusmer cTenenu r =0 6yIyT Ha3bIBaTbCA NPOCTO 20MOMOPEPU3-
MaAMU 2pAOYUPOBAKHO20 nyiKa _F* 8 o#f*. Dro onpelenenue, OUYEBUAHO,
N03BOJACT FOBOPHTL 00 alenesoli kamezopuu rpailyvpOBAHHBIX [YUKOB
Han X.

FpanyupoBaHHbt Nydok _&* nal X HasbiBaeTCs oughghepeniyuarbrol m
ny4iosm (MM NYYKOM KOMILIEKCOB), eCJH Ha HeM ONpeleseH IFOMOMOp-
pusm d: F*—> F* cremenn r, Tako, uro d*=0. Ecau He Gyper
OrOBOPEHO INpPOTHBHOe, Mbl Bcerja ©Oyaem npeanosaratbh r=-1, uro
He OrpaHHY¥BaeT OOUIHOCTH.

Mycts #* u o#f* — nBa nuddepeHunasbHux nyuka, [lyuyok o#*
Ha3biBaeTCs AHddepeHIHAIbHBIM NOANYUKOM Nyuka &, eciu o' c &"
a1 Bcex n M anddepenuuan d Ha off* HHAYUUPOBAH quxbepe{manom
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B .Z*. C 1pyro#l croponsl, 2omomoppusmom auddepeHunanbHOro
nyuka & B o#* HasplBaeTcA TOMOMOP(U3M TpaiyupOBAHHBLIX MYUKOB,
umewuutt crenens 0, xoMMyTHpYOW U ¢ 1uddepennuasaMu B _F* u off*,
MoxHO, OUeBUAHO, FOBOPUTL 00 aferesod rKamezopuu nuddepeHUHaTh-
HBIX NyukoB Han X.

Myctb " — nuddepenunanpusifl myyox. Byaem Bcerna mosarath

(P = 2" =Ker (" > pr+i)s

F(F)=F"=1m (" > "),
\9%7’1 (35): zn(’?*)/‘%n (g%).

INocnennee ompenesieHne HMeeT CMBICJA B cuiay pasenctBa d2 = 0. ITyuok
SO ([P HasbiBaeTCA NPOUIBOOHbLM NYHKOM CTENEHH n AuddeperLHann-
HOro myuka _F°.

ITycts T — KOBapHAHTHBLIN aMAMTHBHBIH (YHKTOD, ONpeieldeHHEH Ha
KaTerOpPHM MyuKoB ¢ 06a3oh X, W CO 3HAUCHHSAMM, HANPHUMED, B KaTe-
ropun aGenesbix rpynn. Jlas Bcaxoro auddepeHNHanbHOrO mOyuka _&*
rpaiyupoBannas rpynna 7 ( &") xaHoHuueckuM o0pasoM cHaG:keHa Aud-
dpepennmanon I'(d)=d: T(F")— T(Z""") (coornomenue T (d)?=0
BLINOJHAETCA, Tak Kak T npeanoJaraercd addumusrsim). Takum o6paso,
T(.¥*) apnsercs He TOJbKO TpPalyHPOBAaHHOM TpPYNNoH, HO W KxoMA-
AeKCOM. ITO HUMeeT MecTo, HanpuMep, aas rpynn I' (#%) u _&*(4),
rae A —rnpoussosbHoe NOAMHOXKecTBO B X. OcobeHHO BaweH cJayuaff,
korna T mowxen caega. B 3TOM cayuae M3 TOUHOH NMOC/Ien0BATENLHOCTH

J d

0 Z"—> F"— "t

c/eayeT TOYHAs# IOCJEN0BaTEe/bHOCTh
0>T(Z)—>T(L"Y—>T(F"™),
T. €. MOXNCHO KaHOHueckum obpasom omoxcoecmaums T(Z™) ¢ epynnoil
rKoyuraos womngexca T( L") cmenenw n, aro Mul W OyaeM Bcerna
nenatb. Haobopor, rpymny T(%#") Heab3s OTONKAECTBHTL C TpyNIoH
Korpanun crenenu n B T( %*). MoxHO TOMBbKO CKa3aTh, uto rpymia 7 (H")
COMEPKUTCA B IPYINE KOUMKJIOB creneHu 7 pas 1 (.F%).
Ecomu ¢yuxkrop T Touen, TO mnosoxeHHe HamHoro npoue. M3 Tou-

HbBIX MOCJeR0BaTeabHOCTEHR

0> "> P> "' 50

0> F'—>Z">H"—>0
BHITEKAIOT 4HAJOrHUHble TOUHBIE I10CJIE0BATRIbHOCTH s dyHkTopa T,
TAK 4TO Tpynna KorpaHuy crenend n B T( ¥*) ecib HE 4YTO HHOE,
kak T(#™), n

HY(T(¥F))=T(HK"(¥")), ecan T toueH. !

3
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HanpuMep, ana Bcako# Touku x u3 X HMeeM KaHOHMUeCkuH usomopdusm

HY(Z" (%)) == " (Z7) (%),

KOTODHIY B NpuUHIMIE I[O3BOJSET ACrKO BHIYHCAATL NPOU3BOAHBIE NMyYKH
nyuka _%*. VX MOXKHO BHUHC/HTBL TaKke cJaelyloum obpasoM. flcHo,
Y10 MyukH F" M F" NopoxmAaeHbl TNpPeANydKaMu

U—>Z" (7" ()., U—>B"(Z"U)),

nepBbil M3 KOTOpHX #ABJAseTCss Aawe nyukoM. OrTciofa BuiTekaer, 41O
npoussodunii nywox FE" (P noposcden npednyinon

U—H"(Z*(U))

(nas 10KasaTeAbCTBA STOr0 JAOCTATOUHO 3aMeTHTb, YTQ €CAM HMeeTcs
TOYHA5l TOCJeJ0BaTeJMbHOCTb TNPEANYy4YKOB, TO MYUYKH, TIOPOXAEHHbIE
3THMH TIPeANyuKaMi, CHOBa 0O6pa3yiOT TOUHYI0 TOC/Ie10BATeNbHOCTb,
TaK KaK HHIYKTUBHHIA TMpele] TOUHBIX TOC/EeLOBaTeNbHOCTEN SBJAETCA
TOYHOH# MNOCJIeL0BaTE/IbHOCTLIO).

4,2. Pe30AbBeHTH Myu4Ka.

[Mycts sagan nywok € c Gasoht X. Pe3oavsenmodi nyuxka € (uam,
TOUHee, KOZOMOAOUHECKOL pe30absenmol NyuKa of) HasuBalT 106YIO
TOUHYIO TIOC/EeL0BATEIbHOCTb NYUKOB BHAA

] d d
O A" PV'—s P15 ., €8]
Taxast pe3odbBeHTa OUYEBHAHHIM 006pazoM onpelenseT AudpepeHUNAIbHbIH
nyuok = (%" ¢ #"=0npu n <0, npousBouHble HYYKH KOTO~
poro paBHbI

FHN(FY=A, F"(FHN=0 aa n+0.

Ecin T — koBapuaHTHHH algWTHBHBIK GYHKTOP CO 3HAaUEHUAMH B Ka-
Teropu¥ abesneBnlX rpynn, to T( ¥*) saBAKCTCI ROUenHvlM KOMHAEKCOM
¥ HMeeTcs KaHoHHuecku#t romomopduam rpynns T{(A) B Tpymmy Ko-
uukgaos creneHu O srtoro kommiekca. Ecan T mouen caesa, 10 T(A)
OTOXKAECTBJIAETC € 3TOH rpynmolt, a ecau T mouen, 1o T( F*) ecThb
pesomnpenta rpymnsl  T'(s£). Hanpumep, #*(x) s ecaxoro xEX
RBAAETCS Pe30JbBeHTOH rpymne A (X).

Tak kax npousBoiHHE NYUKYM NMyuyka _* NMOPONKIATCH NMpeanyuKkaMu
U—>H(Z(U)), To naa Toro, urobl nocienosareisHocTs (1) Ghuia
peso/bBEHTON, HeOOX0AWMO M JOCTaTOUHO BHINIOJHEHHe CJAelylOLUX
yCJI0BHH;:

(a) cenenun nyuxa A omobpadcaiomen 83GUMHO 00HO3HAYHO 8 Ce-
yenun nywxa FY
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(b) ecau s— cewenue nyurxa F° Had omxpumun mroxcecmson U,
mo dast mozo, umobs ds=20, Heofxodumo u docmamouno, 4mobu
s 6uia0 ceweruem nysra A,

(c) ecau s— cewenue nywwa P" (n>1) nad omrpsimbim  MHO-
ocecmsor U, mo 0as mozo, wmodn ds=0, neodxoduno u docma-
mouro, 4mobs. 048 8caKo20 docmamodno masozo VU cywecmso-
8aa0 0b maxoe cewenue s' ¢ P (V), umo s=ds’ na V.

Paccmorpum nsa nyuka A u %, romomopbusm f: A — %, nBe
pe3obBenTH * U off* nyukos A n # w romoMopdusm nuddepes-
UHAJIbHBIX NYUKOB g : P*— off*. Mnl ckaxeM, uto g cosmecmum ¢ f,
ecaM AMarpaMma ;
1
F = o,

B KOTOpOH No BepTHKAIH HMEEeM KAHOHUYECKHE PJOKEHHS, KOMMYMO-
musHa.

B 3ak/0yenne mpuBeseM MNPUMEpbl PE30JbBEHT.

ITpumep 4.2.1. Ilyctb X — npoUsBOAbLHOE TOIOJOTHYECKOE I1PO-
cTpanHcTBO, A — afleseBa rpynna, KOTOPYK MOKHO OTOXIECTBHUTH C TPO-
CTHIM NyukKoM Haa X co caoeM A, Torna myuks wouemeit AsekcaHiepa —
Cnanbepa Hag X co 3uauenusmu B A (npumep 2.5.2) obpasyior pe-
30/bBEHTY Tyyka A.

ITpumep 4.2.2. Tlycrs X — auddepeHunpyemoe MHOroo6pasue.
Toraa nyukn QF o6pasywoT pe3osbBenTy mpocToro nyyka Hag X co
caoem R (mpumep 2.5.1).

[Tpumep 4.2.3. Ilycts 3anaHa pe3o/bBeHTa

0>Z—> F'» P15 .

4as mpocroro nydka Hax X co cioeM Z (aAIMTHBHAs Tpynna HeablX
yucea), M MPENNOJAONHM, YTO NYYkKH _P" He umeom kpyierus (T. e.
abenesbl rpymnm " (x) He umelor kpyuedus). Torma nns B8CAK020
nyuyka of Hai X TOC/Aen0BATEALHOCTB

0ZQA—> PRA > PRQA—> ...

6yJer TOYHOH, KAK 3TO BHIHO H3 DACCMOTDPEHHA CJOEB HAX TOUYKAMH.
CrenoBarenbHo, audpdepeHLUaIbHHi yu4ok ' @ oA sABaseTcs pe3odib-
BeHTOR myuka A.

4.3. KaHoHnueckas pe3oJibReHTA My4Ka.

Mycts A — nyuok ¢ 6aso X. OGosHauuM uepes QO(X; JA) nywox
pOCMio8 He 00A3amessho Henpepsigrsx cevenut nyuxa . CeuveHneM
nyuka @9(X; A) Haa oTKpeTHIM MHOWecTBoM U siBasercs Toria oTo-
Gpaxenne s Muoxectsa U B HakpbiBaiollee NPOCTPAHCTBO o, KOTOpOE
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NOLYHHEHO eAWHCTBEHHOMY YCIOBHIO p(s(x))==x nanas Bcex xE U.
Ouneparopur orpannvenus B @0(X; A) OTpeneAaoTCa O4eBUAHLIM 06Pa3oM
SIcHo, u4TO HMMeeTCs KaHOHWYeCKOe BJAOMKEHHE
JiA—> CUX; A)
U uto nyuok QO(X; A) aBseTCH BLABLM HYUKOM (cMm. o 3.1).
OnpeneauM tenepb nyukn @"(X; JA) caenyowum o6pasom:
CHX; y=C"(X; 3V (X; ), rtre ZUX; A)= CO (X: A) A
CHX; A) = CX; Z2UX: D). tae ZUX; A) = CUX; A3 (X A)

H T. 1. Bce 3T nyuxn — Bsasie,
IMeem, kpoMme Toro, roMoMophusMel

d: C"(X; A)— " (X; A),

KOTOpPble TOAYYAIOTCA KOMNO3UIUMEHR snuMopduama

C"(X; A)—> "X, A= C"(X; A Z"(X; A
C BJIOXeHHeM

X A= CTH(X, A= CUX; Z"TUX, A)).
flcHO TO caMOMy TOCTDOEHHIO, UYTO MLl HMEeM MO4HYI0 ROCAO08A~
meaLbHocms

0>ALs VX, A) 45 V(X A5 ...

MHaye roBops, Mbl TOCTPOMIH KAHOHUUECKHM 0OpaszoM pesoasgenmy
nyaxa A, cocmoswyio u3 8aaux ny4xos. ByseMm 0603HauaTbh ee ueped

C (X, A).

Jns scaxkoro ceMelictea Hocutedelt ® B X mosowmuM

Co (X; H=Ta(C"(X; af))(

0T06pa'>|(eHI/IH

A= C (X, A, A—>Co (X, A

MOMXHO pACcCMATPHBATL KAaK KOBAPHAHTHLIE AAAMTHBHBIE (YHKTOPH, OMpPe-
neMeHHple HA KaTeropuu NyYyKoB Han X, CO 3HAUGHHAMH: MepBHH — B Ka-
TeropHu AuGPEpeHIlnaibHbIX TIYYKOB, BTOPOH ~— B KATErOPHH KOUEMHBIX
KOMIIEKCOB. Imu PYHKMOPs. NMOYHbL.

JleficTBUTENbHO, PACCMOTPUM TOYHYIO TOC/AeNOBATE/ILHOCTD

0> A > A—>A"—>0.

H1g BCAKOrO OTKPHITOrO MHOXECTRA U w3 Hee, OUEBHIHO, IMOJYyYaLTCH
TOYHAA 1OCaAe10BaTEIbHOCTD

’ ; . . ” 0.
0 _>J€[Uu{ (%) -—>Jé[}u% (%) -+JEIUU€ (x)—>

13 P. Foaemanr
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Orciona c/enyer, 4To
0> QX A)—> C'X; A)— C° X, A —0

SIBJS€TCA TOYHOH MOC/IE€A0BATENbHOCTBIO NMPEANY4YKOB H TeM 6osiee MyukoB.
[Mepexoaa k dakTop-nyuxaM, noJyyaeM TOUHYIO IMOC/ELOBATENbHOCTh

0— ZUX, A)—> TV A)—> L1, A)— 0.
OTCl0Aa M0 MHAYKUMH [OKA3LIBAETCS TOYHOCTb (YHKTOPOB

A—> CH(X; A).
TouHocTb GOYHKTOPOB

A —>Cq(X; A)

BHITEKAeT M3 NpeApiAyllero ¥ 3 Teopemb 3.1.3.

Bameuanue 4.3.1. O603naunM BpeMeHHO uepes A* = (A") kano-
HUYECKYI0 pesobBeHTY nyuka of. [lokaxkeM, uTo ana BcAkoro x € X
Komniaerc ¢ donosdendem A*(x) 20MOMONHO mpusuaie.

MMonaras Z*»= Z"(X; A), nKocrarouHo mnokasate (ra. I, Teo-
pema 2.4.1), yTo Aans BCcex n rpynna Z7(x) sBAseTcs NPAMLIM charae-
MbiM B (@7 (x). Ho Tak xak @"= @Y(X; Z"), TO 10CTATOYHO NOKa-
3aThb 370 Mg n==0, B 3ToM cayuae TpeGyemy10 npoexuHio rpynns A° (x)
Ha o (X) MOXHO MOJAYUMTb, COMOCTAB/AA POCTKY CeveHus (He oBsA3aTe bHO
HeNpepLIBHOr0) nyuka of B TOUKE X 3HA4eHUue, KOTOPOe OHO NMpPHHMUMAeT
B x. TeM caMbiM Halle YTBepXIEHHE [OKA3aHO.

ameuanue 4.3.21). Jlaa ceueHuH NYuKOB u{": CPX, A
MOXHO [aTb SBHYI0 KOHCTPYKUHIO, KOTOpas HMeeT CBA3b C KOUEMSAMH
Anexcannepa — Cnanbepa.

Paccmorpum B X oTkphiToe MHOxecTso U. CeuendeM mnyuxa AL
Haa U gBaseTcs, O0UEBUAHO, (YHKUHs

x0—> f (%) € A (%),

onpeneneHHas B U/, a B ocTaabHOM npous3BoabHad. Taxk kak, € npyro#

CTOPOHBHI,
A= C2(X; A /A,

TO cedenueM nyuka of! Han U spasercs dyHkuust f(x,) €O 3HaueHUAMH
B axrop-rpynnax A%(x,) /A (xy). Ho mno npemsiaywieMy 3aMedauHio
rpymna A° (x) ecTh npsMas cyMma noarpynnsl £ (x) u noarpymnst o0 (x),
06pa30oBaHHOM POCTKAMHU CeuyeHHH (He HeNpepbIBHLHX) nyuka of B TOYKe X,
KOTOpHe B Touke x mnpuHuMaior 3Hauenne 0. [lostomy ceuenue f
nyuka ! wax U MOXHO NpeiCTaBHTb kak (YHKUHIO

xXg—> f (Xg) € N0 ().

ty Urenne 316ro 3amewanus - he HYWHO M Jlawe BPENHO A% IOHHMAHHA 3TOr0
naparpada. Ouo Ttpebyercs Toabko B § 6, rme Oyaer urpath, BIpOUYCM, YHCTO
BCIIOMOraTeAbHYI POb.



§ 4. KOTOMOJIOTHH CO 3HAYEHHSIMH B TYUYKE - 195

BameTuM, C IpYro# CTopoHn, uTO 3deMeHT f (X)) € N?(x,) npencTas-
JA9eTCa (He B3aHMHO OJHO3HAYHHIM 06pa3oM) oToGpaxceHHeM
x> f(xg, x) € A(xy),
ONpele/eHHBIM B HEKOTOPOH OTKPHITO# OxpecTHOCTH U (X)) ToukH X, H
paBubiM O npu x, = x,. CirenosatenvHo, cevenuamu nysxka A' nHao U
ABARIOMCSA PYHKGUU
S (xg %) € A(xy,

X €U, x€ U(xy)

f(xg x)=0 0an scex x,€U.
Ilpu smom Ose dynxuyuu f' u [’ onpedeasiom 00HO 4 mo dce cexe-

nue nywka A' nad U mozda u moasko mozda, Kozda scaxul x,€ U
o0aadaem maxod oxpecmnocmsio V (x;), 4mo

I (xg x)=f"(xy %)) 0an x,€EV(xg).
lMpenbiayias KOHCTPYKUHS 103BOJAET TaKXKe IaThb SIBHOE BBIPAXKEHHE
nas onepatopa d: A% —> AL JlelicTBuTenbHO, NYCTb HaM 3aJaHO Ceye-
e f nyuka 0 man U, 1. e. orobpaxeHue
xXo—>f(x) €A (xy) (x4€ V).

Torna df ectb ceuenne nyuka A%, A, noayyennoe us f nepexonom
K ¢axrop-nyuky. Ecam npencrasuts df ¢yHKuHed €O 3HauEHUAMH
B rpynnax of’0(x;), To Oynem nmeTb

af (xo)"“f(xo) mod A (x,),

rie f(x,) € A°(x) ecTb pOCTOK HempepbiBHOro ceuenus nyuxa AL,
OnpeleJeHHOro, ¢ MOMOUIbIO f B TOUKe x,. Tlpencrasum df (x,) orobpa-
XeHneM

onpedesenroie 045

u maxkue, 4mo

x,—=>df (x5, x))€ A(xy),

Onpele/eHHBIM B OKPEeCTHOCTH TOYKHM x,;. Toraa npeabiayuiee COOTHO-
weHue OyaeT BHIPAXATb MPOCTO TO, YTO ceueHHe Nydyka o

x1_>df(x0, x1)"_f(x1)
Henpepsisrno B x;. Tax kak df(x,, x))=0, TO 3T0 o0TOGparceHHE
B OKPeCTHOCTH TOUKH X, SIBISETCH Henpepbl8HblM Cewenuerm myuka A,
NPHHUMAIOILMM B TOUKe x, 3HaueHHe — f(xy). Ecau M - 06o3Haunm
yepes
x> [ (x0) (xy)
Kakoe-HHOYIb U3 HENpPepbiBHBIX ceueHuit, omnpeleneHHnx B U(xy) u
paBHBEX f (X)) TpM x; = Xx; TO MBI MOJY4YMM OKOHHATEJILHO cpopM)nv
df (xg, %)= f (%) — f (%) (%),

KOTOpas MMeer Mecto npu x, € U, x, € U (xy).

13*
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Hakonen, tak kak A= @%(X; A/ JE), To TO e camoe paccyx-
JEHHE, YTO M BLINIE, MOKasblBaeT, 4To Aad Jio6oro x rpymna ! (x)
pasnaraercs B mpaMyio cymmy nodrpynnbl Z!(x) = N?(x) u noarpymmsi
N'1(x), obpasosanHol pocTkamu ceueHuH (He HeMpepLIBHBIX) Nyuka I,
NpUHUMAIOLIUX B TOYKe x 3Hauenue O.

Ecan npencrasurs ceuenne f(x,, x;) nyuka of' orobpamenuem

Xg —> S (%) € N (xo),

TO SICHO, 4YTO POCTOK 7(x)€u£1 (x), onpeneneHHbt ceyeHueM f B TO-
yke x, npuHamiexuT oN'1(x) Torma u toabko toraa, xoraa f(x)=0.
Tak kak f (x) gBaseTcs pOCTKOM B TOYKe X CeYeHHA (HE HellpepLIBHOTO)
nyuka A, onpejenenHoro orofpamenueM x,— f(x, x;), TO Mbl BHAHM,
YTO COOTHOIUEHHE
F ()N (x)

9KBHBA/NEHTHO ToMy, uTo f (X, x,)==0, Koraa x, 10CTaTOYHO O/H3Ka K X.

[Tpexxne yeM pacnpocTpaHAThL STH Pe3y/bTaThl Ha cJydyall NPOHM3BOJb-
HOM CTeneHu p, sameTuM, 4To, noaaras %7 = Z?(X; A=A~ /771,
OyleM HMeTb COOTHOLUIEHHe

A= Y (X; Z7P),

H, C/leJOBaTeNbHO, LJd BCAKOro x rpynna AP (x) npeAcTaBaseTcs B BHAE
npsaMott cymmbl moarpynnsl %7 (x) = A" (x) / 2?7 (x) u nmoarpynnsl
N7 (x), 06pasoBaHHOH POCTKAMH He HENPEPHBHHIX CeYeHHH nyuka F7,
KOTOpHIe NPHHMMAIOT 3HaueHue O B Touke x. Tenepb MOXHO CPOPMYIHPOBATD
CleLyollie YTREPIKAEHUSA, KOTOpHE OYAYT ROKA3HBATLCA HHAyKuuel no p.

(a,) Besikoe cevenue nywxa A nad omupuimvin munoxncecmson U
HONCHO 3adamb Pyuryuei f(xg, x;, ..., x,)€A(x,), pasrod O npu
Xg ==X, U OnpedeseHHOL HG MHONCecmse 8UOQ

Xo €U €U (xp)s o5 x,€U(xg 0oy Xp20)s )

20e uepe3 U(xy, ..., X;) 0603HAUEHO OMKDPBLIMOE MHONCECMBO, CO0ep-
Hauee x, u 3asuciuee om x, Xy, ..., X; Kpome mozo, 0se pyri-
yau [’ a f” onpedeasiiom 00no u mo e cedenue nyirxa JA° mowda
4 moabko moz20a, K020a OHU COBNAOAIOM HA HEKOMOPOM MHOMNCECm8e
suda (1).

(b,) Fomomopgusnu d: A”~' — AP 3adaemcn dopmyroi

P

1
af (xg, «. ., xp)=i§0(——l)if(x0, e Xpy e X
(=D (% oy X, ) (X)), (2)

20e uepe3 f(x,, ..., Xp_1)(X,) 00603HQUeHO 3HQUeHue 8 Mmo4Kke X,
HeKomopozo Henpepvi8noz0 cedenun nyika A nao U(x,, ..., X, 1)
Komopoe pasHo f(xg, ..., X,_y) npu X,=Xx, ;.

(cp,) Ilycmv f— cenenue nyuxa u{l’ 8 OKpecmHOCcmu MO4KU X,
npedcmaa/zemwe gﬁyumuueu fxg %y vy X)) €A (x,). Lan mozo
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4moGbl. pocmox fN(x)‘E AP (x), onpedesnemwii ceweruem [ 8 x, npu-
Haoaexmcan noozpynne N7 (x), He0Tx00uM0 U 00CMAMOUHO, YMOG b

f(x, xl,...,xp)=.0 3)
Ha MHOXMCecmge 8uoa

X eU, xeU(x), ..o x,€U(xy, o.0h X,

20e U — oxpecmrocmes mouxu x.

HaM n0CTaTOyHO 10KAa3aTh, YTO €CJAM 3TH YTBEpPK/JCHHS BEPHB Mis
p—1, To onn BepHbl ¥ i p. JdokaweM cHauana (a,). Ilycts [ —ce-
yenue nyuyka o€ wHan U, T. e. He HempepbiBHOE ceuerue nmyuka Z°
nan U. B cuny xaHonuyeckoro usomopdusma %7 (x)=N'""'(x), ceue-
Hue f MOXKHO MpPEeICTaBHTb OTOBpakKeHHEM

p—1
xo*f(xo)EON} (x) (%€ U).
Ho no npenanonoxenuwo (a,_,), f(x,) mpencrasuMo oToGpaxeHueM

(%1, oo es X)) > Xy, ey Xp) €h(x)),

onpefenennbiM s X, € U(xp), ..., x,€U(xy ..., X, ), xoropoe
MOXHO CYMTaThb paBHBIM O Tipu xl.__xo, TaK Kak f(xo)EoN“’“(x)
Orciona cpasy caelyeT yTBepxaeHue (a,).

[Tycty Temepb f — ceyenue myuxa ,ﬁ‘,"“, NpeACTaBlieHHOe (yHKudeR

fxg -oos X))

Boiuncaum oyskuuw df (x4, ..., X p)» KOTOpas TPeiCTaB/seT CeueHue af
nyuka £°. Ecan npeanctaButh df 0T06pa)KEHHeM x—=>df (x) ENPH(x),
TO, OueBHAHO, OyleM HUMeTb COOTHOLIEHHE

df (xp)= f (%)) mod Z7"(x,),

rae f(x)E AP (x) ectb pocrok ceyeHns nyuka 77!, onpenenenHsitt
¢ noMowpio f B Touke x. HO MO CBOHCTBY TOMHOCTH HMeeM

ZPTH () =d (NPT (x)),

TaK YTO HallneTcs POCTOK
8 (x) E NP2 (xp),
af (xg) = [ (xp) +- dg (xp)-
Ecau npexncTaButh é(xo) yHxunelt g (xg, X, ..., X,_;), ONpeleleH-

Holt ana x; € U(xg) u T. 4., TO yTBepxkIeHus (a,_;) W (bp ") noxamyr
YTO Npelbiiyllee COOTHOLIEHHE MOXHO 3amnHcaTb B BHie

af (xg «oov Xy =/[(xy. -..s X))+
pcl . I ‘
+,§1 (=D g (g Xy Xy ey X)) (1P g (g X ) (X

TaKOH, 4TO
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NpHUYEM 3TO PABEHCTBO MMEET MECTO HA MHOKeCTBe O0byHOro Buaa. Mu
BbiBeleM OTCIONAd yTBEpPXAEHHE ,(bp).‘

Coraacho (c,_,), MOKHO NPEANIONAraTh, YTO & (Xy, Xy» - - -, X,.9)==0,
KaK TOMbKO X,==x,. JTO e BepHo u 1an df (xy, ..., X,) B cuay
yTBepiIeHus (a,), KOTOPOe Mbl yxe Lokasaid. B npeasaywmed popmyie
NOJOXHUM Xy== X;, YTO M4CT COOTHQLIeHHEe

0=f(xp X9 ..., X))+ 8 (X Xoo o0y Xp),

HMelolllee MeCTO Ha MHOMKecTBe BHIA X, & U(xy), .... Bolpaxas g u3
3TOr0 COOTHOWIEHHA M TNOACTABJASAs pe3yabTar B Qopmyay s df, MH
noayunM yreepxetne (b). '

PaccmoTpuM, Hakonen, poctok f{(x)€ JA7(x), onpenenseMbifl cede-
nuem f nyuka o7 B okpecTnoctd TOukH x. [lpeacrasuM f dyuxumes
f(xp) ENP'(x). Toraa coorHomenune f(x)€N?7'(x) Oyrer skpusa-
JeHTHO cooTHomenuo f (x)=0. Ho Tak kak poctox f(x)€ 77" (x)
onpejeieH (yHKIHEH ‘f(xv, Xgs oy Xp_q) TEPEMEHHBIX Xg, ..., X, p,
TO yTBepKICHHE (C,) €CTh C/eACTBHE yTBEPHKIEHHUSA (cp-1)-

OTMeTHM AaHaJOTHIO, CYLLECTBYIOLWLYIO Mexay ¢dopMyaoi (2) u dop-
MyJao#t, nawwel auddepenunan kouenu Auekcannepa — Cnanbepa (npu-
Mep 2.5.2). CyuiecTBeHHBIM OTAHYHEM OT KJACCHUECKOH CHTYyauuH siB-
AfeTcs YCAOBHE : »

fxge %o X9y o ooy x,)=0,

HaJjaraeMoe Ha KOUEeNW, paccMarpuBaemble 3jech. [losnnee (m. 6.4) mul
MOKaXeM, 4TO ecad y6paTb 3TO YCJOBHE, TO Mbl NOJYYHM JIDYTyiO pe-
30/bBeHTy 1Nyuyka £, COCTOALIYO U3 BSAJBIX IMYUKOB, KOTOpPas K TOMYy
ke o6aanaeT €CTeCTBEHHOH ,MOJyCHMIIMUHAJBHOH CTPYKTYpoH®, 4ero
HeT B CJy4yae KaHOHHYECKOH pe30/bBEeHTHI.

4.4. KoroMonoruu co 3Ha4YeHHsAMH B NMY4Ke.

Iyctb samanbl npoctpaHcTBo X, ceMeHlcTBO Hocutedelt @© 5 X w
nyuck A ¢ 6azoin X. Tlosoxum

Hi(X; A)=H"(Co(X; A))D-

Ecau uMeercss romomoppusm f: A — %, TO OH oueBHIAHHM 06pasoOM
HHLYLIHPY T " rOMOMOPJiM3MbI

FOHL X ) — HE (X, B).

!) DTu rpyunsl HA3WBAOTCA zpynnamu KozoMonozuli npocmpancmsa X cq
gHAneHuAMY 8 nyuke R U4 ¢ ROcumesTM u3 cemelicmea O, — Ipun. peq.
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Teopema 4.4.1. Pyuxmopsr A-—>To(A) u A->HI(X; A)
d30MOPPHLL. o
Jde#icTBUTEIbHO, M3 TOUHOM TOCAENOBATENLHOCTH

j d
0—>ALs RUX; A) S5 CUX; A)
H U3 TOro, 4To (§oyH}<Top T's Touen cnesa, BbiTekaeT TOuHAas mMoOC/enoBa-
TEALHOCTS

0Ty (A) L Co (X; A) 2> CHX; A).
Teopema 4.4.2. Bcaxoid mounod nocaedosamenrsnocmu ny4Kos’

0’—><){,—]—><){—p->u{” — 0
coomsgememsyem MO4UHASR nocaedosamenbHocmes KO20M0402uli 8UdQ

0> T (A) L5 Do (A) 25 To (A" 2 HY (X, AN o
Kpome mozo, ecau umeem KOMMYMAMUBHYIO OUAZDAMMY MOYHLLY
nocaedosamenvHocmeti :

O>A">A>A"—>0
v b
: 0> F > B —>p"—>Q,
mo ouazpammsl
H (X A —>HLT (X A

VI ¢
HY (X: #)—> HA ' (X, )
KOMMYMamUBHbL,

ToyHas NOCAELOBATENbHOCTS KOTOMOJOTHH MOJydYaeTcs M3 TOUYHOHR
N0C/Je10BATENBHOCTH KOMIJIEKCOB ‘

00— Co(X; A)—>Co(X; A)—>Cos(X; A")—>0.
Bropas yacTb TEOpeMBbl MOJAYYAETCS, €C/]¥ HANMCATH KOMMYTATHBHYIO AHA:'
rPAMMY KOMILIEKCOB, COOTBETCTBYIONLYI0 3aianHOH IMarpamue.
Cnencraue, ITyecms 0—> A A > A" —>0—mounan nocae-

dosamenvHocms nyiKos ¢ 6a3oli X. Has mo2o 4mobs..coomsemcm-.
BYOWOAS NOCAO08AMENbHOCHLD

0—+I‘¢(d€)—>I‘¢(u{)—>I‘¢(d{”)—>0
6oina mounol, docmamoino, umobs He(X; A)=0.
TeopeMma 4.4.3. Ilycms X — monoaozuteckoe NpoCMpPanHcmeo,
® — cemelicmgo nocumeneli 8 X u A— nysor Hao X. To:oa
H3(X; A)==0 npu n>1

B cAE0YIOWUX 08YX CAYLAAX:
(a) nywox A -— 8aabi;
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(b) cemelicmeo © — naparxomnaxmugpuyupyowee u A — O-uazxui
NYHOK.
Jle#icTBUTEIbHO, HATIMUIEM TOYHYIO I0CJ/€N0BATENLHOCTD

O A->CVX, AH—CYVX, A—>....

B cayuae (a) 8ce IyyKH, yyacTBYIOIUMe B Helf, BaJble M MOXHO TpHMe-
HUTb Teopemy 3.1.3. B cayuae (b) 8ce nyuku sBasioTcs D-MATKHMH H
MOXHO TIDUMEHHTb Teopemy 3.5.4, Y4TO M J0KAa3LIBAET TEOPEMY.

OTMeTuM eilie caenyioniuft pesyabTaT, KoTOpm# Ham OyaeT noJelen
B § 5.

Teopema 4.4.4. [lycme (F )ici— AOKAABHO KOHEuHO2 cemeli-
cméo nyuxos ¢ 6a30ii X, F — npamoe npoudsedenue nYirKos oF ;.
Toz0a umeem KAGHOHUUECKUE U30MOPHUIMOL

H x; Fy= 1" X ).
i€t
JloCTaTOYHO NOKA3aTh, YTO MMEIOTCH KAHOHMYECKHE W3OMOP(HM3MBbI
et =1k e F).
ict
JedicTBUTENBHO, B CHIY ONpeae/]eHHA NpsMOro npoussBeieHHs (n. 2.6)
Mbl OyleM HMeTb TOrAd
e e Fn=Hre w 7))
icl
H Teopema OyieT cCJel0BaTh M3 TOTO, YTO TOMOJOTHH HPSIMOrO HPOM3-
BENEHUs KAaKOro-Aubo ceMeHCTBa KOMILIEKCOB COBMAAAIOT C NPSIMbIM NpPO-
H3BEJeHHEM TOMOJIOrHH COMHOXUTeEeH,

YcraHoBuM cHayana TpebyeMull uzoMopdusMm aasa n=0. Ecau U —
OTKPBITOE MHOXECTBO, TO HMMeeM

emuﬂ@;ggm

Ho Tak kak sanaHHoe ceMeHCTBO JMOKdJbHO KOHEYHO, TO
JM=HJM)
2
U, CAeA0BATEALHO,

CO(X; a?3<U> ]I 1147'<x)—-]I ]Ia?'<x)——
=Jmmﬂmw

yto ¥ TpeGoBasoch AOKA3ATh.
flcno, uto myukn CO(X; F ) Takoke 06pa3yioT JOKAaJbHO KOHeYHoe

cemefictpo. CuaenoparenbHo, UCNOMb3ys NPEABIAYILHA De3yAbTAT M CO-
€Tap/igsl NpsAMOe IIPOH3BeleHHe TOUHHIX MOCAEeN0BaTENLHOCTER »

0—>F,;,— QO(X; F P> ZUX; F )—0,
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Mbl MOJYYHM KAHOHHYECKHH HM30MOPDHUIM
Z1(X; 3)=£[[ ZUX; F )
1

Tak Kak Mb HMeeM 3[eChb [1eN0 C JOKAMbHO KOHEUHHM NPOH3BEJIEHHEM,
TO, TIpHMeHss Pe3yJbTaT, OTHOCAWHHc Kk Gyukropy (GO, k stoft dop-
MyJe, MOJYYAM KAHOHHUYECKHH H30MOpPHIM

CL(X; J)z]ég C (X F ).

IMpono/mxas nazplie M NPUMEHSs HHAYKUMIO TO 72, MBI, OYEBHAHO, M0O-
JyyuM TpebyeMbl pesyuabrar,

4.5. CnekTpaJbHble NOCAEI0BATENbHOCTH, CBfI3aHHBIE
¢ auddepeHiHATbHBIM ITY4KOM.

[Mycts X — TomoJornyeckoe mnpocTpaHcTBo, P — cemelcTBO HOCHTE-
aeft B X, " — nuddepenunaspuell myvox nHal X. Paccmorpum 6urpa-
AYHPOBAHHYIO TPYNNy

® * 2 N Py
K=K(Z)=Ci(X; &= XCh(X; &9
Py
Ee MoxHO paccMaTpuBaTh Kak 0goduod Komnsexc, ecau puddepeHuuan
2 0y P+1 5,
lD(Xs gq)_>C‘1> (Xs ,(Zq)
onpeaeants Kak auddepenunanr B komniexkce Co (X; 29, a nuddepen-
uuan
0P (X 7y
"iCo (X FN>Co (X P
ompeleNHTh Kak TOMOMOPGH3M, C TOYHOCTBIO 10 3Haka (—1)P unHayum-
poBaunntt anddepenunaiom F7— FI*' 5 _F*. B srom cayyae Gyner
BHINOJIHeHO cooTHomeHne d'd” 4-d”’d’ =0, u B K MOXHO OUpeneInThb
nonnu#t auddepenunan d=d’ - d”. Pasymeercs, K MoxHO paccMarpu-
BaThb KaK NPOCTOH KOMILUIGKC OTHOCHTENbHO d U TPALYMPOBKH C MOMOLLBIQ
TOAT pyTII
Kr= 2 CL(X; Z).
prq=n
Mp1 ceﬂqac BBIYUCJIMM 06e CIIeKTPajbHble 0C/e10BATENLHOCTH KOMIIEKC K

(ra. I, n. 4.8) uau no kpaliHe#t Mepe UX MNepBble YEHH.
HaBecTHO, uTO0 B MEpBOH CHEKTPAaNbHOHW TOCAENOBATEJABHOCTH HMEEM

/qu al(llHlI(K))

rae "HY(K) ectb d”-KOTOMOMOTMH CTeleHW ¢ KoMmiekca K, cHabxkeH-
HOro BTOpPOH rpasyuposkol, u rie ‘HP ("H7(K)) — d’-x0oroMonorud cre-
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nean p kowmmiexca "H?(K), cHaBXeHHOTO rpalyHpOBKOM, KoTopas HH-
LyuMpoBaHa mepBof rpanyHpoBkoH koMmiekca K, H auddepenuuanom,
KOTOpHIH HHAyUHpOBaH AHddepenuuasom d’.

Crel0BaTeIbHO, YTOGH MOAYUHThL udenb crenenu p 8 “HY(K), uyxHo
BHIYMC/AUTE KOTOMOJIOTHH CTeNeHH § KOMIIEKCa

Ch(X; oH=2ChX; &9,
q
cHabeHHOro AW} ¢depeHIiHaI0M, KOTOPHH HHAYUHPOBaH C TOYHOCTLIO A0

anaka (—1)? nupoepenunanom B _F* Tak kak pyukrop A —Ch(X; JA)
MOUeH, TO, KAK NMOKa3aHO B -KOHUe T. 4.1, wMeerTcn KaHOHWYECKHH M30-
MODGH3M  KOrOMOJOTHH  pacCMaTpHBAaeMOro KOMILIeKCa Ha rpynmy

CL(X; #7(9%)). VubiMu crosaMu, uMeeT Mecto GopMy.aa
B = Ch(X; (P,

[Mpu stoM nucddepenunan d; unaynuposan nudpdepenunatom d’ H, ciae-
LOBATEABHO,

- 'EY! = Hi (X, 09 (). (1

Touno Tak xe umeeM "E5? ="HP (HY(K)), rae 'H?(K) — d’-xoro-
Moaoruu Kommiaekca K, CHa6xeHHOro nepso#i rpaaynposko#i. B Haumem

CJIyyae Yj1eHOM CTelleHH P 3TOH rpyNIsl KOTOMOJOTHH ABJSETCH Hi (X; .&?),
T. €.

g A
"El" = Hg (X; &£F).
Uto6bl BHUMCIHTL waeH E,, obpasyeM KOMILIEKC

HY (X 7%= X HY (X; 7P),
p

cHabweHHb# auddepeHnnanoM, KOTOPHH uHAYUMpPOBaH AHddepenilHa-
JOM B _Z* (C TOYHOCTHbIO A0 3HakKa). OKOHYATE/JHbHO TNOJYyYaeM

EY = H" (HE (X, .2)). @)

STH OPMYIHl HBAKIOTCA OCHOBHBIMH.

3ametum, uto smopas @uasmpayun romnaexca K scezda pezy-
AAPHA, a nepsas Pursmpauyus peyLApHA, eciu
. Lr=0 oua n<n, 3)
3aMeTUM TaK¥ke, YTo

"B = HP (To (7). ' 4)

Orciona noayyaeTcs KaHOHUYECKUA roMOMOpPdH3M

- H T (F0))—> HP (K), _ , ®)
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CYILEeCTBYIOIUMA B CHJYy TOrO, YTO MepBasg rpalyupoBka B K MOJOKH-
TeabHa. CoraacHo o6ieR TeOpHH CHEKTPANbLHHIX MOCHeN0BaTeabHOCTER
(rnaBa 1, n. 4.8), roMoMopdHaM (3) MOKHO TaKKe MOJAYYHTL CAEAVIOLLHM
o6pasoM. B nBofiHOM kKoMmJIekce Ci'{,(X; ,9’*) 3JeMEeHTH MepBoA CTe-
neHn 0, anaynupyemvie auddepenuuanom d’, 06pasyioT NOAKOMILTEKC
OTHOCHTENLHO BTOPOH rpaayupoBkn u d”. O603Haumm ero uepes 'Z0%,
Kanounueckoe  Bnowenne ‘Z% —>K  MHAyuMpyeT  TOMOMOPQHM3MEL
"HP ('Z%) —> HP (K), KOTOphie COBMANalOT ¢ roMoMopusmamn E5° —»
— HP(Kj. B namem ciayuae ‘Z% oromaectsaserca ¢ ['y(_%*) npu
nomouin BaAOKenus Iy (A) —> Cy (X; A), MMelouIero MecTo 145 Ji060ro
nyuka of. Taxum 06pasoM, Mbl BHAMM, UTO 2040MOpdusms (5) undy-
UUPOBAHDL 20 MOMOPDPUIMOM KOMNACKCOB

Fo (M —K. - ®)

4.6. OCHOBHbBIE TEOPEMBI.

PaccvorpuM BHOBb roMomopduamel (5). Ecau "E =0 npun g > 1,
TO 3TH roMoMopduamsl 6yayT uaoMopduaMamu, TaK Kak BTopas (pujibT-
paunss koMmmiekca K peryaspHa. [1o3ToMy w3 paccMoTpeHHs MepBOH
CMeKTPaJbHOH MOC/IeN0BATENBHOCTH MOJAYYaeTCs CJelYIOlnil pe3ybTar.

Teopema 4.6.1. Ilycms X — monoaozutecioe npocmparcmso,
D — cemeiicmso nocumeneli 8 X u P*— oupdepenyuarsili nyLoK
Had X. [pednraoscur, wmo womnaexcs H (X _7) QUUKAUYHDL 80
scex cmenensx 0asn q > 1. Tozda cyuwecmsyem cnekxmpaisias RO-
CA8008aAMEABHOCML CO BMODbHIM HACHOM

EY = H} (x; s2°(. ")),

y komopoii usen E. ecmb 2padyuposannas 2pynna, C8S3GaHHAA ¢ KO-
20MON02UAMU  KOMNACKCA ’I‘q,(j“‘), CHAOICEHHbBLMI N00X005ueli
durvmpaygued.

PaccMorpuM Temeps roMoMopdusM AuddepeHUHaIbHBIX HYUKOB

[ &M
OH nopoxaaeT reMOMOPMH3M ABOHHBIX KOMIIEKCOB
Ci(X; &)= Co(X; o)
H TOMOMOpP(®HU3Mbl COOTBETCTBYIOILHX CHEKTPAJbHBIX MOC/Ie10BATENbHG-
ctet. BrpoueM, 3TH roMOMOpQU3MBE €CTeCTBEHHHIM O6Pa3OM MOJyualoTCs
n3 roMoMOpdH3Ma f, ecan HCMONb30BaTh (GOPMYJIH MPEALIAYLIENO MYHKTA,
Wssectho (ra. I, teopema 4.3.1), uto- ecau romomopdusm ‘£, —'Ey;

MHAYUMPOBAaHHLIN OTOGpaxeHHeM f, ABafeTCHs M30MOPHH3MOM M MNepBhbie
¢uabTpaund perynasipHel, TO roMOMOP(PU3M, OTOOPANKAIOUWHNHA KOTOMOJIOT HH
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MepBOro KOMILUIEKCA B KOTOMOJOTHH BTODOTO KOMILIEKCAa, HHAYUHPOBAH-
Hpid roMomopgusMoM f, Taxkxe spaseTcs usoMmopdusmoM. OTciona no-
JqyuyaeM CJelYIOHK pesy/ibTaT.

‘Teopema 4.6.2. Ilycmy X -— monosozuseckoe npocmpancmaso,
® — cemeticmso nocumenei 8 X u f 1 F*—> o' — 20momopguss dug-
depennuansustx nyikos ¢ 6asol X. Hpednonoafcmu 4mo 84LAOA-
HeHbl caedyrouue YCa08US:

(a) zomonmopgusmet I (_F*)— FU (M*), undyuuposaHHsie 20m0+
Mopusmom f, A8AAOMCA U30OMOPPUIMAMU,

(b) Oan scex g > 1 womnaexco HE(X; F)u HE (X; oM agur-
AUHHBL BO BCEX CMENeHsx, ’

(c) epadyuposiu nyixos F* u o' ozpanutens. crusy.

Tozda zomomopgusmos

H"*(To (Z7) — H" (Ta (A)),

UHOYHUpOBAHHbE Oomobpadcetiem [, SBASIOMCS U30MOPPUIMAMIL,

3aMetuMm, uro ycaosue (b) Bceraa BuimoaHeHO NO Teopeme 4.4.3
B CJAGAYIOWIHX [BYX CAy4asx:

(b)) nyukn _P", o#"” — Baavie (npH Bcex n),

(d”) cemeticro ® — napakomnaxkruduupyoliee u nyuku _F", off" —
@-markue (npH Bcex n).

Yto kacaercs ycaoBus (c), To Mbl nokaxeM B n. 4.13, uro ero
MOXHO CHATb, eCAH INPOCTPaHCTBO X HMeeT ,KOHEUHYI) pasMepHOCTb"
B TOM CMbIC/AE, YTO Hahmercs Takoe ueaoe n, 4To HE(X; A) =0 naa
BCeX p >n u Lad 8cAx020 nyuka £ Hap X.

4.7. Tlpunoxenue K pe3osbBeHTaM.
Myctsb
0> A—> PV Pl ..

— pesosbBenta nyuka of. ITpuMeHHM npeabliyuide BBIYHC/IEHHS K ABOH-
HOMY KOMILIEKCY

K(2)=Cs(X;.2)= ZCh (X 7).
y g
q>0

3aMeTHM, YTO B STOM C/ydae HMeEIOTCS /BA BAXHHIX romomopqmama
KOTOpbie ABJSIOTCS MOHoMOpqmamamu

Cy (X A) L5 C3 (X %) LT (7). ()

[Tpu s3TOM 06pa3 MOHOMOP(pU3MA j” COCTOHT, OUEBMIHO, H3 3JIEMEHTOB
BTOpoR cTenenn O, KOTOpble AaHHYJIUPYIOTCA Iuddeperunansom d”,
a Im(j’) cocrout u3 siementos neppol cremeHn 0, aHHYJAMDPYEMBIX AH(-
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deperuranom d’. Orciona BHTEKART, UTO COOTBETCTBYIIIME TOMOMOP:

duambl
Jr*

H (X; A) L2 H (K) L H* T (2%) )
OTOXIAECTBAAWOTCA C FOMOMOp(pH?)MaMH

,ESD%H”(K)GHE;:),

KOTODHIE OnpelefeHbl A1 JIOGOTO [ABOKHOTO KOMIIEKCA C M0.20M4cu-
meAbHb MY TPALYUPOBKAMH, ecIH OTOXAecTBATH L ¢ FEO( ¥ u uc-
noib3osarth Qopmyay us f. 4.5.

3aMeTuM, YTO B JAHHOM CJyude TpPYIbl
‘B = HE(X; 567 (7))
paBubl O 118 g 2> 1 u, c1el0BaTeqbHO, 20MOMOPPUIMYL
J™ He (X; o) — H"(K)

agasiomes usomopgpusmamu. llostomy u3 j/* nonayvawrcs xanoHube-
CKUe 20M0MOPPUIMbL

H' (o (2) > HE.OX: ), | 3)

Komopvie onpedesenv. 045 A060L pe3oavsenms P nyaxa A.
Pasymeercs, B JeHCTBHTEJbHOCTH TOJYYaeTCSd 3HAUHTEJNbHO Goneé
MOJIHbIY Pe3y/IbTaT: cyujecmsyem CReKmpaibHas noCAe008aMeAbHOCMY,
04 Komopod
EY' = H" (H% (X; &)
u 8 xomopol 4aen E. ecmv 2padyuposannas 2pynna, c8A3QHHASA

¢ nodxodauwun o6pason guismposannod 2pynnoi Hy (X; A).
YkaxkeM KOPOTKO, KaK MOXHO IOJAy4YHTb ToMoMopguaMbl (3) mnipH
TIOMOLLH 3/JeMEeHTapHbIX paccymxieHuit. [lomoxum

z/=Ker ("> #"").
Torlza TouyHble MOC.JAeA0BATEIbHOCTH
0> 2> ">z >0
u TeopeMa 4.4.2 NpUBOJAT K roMOMOpdU3MAM
3:HA(X 27 ) > H (X 29). ) (4)
MoayuaeM mocjaer0BaTe bHOCTh FOMOMOPDU3IMOB
Ta(Z"=Ha(X; 2"~ Ha(X; 2" ) > HL (X 2"7%) > ...
e > HE (X 2°) = Hu (X A).
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Komnosuuns stux romoMopdusMos aaer romoMopdusMm Lo (Z") —
— H3(X; A), koTopsiti BMecTe ¢ snumopdusmom Py (%) — H* T'e ((F7))

H onpeneaser roMmomoptdusm (3).

Wayunm Temepb ocHoOBHbie cBoficTBa romomopdusmon (3). Tlpewne
BCETO OYeBHAHO Clelyloliee CBOHCTBO.

Teopema 4.7.1. Ilycme X — monoso:useckoe npocmpancmso,

® — cemelicmso Hocumeneis 8 X, F*— pesorvsenma nyixa A. Ka-
HOHUYeCKLE 20MOMOPHUI ML -

H"Te (")) —> Ha (X; A)

ABARLOMCA UOMOPPUIMAMU 8 CALOYOUUX O8YX CAYHAAX:

(a) nyaku P — ssavie npu 8cex q;

(b) cemeicmeo O — napaxomnaxmupuyupyowee u nyikuy FI—
D-usexue 0as 8cex q.

. Bootwe amu 20MoMOpHUIMI ABAAOMCA UI0OMOpHUIMAMU, ecaU
HP (HY (X, %) =0 048 scex ¢>1 u p>0.

Mpumep 4.7.1. Mycrb X — Tononoruueckoe npoctpauctTso, ® — na-
paxomnaxmupugupyouee cemetictso B X, A— abenepa rpynna. Ko-
uenn Aunekcannepa — CnaHbepa npocTpaHcTBa X CO 3HAa4YeHHsIMH B A
ob6pasyioT pesoavsenmy oF *(X; A) nupocToro nydka A, COCTOALYIO
was ®-mazxux nyukos. Cnenosarenbno, zpynns Hg (X, A) Moo 8oi-
qucaame npu nomowu cewenud ¢ nHocumeanmu 8 O duggepenyuans-

HO20 nyika oF *(X; A) (TouHoe onpefeleHHe 3THX CeYeHHH CM. B NpH-
mepe 3.9.2).

Mpumep 4.7.2. Ilycts ® — naparvomnaxmuguyupyouee cemett-
ctBo. PaccmoTpuMm pesosbBeHTy

0>Z—> 0 > P15 ..

nyuka Z, cocrofutyio u3 ®-monkux nyuros Ges xpywenun. Torma nas
ao6oro nyuka of nupdepeHUHATLHHIR NyuoK F* QR A apagercs pe3oss-

genmoi nyuka of, cocrosmel us ®-mgercux nyuxos (teopeMa 3.7.3).
CnenopaTebHO, HMeeM KaHOHHYECKHE H30MOPQU3MBI

Hy (X; A) = H"To (2" Q A)).

Npumep 4.7.3. MNycte X -— dugpghepenyupyemoe mnoz006pasue.
CyuwecTsyer pesosbBenta npoctoro myuka R wa X, o6pasopannas nyuy-

kamu 27 pocTkoB Auddepenunanvhpix GopM. ITH NyuKU  ABASIOTCH
D-MArkuMH 114 BCAKOTO NapakoMmnakThuduuupylouero cemeficrsa @, Ta-
kUM o6pasoM, rpymnbi Hi (X;R) MONMHO 8w4ucASmMb npu nomouwu
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Komnaexca ougdepenguarsnix gopm wa X ¢ Hocumeaamul) 8 @
(teopema ne Pama). Bmecto nuddepeHuHanbHbix GOpM MOmHO O6bla0 . ObI
_HCNOJIb30BaTh nomoxu. ViTak, Mbl BHAMM, 4TO eciH X NapakOMNAaKTHO,
TO CJelyloliye CBOHCTBA 9SKBHBAJEHTHB HJd AKCOOro uenoro p:

(a) Bcsakaa 3amxnymas anddepeHunanbHas QopMa  CTeneHd p
(do =0) B X ectb mounnii dugpepenyuar (v = dw).

(b) BeluecTBEHHBIE KOrOMOJIOTMH  CTeNeHH p MHoroo6pasus X
pasHb O. '

TakuM 06pa3oM, OTBeT Ha BONPOC, Pa3pelIMMO JH ypaBHeHHe © = do
npu dw =0, 3aBUCHT HCKJIOUUTEIBHO OT MONOAOZUHECKOZO CTPOEHHA
Muoroo6pasus X. Bo BTOpoM TOMe 39TOH KHUrH OyAeT NpPOU3BEREHO
6o0see geTaabHoe uaydyenue AHdPepeHLHAAbHBIX (OPM B CBA3H C CHHTY-
JADHBIMM KOTOMOJOTHSIMH. 3JeChb )Ke Mbl [PHBEJH TOJbKO CaMbifi sJe-
MeHTapHbIfl pesyabTar.

[MponomxuM obuiee u3yueHHe roMoMopdusmos (3).

Teopema 4.7.2. Ilycmv X — monoaozuuseckoe npocmparcmso,
® — cemeticmso wocumeaeis 8 X, F* u o#l* — pesovsenms nynxos A
u F. Ilycmes 300an comomopudm g: F*—>oM*, unoyuupyouuii
zomomopgpusm f i A—> F. To:da ouazpaums

H"(Co(F")) —£>H" (f«» ("))

¢ £
Hy(X; A) L5 Hi(X; B)
ICOMMymamuBHbL.
ﬂOKasaTeJIbCTBO cne.uyeT "3 KOMMyTaTHBHOCTH .U.Hal‘paMMbI

Cs ()f A)—>Cs (zf; F<Ts (_?*)

Co (X; B)—> Co (X; oM*) < T (oMY,

NDpumep 4.74. Iycrs P — napakomnaktudunupyowee cemett-
CTBO U _%* — pesoJbBenTa nyuka Z, o6pasosannas ®-TOHKMMH NMY4YKaMH
6e3 Kkpyuyenud. Torna, noab3ysicb ykKa3aHHHIMHM Bbiwie (npumep 4.7.2)
OTOXIECTBJEHHAMH, MOXHO BBIYHCIHTBD TOMOMOpPQU3M

* i Hy (X; A)—> Hi (X; B),
paccmarpuBas ToMoMopduaM 1@ f: P*Q A —> F R F u romoMop-

¢$u3mMu
H'To(F* @) > H'T ("2 %)),
KOTOpBIE TOJAYYAIOTCA M3 Hero OYeBUAHHIM 0OPA3OM.

1) Iycte o — auddepennuaibHas dopma crenenn p na X. Hocurean
$opMbl © KaK HOCHTEJb CEYeHHS Ny4ka QF ecTb HauMEHbliee 3aAMKHYmMOe
MHOMECTBO ||, Takoe, 4YTO o WHAyLHpyeT Ha X\ |w| HyJeBoe Cceuenue
nyuka 27, 1. e. Takoe, 4TO orpaHuueHue auddepeHnHaibHolt hopMel w Ha X \ | w |
pasio 0. IJTo onpeneienwe HocuTean Audepennnanbno Qopme CoBnanacy
¢ OOBIYHBIM, ’
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Hakonen, oneparoppt 8, CBsisaHHbie ¢ TOYHBIMU [OC/IEA0BATENbHO-
CTAMH MYYKOB, TAKXKE MOTyT ObITb BBIYUCJEHbH € NMOMOLIBIO PE30JIbBEHT.

Teopema 4.7.3. Ilycms X — monosozuueckoe npocmpaxcmso,
® — cemeiicmeo nocumeneii 8 X u P, F, P’ — pesosvsenmsl nyy-
rwos A', A, A". Ipednoaosicum, 4mo umeemcs KOMMYMAMUBHAA
ouazpamma MOUHLLX nocaedosametbrocmed

0> A" > A —> A"—>0

v v oo
0— &' —> F—> F"—>0,

U, HAKOHEY, NPednos0NCUM, UMO NOCAeO8AMEALHOCILL
0->Ts(P)>Te(P)>Te(F)—>0

mouHa (3Mo YCA08ue 8Ce200 BBINOAHACMCSA, €CAU PACCMAMPUBAL Mbie
pe3oassenmot cocmonm u3 sAswx uau O-mazkux nysxosl)). Toeda
ouazpa st

H" (Ij"“ (") = H e (7))

Hg(X, d{”) —-*—B-——>H$+I(X; d{/)

KOMMYMAMUBHDL.

Yro6rl yBHAETb 3TO, MAOCTATOYHO HAMHUCATh CJACAYIOULYI0 KOMMYyTa-
THBHYIQ  AMarpamMMy, COCTOfUIYI0 U3 TOYHBIX TMOC/ENLOBATEJNLHOCTEH,
H fnepefATH K COOTBETCTBYIOLIMM TOUHBLIM HOCJEJOBATE/AbHOCTSAM KOFOMO-
JIOTHH:

0—>Co(X; A)—> Co(X; A) »> Co (X; A)Y—>0
v ¥ v

0—>Co(X; F)—>Co(X; &) —>Co(X; )0
1) 0 0

0> () — To(®) ->Ta(®) — 0.

Mpumep 4.7.5. [ycrs F* — pesonbsenra nyuxka Z, o6pasoBaHHas
®@-rouxumu nyuxamu Ges KpyueHus 2). Toraa To4Has NOCAEAOBATEALHOCTD
KOroMoJioru#i  MoweT OHTb IMOJydYeHAa M3 TOUHOH INOC/AeJ0BATENbHOCTH
KOMIIJIEKCOB

0—>T¢ (F* @A)~ Lo (F* R A) > Lo (F* @A)~ 0

NpHY NMOMOLLK OTONAECTBAECHUH, clelaHHBIX B mnpumepe 4.7.2.

') B mocaexmem ciayuae HysHO emle, 4ro6m cemeiictBo P GLIIO TapaKoM-
naktubunupylomum. — [fpum. ped.

2) HyHO mpeAnonoxuTh TaKiKe, YTO ® — napakoMnakTuguuupyomee ceMel-
CTBO. — [Tpum. peo. .
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4.8, AKCHOMAaTHueCcKas XapaKTepHCTHKA TpYynn KOrOMOJOTrHH.

IMycts X — Tonosoruyeckoe npoctpaHcTso H @ — ceMeHCTBO HOCH-
Teaeh B X. Mbl TNOKaxeM BKpaTle, He BXOAd B YTOMHTENbHLIE, HO

B 0flieM TPUBHA/NbHbIE TOAPOOHOCTH, KaK CBOMCTBA QYHKTOPOB Hy (X; A),
HaJdoxeHHble B 1. 4.4, NMO3BOJAAIOT 0OXAPAKMEPUI08AME 3TH (QYHKTOPH
C TOYHOCTBIO N0 H3OMOpdH3MA.

Jle#cTBUTE/IBHO, MNPEANOJOKHM, YTO 3alaHBH [BA KOBAPHMAHTHHIX ai-
JUTHBHHIX (PYHKTOpA

A—"HF(X; A) n A—"Hg(X; A (n=0,1,...)

CO 3HAYEHWAMM B KaTeropHM aGeJeBHX TPYINN, YIOBJETBOPSIOLIHE YC/IO-
BHUAM N. 4.4, a UMeHHO:
() ameromes usomopgusmsl yHxmopos

J': Ta () = "Ho (X; A,
J" T (A)—"HS (X; A);
(1) scaroii mournoli nocaedosamesvnocmu
0—> A —L> A -E> A" >0
COROCMABACHBL 20 MOMODPUIMBL
¥ H (XA > H (X ),
¥ "Hy (X; A"y — "Ha L (X A,
PYHKMOPHO 3asuciuue om [ u g, U mounbie NOCACIOBAMEALHOCHLU
oo THE (X A) L THE (X A s HE TN (X A L
L g XA — ...
coe o TH (X ) S THG (X A L T HE T (X A L
LS HE (X )
[{83)) "Ho (X, A)="Ha(X; A)=0 npu n>1,

ecauw A — ssavli ny4ox.
Mub nokaxem cefiuac, 4TO NpPH STUX YCJOBHAX CYWECTBYIOT 430MOp-
busmor Hynrmopos

T":'Hy (X; ) — "H (X; A),

coBMecTHMble C oneparopaMu & u &,
Tpexae scero ycaosue (I) cpasy xe naeT H3OMOPH3M

7% 'H} —"H}.

14 P. Togeman -
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-1
Paccynas no WHAYKUHH, TPEANOJOKHM, yto T viKe ONpeleseH,
H NOKAXEM, KaKk onpependTn 17,
JlAs 3TOro paccMOTPHM TOYHYIO MOC/AENOBATENLHOCTL NYyYKOB

0—>A—> CUX; A)—> ZUX; A)—> 0. (1)

B cuay ycnosus (II) sta mocnenoBaTenbHOCTb AaeT IBe TOUHBIE NOCHe-
A0BaTeNbLHOCTH KoroMoJsorufl. PaccMoTpuM Temepb aea cayuas.

Ecau n=1, 10 8 cuay akcuom (I) u (II) noaysum caenywouyio
KOMMYTaTUBHYIO AUATPAMMY

0> Iy (A) —> Ch (X; A) —> Z5 (X A) 2> HY (X A) - 0
i

y ! v ,
0 —> Ty () — Co (X; A) —> Za (X; A) 2> "Hy (X; A) = 0,

B KOTOpPOH TpH BepPTHKAJIbHbBIE CTPENKH O0OO3HAYAIOT TOXIAECTBEHHBIH
H30MOP(H3M, MOJYYEHHBI MOCPELCTBOM H3oMoppusMa TO (Mb noaoxu/IH

Zo(X; A) =Tq (Z1(X; A))).

OTclona BHTEKaeT, YTO CYLLECTBYeT, H NMPHUTOM ¢AMHCTBEHHLIR, H30-
Mopdu3M (PYHKTOPOB
1
T] . /H}I>—->//H¢,

KOTOpHI COXPAaHAET NpPeiblAYULYI0 NHAarpaMMy KOMMYTAaTHBHOH.

[Mpennonoxum Tenepb, 4To n > 1, Toraa u3 TOYHEIX MNocCJaen0OBa-
TeJbHOCTel xoromosorufi (1), npunumad Bo BHHManue ycaosue (III), mo-
JyyaeM JHarpamMy

0—"H ' (X, ' (X A)) L "HE (X; A)—> 0
Tn—l

0—>"HEN(X; 271 (X; o)) ~Ls "HE (X3 A) - 0,

B KOTOpPOR cTpoku TouHbl. OTCiONA CJEAYeT CyLIeCTBOBAHUE €QUHCTBEH-
HOrO H30MOp({H3Ma (PYHKTODOB

n n
T :.'Hy—>"Hag,

NpeBpaliaoUiero 9Ty AHarpaMMy B KOMMYTAaTHBHYIO.

OcTaercd TONBKO TNpPOBEPUTb, YTO TAaKHM 00pa3oM IOCTPOEHHbIe
eCTeCTBeHHble IIPcO6Pa3oBaHHA YAOBJETBOPSIOT BCeM NOCTABAEHHBIM yC-
JOBHSM. MBI TIpefoCTaB/iseM CLEJaTb 3TO YWTATEJIO.

[Tpumep 4.8.1. Mnl Hcnoab3yeM ceHyac npeablnyliuit peayabTaT Ajs
pelIeHus Ccjenyrolied 3anayu.

Kak Mel ywe Bumenu, co BcikoH pesofbBeHTOR _97* myuka o ces-
3aH KaHOHMYeCKHH roMoMopusM

H* o (F7) > Ho (X; A).
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EciH npHUMEHHTh STOT pe3yabTaT K KAHOHUYECKOHW De30ibBeHTE
F*= " (X; ), To noayuAM (TaK Kak 3TO Bs/Maf PE30JbBEHTa) H30-
MopdHu3M

T(A): Hp (X; ) > Hop (X; A).

CoBceM He O4eBUAHO a priori, uTo 3TOT U30MOpPGPU3M TomAecTBeHeH. On-
HAaKO MBI TMOKAXEM, 4TO HAa CAMOM Jejie 3TO TaK.

IetcTeuTebHO, B cuay obwux TeopeM n. 4.7 T Ha camoM nedne
ecTb H30MOpP(UIM PYHKMOPOS, COBMECTHMbIH C OMEpaTopaM# O TOUHBIX
nocJeoBaTenbHOCTeH Kkoromosoruld. TlostoMy, utobbl 1okasaTh, 4to T
TOXJECTBEHEH, NOCTATOUHO NOKa3aTbh 3TO 0.8 KozoMo.n02uli cmenenu O,
nocjaelHee ke OYEBUJHO.

Mpbl npejoCTaB/sieM YHUTATENI0 HEMOCpeACTBEHHOE pPacCyieHHe OTHO-
CUTEeJbHO ABOMHOTO KoMILIEKCa

Co (X; C*(X; D).

[TpsaMoe 10Ka3aTeabCTBO MOJyuaeTcd H3 paccMoTpeHus anddepeHuunanb-
noro nyuka C*(X, @*(X; £)), cHabkeHHOr0 CBOUM auddepeHIHaIOM
U MOJHON TpaiyHPOBKOH.

4.9. KoromMonoruu JoKkaJbHO 3aMKHYTOTO MOANPOCTPaHCTBA.

[yctb X — mpocTpancTBO, A — A0KaJIbHO 3aMKHYTOE MOAMPOCTpPaH-
¢ctB0 B X u % —nyuok c¢ Gaso X. Ecau @ — cemeitcTBO HOCHTENeH
B A, TO NMOJOXKHM 1451 KPaTKOCTU

He (4 @)= Ha(4 2| A).

Ecau siementn cemetictea @ samxnymo 8 X, 10 ® MOXKHO paccmaTpH-
BaTh TaKke Kak ceMe#cTBO Hocutened B X H MOXKHO OIpeleuTh
rpynnnl Hg (X; 2).

MMyuox & ¢ 6aszoft X Mbl GyleM Ha3blBaTb JLOKAALHO CKOHUEHMpU-
posanHsm Ha A, ecad AR BCSKOro x € A HalileTcs Takas OTKpbitas
B X okpecthocTs U, uro & unayuupyer 0 na U\ UNA. B uacr-
HOCTU, 3TO OyleT UMEeTh MeCTO, eCiau & cxouueumpupoeau Ha A, T. e.
ecan & unayuupyeT 0 Ha X\ A.

lNokaxeM npexae Bcero, 4to 6Ge3 BCAKUX MPEANONOKEHHH OTHOCH-
TeAbHO A MM & MOXKHO OnpelefHThb KAaHOHHYECKH# romMomopdusm
AuddepeHUHaNbHBIX MYUKOB

CHX, D) A— @ (A P). (D

Ero nocrarouHo ' ompenennts B cTerneHH O M MOTOM MTEPHPOBATH STY
KOHCTPYKILHIO OUYEBHIHHIM 06pa3oM.

14*
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Hrak, nycte U orkpnito B A (U He 06s3atenbHO OTKPHTO B X).
Mbpl 10/DKHB MOCTPOUTL ecmecmsernss 00Pa3oM roMOMopdHaM

CUX; A (U)— R4 )W)

ﬂpemne BCEro 1no onpeneneﬂmo nMeeM
CY (A ) (U)= ]JU,S” (x). 2)

PaccmoTpuM Temepw ciou Hamn ToukamH (RO(X; %) (x). Pocrok ceuenns
nyuka @O(X; %) B TOuKe X eCTb He UYTO HHOE, KAK DPOCTOK He 0073a-
TeAbHO HEMPEPHBHOrO CeYeHHd NyuyKka % B TOUKE X. 3HAYUT, OH HMeeT
BIIOJIHE OTNpeje/IeHHOE 3Hatenue B TOUKe X, IpHHALIeXKallee rpynne _# (x).
WHpIMH clOBaMH, IS BCAKOTO X MMeeM KAHOHHYECKHH roMOMOpdu3M

v(x): CUX ) (%) > & (%)

DT0 NO3BOJIAET ONpPEleJUTh FOMOMOP(H3M
v(U): @O(X; ,cz)(U)—»HU_J(x)
X

ans Beakoro Uc X, He oGasameavno omrpsimozo. Ecau s — 3nement
rpynnet @0(X; 2)(U), To ‘U(U)S:(‘U(x)S(x))xEU——SJIEMeHT T pYTITE
Il .7 .
xX¢cU

I'omomopdusm (1) B crenenu O onpenestseM Tenepb HaGOPOM TOMO-
mopousmoB v(U), rae U orkpurto B A.

Omnpenenns romoMopduam (1) B cremenu 0 u nepexons K ¢baxkTop-
Ny4KaMm, NnoJaydaeM roMoMopdHu3M

21X 2)|A—> V(A ).

Ero xoMmnosuuus ¢ romomopdusMom (1) B crenenn O nas nyuka Z (X, #)
naer romomopduam (1) B cremenu 1 u T. I.

Jlemma 4.9.1. Ecau nywoxk & 10KQABHO CKOHUEHMPUPOBAH Ha A,
MO KQHOHUYECKUH 20MO0MOpPU3IM

C X P A—>CH(A D)

a8AEMCA UIOMOPPUIMOM.

Paccyxnas nmo WHAYKIHH, JeTKO 3aMETHTh, 4TO IOCTATOYHO MOKa3aTh
JdeMMy B ctemeHd O, a Aag -3TOr0 AOCTATOYHO DACCMOTPeTb C/IOM Hal
HeKOTOpOH Touko#t x € A. HMwmeem ‘

(X &) (x)=limind [] .2 (v,
Udx ygcU

RO (4; ,g))(x)':limind H Z W,
Uar yeuNa
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koraa U mpo6eraeT MHOXECTBO OTKDBITHIX OKpeCTHOCTe#t Touku X B X.
Tak Kak 18 AOCTaTOYHO Mano# oxpectuoctu U umeem _Z(y)=0,
ecain YE UNUNA, To Mbl cpa3y TNoJyyaeM MCKOMBI# pesy.bTar.

BosbMeM CHOBA MOANPOCTPAHCTBO A W nyuok & ¢ 6asoft X. Pac-
cMaTpuBas KoMmoauuuio romomopdusma (1) ¢ roMOMOpQHU3MOM, CONOCTa-~
BASIOIWIM 11060My cedeHnio ny4yka Haa X ero orpanuuenue Ha A, Mbl
NOJYYHM TOMOMOP(H3M KOMILIEKCOB

C'(X; 2)—~>C* (4 P).

Mycts, kpome Toro, @ — cemelicTBo Hocurenet B X. O603HaAUHUM
yepes ®N A cemelictBo Muowectrs SN A, SE D (310 cemelcTBO HOCH-
Tenet B npocrpancTBe -A). OueBUIHO, YTO MpeAblAyliH#l TOMOMOpP(HU3M
HHIYLHPYET TOMOMOD(HHIM

Co(Xs 2)—>Copy 4 (45 2),

KOTOPHIH IIDH Iepexofe K KOrOMOJOTHAM JaeT TOMOMOD(U3MEL

HL(X; @) HE 4 (4 ),

onpejeleHHble §e3 BCAKMX TNpeAnoJoxenutt otHocurenasHo A, @ um Z.

Teopema 4.9.1. ITycmpy X-— monosozuneckoe RPOCMPAHCMEO,
® — cemeiicmso Hocumened 8 X, P -—ny4ox ¢ Gasoli X, A— noo-
npocmparcmso 8 X. Kanonuweckue 20MoMOpghus s

Hy(X; 2)—> Hyq 4 (4 2

ABASIOMCA UIOMOPPUIMAMU 8 CALOVOUUX CAVEAAX:

(@) A zamrxuymo 8 X, & cronuyenmpuposan na A;

(b) A uorasbvno samxnymo 8 X, & L0KAADHO CKOHUeHMPUPOBAH
na A, u sce SED codepaucamca 8 A (max ywmo © =0 A).

B n1eHcTBUTEJIBHOCTH, Kak Mbl ceHyac mMOKaxeM, B 3THX [ABYX CJye
yagx TroMOMOp(H3M
‘ Co(Xs P)—>Chn a4 2
SIBJSeTCS] M30MOpPOHHU3IMOM, OTKyla H OY/IeT Clel0oBaTh TeopeMa.

IeticTBuTenpHO, B 00OMX 3THX cayuasx mo aemme 4.9.1 umeeM u30-
MopdpmaM C*(X; L) A= @*(4; .P). Ecin & unayuupyer O na omxpoi-
mom MHOXecTBe U/, TO ACHO, YTO 3TO Ke BEPHO MO CAMOMY NOCTPOEHHIO
n ana @¥(X; .&). Takum o6pasoM, B cayuae (a) BHIMM, 4To R*(X; &%)
CKOHUEHTPUPOBAH Ha A, 4TO W [0KAa3biBACT YTBEDKIAEHHE TeOPEMbI.
B cayuae (b) Bo3bMeM NpousBoAbHYI Touky x € A. Touka x ofaanaer
B X Tako# OTKpHITOH okpectHocThi0 U, uto AN U 3amxuyto 8 U n &
ungyuupyer 0 B UN UNA. Tak kak UN UNA omkpumo B X, 10
nysok @*(X; .¥) N0KanipHO CKOHUEHTPUPOBAH Ha A H, CHEJOBATENBLHO,
BCe ‘CBOAUTCA K JOKA3aTelbCTBY CleAyloulefl JTeMMsl,
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Jemma 4.9.2. Tlycms X — monoaozuseckoe npocmpancmso;
® — cemelicmso Hocumenei 8 X, F — nydor ¢ 6azoii X u A— nod-
npocmpancmgo 8 X. [as mozo 4mobv KAHOHu4ecKUil 20 MOMOpEHUIM

T (F)=>TynalF | A

6bla U30MOPPHUIMOM, FOCMAMO4HO, 4mMObb F Gblh AOKAABHO CKOH-
yenmpuposarn Ha A u wmosu sce SE D codepocarucs 8 A.

$lcHO, uYTO NpH YKA3aHHBIX MPELNONOKEHHAX PACCMATPUBAEMBI TOMO-
MOp(H3M  ABASETCA MOHOMOD(H3MOM, TOSTOMY LOCTATOYHO [0Ka3aTh,
YTO OH eCTb INUMOpP(PU3M.

[lycTb s — ceuenue u3 I‘q)nA(Q?'] A), T. e. ceueHwe nyuka oF nan 4,
paBroe 0 BHe HekoToporo S ¢ @. OGosnauum yepe3 S OTOOpaKeHue
npoctpaHcTsa X B HaKpLBAIOLIEE NPOCTPAHCTBO oF , KOTOPOE COBHANAeT
cs Ha A u paBHo O Ha X \ A. Bce cBonurcss K 10Ka3aTeaLCTBY He-
npepuHBHOCTH OToOpamenus s B 11060 Ttouke x € X. [loctatouHo,
BOpOYEM, JOKa3arb 3To 448 Touek x € A. [Ipexnie Bcero ecan x € A,
TO X umeer B X TakKyl0 OTKPLITYIO OKpecTHOCTh U, 4TO _& wWHIyUH-
pyer 0 B U\ UNA. Tak kak orpauuuende oroGpawemnus s Ha UN A
HENpepEIBHO, TO fACHO, u4TO s HenpepwiBHo B U M, clenoBaTeabHO,
B Touke x. [lycte Temepp x & AN\ A. Tax kak s pasHo 0 BHe HEKOTO-
poro MHowectBa Sc A, samxnymozo 8 X, 1o s pasHo 0 B okpecr-
HOCTH TOYKH X. 3TO LOKA3bIBAET JIEMMY.

Cnencrsue. [Ilyems X — monoaozuseckoe npocmpancmso,
A— samruymoe nodnpocmpancmso 8 X u F —nyiox ¢ Gasoir A.
Tozda cyuecmsyiom KQHOHU%eCKUE U30MOPPHUIMbL

H"(A; F )= H"(X; FX%).
ATOT NOCJAeNHHH pe3yabTaT He PACIPOCTPAHAETCA HA JOKAJIbHO 3aMKHY -

Thl€ NOANPOCTPAHCTBA. B 4acTHOCTH, OH MOXeT OKasaTbCf HecnpaBenau-
BbIM /14 OTKPBLITOrO NOANpOCTpAaHCTBA.

4.10. TouHas mNOCAELOBATEJLHOCThL, C(BA3AHHAA ¢ 3AMKHYTLIM
noANPOCTPAHCTBOM.

- Mycte X — TomoJgOrMYeCKOe TPOCTPAHCTBO, P — Ny4ok ¢ Gasott X
#u A —3amxuymoe nodnpocmparcmso 8 X. B 3TOM cayuae Mbl umeeM
(Teopema 2.9.3) Tounyn nocielnoBaTeNbHOCTh

0—>3X\A—>°27—>3A—>0,

U3 KoTopo#t naa aoboro cemelctsa Hocutene @ B X BeiTexaeT TOYHas
NOC/AeA0BATENLHOCTh KOrOMOJOTHH

o > Hy (X Py a) > Hy (X 2)—
—> He(Xs ) > H (X Ly ) v
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Ecau Y — n060e noanpocTpacTso B X, To ueped @ |Y ob6o3HauuM MHO-
xecTBo noaMHoxecTB S € @, conepxawuxca B Y (tak uto | Y = ony,
ecan Y zamkuyto B X). CoraacHo teopeme 4.9.1 (2), uMeem

Ho (X Z )= Hy 44 L) (1)

fnory, -
PaccMoTpum Tenepb TPYnml HQ(X, ,SPX\A). S10 TPyNnmEl KOTO
MOJIOTHH KOMMJeKca

La(CF (X5 Ly a)) = ColXs Ly )-
Tak kak X\ A omxpsimo, T0 uMeercs KAHOHMYECKHH TOMOMOpQHU3M
C* (X 3X\A)X\A‘> C (X Ly a)
M3 KOTOPOTO CJAENYeT TOMOMOpP(U3M

L [CT (X Ly a)y 4] > Co (Xi Ly a) 2

X\ A

Ho ecau nyyok oF Han X cKoHueHTpHpoBaH Ha X \ A, TO €ro ceyeHus
MMEIOT HOCHUTEAAMH MHOMecTBa M3 X \ A, OTKyZa HEMELJIEHHO BbiTeKaeT
B cHay JeMmbl 4.9.2 usomopdusm

Po(F)=To,x a(F | X\ A). ®3)
Msl mosydaeM, cAelOBaTe/]bHO, YTO
I‘q,[@*()(; 3X\A)X\A]:F¢|X\A[@*(X? ZLxa) XN A]:

=Ty x\alC*(X\ 4; A)N=Cs x~a(X\ 4; &)

B CHIy /aeMMbl 4.9.1 (3aMeTuM, urto 8csaxud nydok c 6asod X J0KaAbHO
ckoHUeHTpUpoBaH Ha X \ A, Tak kak X \ A OTKpPBHITO).
CrenoBate bHO, (2) OTOKACCTBAAETCH ¢ KAHOHHYECKHM TOMOMOD(H3MOM

CoxaXN\ 4 2)—>Co(Xs Py )

H3 KOTOpOTO CJEIYIOT KaHOHHYeCKHE TOMOMOP(UIMbLI

Hyx\oa X N4 P)—> Hy (X Py a) @

Ecau ® — napaxonnaxmuguyupyouee cemelicmso, mo amu 20 MoMop-
Puams. asasomes w3omoppusmany. JeHcTBUTENbHO, TOMOMOPPUEM

@*(X, "?X\A)X\A» @*(X, "'?X\A)'

M3 KOTOPOrO MBI HMCXOIHM, §BJISIETCS TOMOMOP(H3MOM pe3osbBerm
myuka Py ,- [lo3TOMY BCe CBOMMTCA K AOKA3ATEARCTBY TOFO, YTO
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n .
C (X, "?X\A)X\A ectb @-MArkHE TNyyoK, a 3TO ABJAETCH HeNocpel-

CTBEHHBIM CaencteHeM Teopemsl 3.5.5 (b). Vrak, Mb noayuyaem TeopeMy.

Teopema 4.10.1. IHycms X — monoaozuueckoe npocmpancmso,
A— samknymoe noonpocmpancmso 8 X u © — napakomnaxmuduyu-
pywousee cemeiicmso 8 X. [asn 8carozo nyuxa & ¢ 6asod X umeen
MOYHYIO NOCACO0BAMEABHOCHD KO20MOA02UY

—>Hp x~a(X\ 4; ) Hy(X; &)~
—> Hi 4 (A P)—> Hi x\a(X\ 4, .7)—

OnHuM u3 Hauboaee BAWHBIX CAydaeB ABJAAETCA cayyad, korga X KoM-
naktio, a @O — ceMe#cTBO BCeX B3aMKHYTHX MHowecTs B X. B srtom
clyyae B mpenbliayllefi 10OC/I€10BATENbHOCTH (QUIYPHPYIOT KOTOMOJOTHH
€ KOMNOKMALLMU HOCUMeASMY JOKAALHO KOMMNZKTHOrO HPOCTPAHCTBA
X\ A. .

Sameuanue 4.10.1. ast BCAKOrO L0KAABHO 34 MKHYMOZO0 NOJ-
TIPOCTPAHCTB2 A MOXHO OHNpEAEUTb IOMOMODP(UIMEI

Hya(A P)—> Ho(X; Fp),

ne mnpennoiaras cemeficrso @ napaxomnakruduuupyowuM, Jlecrau-

teabo, Ha,a(4; F) npelcrasiser co6OH KOTOMOJOTHH KOMILIeKCd
Ly (C7(X; L) a)- SlcHo, uto C(X; P) 4 €CTb pe3onsBerma nyuka F 4,
M TMOTOMY HCKOMble TIOMOMOP(U3MBI BBHITEKAIOT H3 Pe3yabTaToB 1. 4.7,
Pasymeercst, ecin A OTKPBITO, TO B CuJIy Teopembl 4.7.2 MBI HOJYYHM
BHOBb TOMOMOD(M3MbI, OMNpele/]eHHble Bbille, 6e3 HCMNOJb30BAHHA ClIEK-
TPa/JbHBIX I1OCJeN0BATEIbHOCTER.,

Ecau cemefictBo @ napakomumakTuduuupyioumiee, To B CHAY Teo-
peMbr 3.5.5 (b) @(X; .¥), aBadeTcd pe30JbBEHTOR NyuKa _F,,
cocrosimtett u3 @-mArkux nyukoB. C/elOBaTeJbHO, pAacCMATPHBAEMblE
roMoMopdu3aMel B 3TOM cuaydae OynyT usoMopdpuaMamu. IroT ¢axr,
BIpOHEM, MOXHO ObIO Obl MOJYYHUTL TaKXkKe, KOMOMHHDYR C/Iyyalh OTKPHI-
TOro MOATNPOCTPAHCTBA, PACCMOTPEHHBIH BHIe, CO CIyyaeM 3aMKHYTOrO
HOANPOCTPAHCTEA, PACCMOTPEHHBIM B TeopeMe 4.9.1,

Sameuvanue 4.10.2. Tounyio nociaejfoparesbHoCTh Teopembl 4.10.1
MOXKHO TOJYYHTh TaKkKe CaefyiolluM ofpasoM. BosbMeM pesonbsedTy oF *
nyuka %, cocrosulyo u3 @-MArKMX NMYYKOB, H HANULIEM TOUYHYIO IOCJe-

JOBATEJbHOCTD
0—»5’3}\14—)5'*»3'2—)0.

Tak Kak BCe BXOAdUIMe CI0AA IyYKH ABJIAIOTCA (I)-MﬂrKnMn, TO Mbl NOJY-
yaeM TOYHYIO TOC/eJ0BaTeNbHOCTb KOMILIEKCOB

0»FQ(JX\A)QFQ(J*)QI‘@(G?’A)QO

H, ClIef0BaTeJbHO, COOTBETCTBYIOULYIQ TOYHYIO NOC/ENOBATEJbHOCTL KOTO-
monorufl.. B cuay teopemn 4.7.3 srTa NOCIENOBAaTENbHOCTH KRHOHHHECKH
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OTOWAECTBNETCSI C TOUHOH TMOC/ENOBATENBLHOCTBIO, CBA3BIBAIOWIEH TyUKH
Lxa L M Ly Tlpu sToM umeenm

Ta(F 3 A)=Ta x\ a(F | X\ A), To(Fa)=Ts a(F"|A.

Tak xak oF © uuayuupyer Han X \ A (COOTBETCTBEHHO A) PE30JbBEHTY
nyuka % | X \ A (coorerctBenno & | A), cocrosiyio 3 (O |X \ A)-mar-
kux (coorBercTBenHo (P | A)-MArkHX) NMyuKOB, TO B CHay TeopeMsl 3.5.5
M0/1yyaeM KaHOHHYECKHE H30MOPGH3MLI

HH(P¢(5’§\;A)):H$|X\A(X\ A; P
H3 (To (Fa)) = Hi 4 (A ),

yto W naetr TpebyeMblt pesyJsbrar.

D10 NOCTpPOEHHE 4aCTO HCNOJb3yercs JJIs  BBIPAKEHHS  TPYND
Ha i x~a (X N\ A4; %) uepes ,0THOCHTeJbHble® TPYNIB  KOrOMOJOTHH
B KJACCHUYECKOM CMEICJE CJIOBA,

Mpumep 4.10.1. Tlycts cHauana npocTpaHcTBO X TPOUSBOMBLHO.
Paccmorpum audpdepennuanehet nyuok oF ©(X; Z) kouene#t AsexcaH-
Jepa — CnaHbepa mnpoctpaHctea X ¢ LEJOYMC/JICHHBIMH 3HAYEHUSIMH.
O6osnauum uepes F* (X, Z) rpynny oto6paxenntt X"t'—> Z no monymo
0TOOpaxEeHUH, HMEIOWHX ,NycToft HOcUTeNb*, T. €. JIOKAJbHO HYJEBHIX.

Ecau A -—samxuyToe mOANpOCTPaHCTBO B X, TO MBI HMEeM, OUEBHIHO,
TOUHYI0 TOCJELOBATELHOCTD

0—>F"(XmodA; 2)—>F* (X, Z)—>F*(4; Z)—>0,

KOTOPas MOJYHaeTCd, ec/IM COMOCTABHTH Kaxaomy orobpawennio X" —Z
ero orpannuenne Ha A"t Orciofa ciefyer TOUHAs NOC/EAOBATENbHOCTD
KOTOMOJIOTHH, BLITHCBHIBATb KOTOPYIO H3/HIuiHe., [ pynmbi Koromosorut
aapa F* (X mod A; Z) oGosuauaorcst uepes H" (X mod A; Z).
lpeanonoxum Tenepb, uro X napaxomnaxmuo. TOria U3BECTHO, YTO
PN D =T(F (X, D))
(cM. mpumep 3.9.2). Touno Tak e
F* (A D)=T(F (4 7)),

H TaK KaK oF “(X; Z) u oF *(4; Z) cocToar M3 TOHKHX NY4YKOB (MpH-
Mep 4.7.1), 10
H™(X; Z)= H"(F*(X; Z)); H"(A; Z) = H"(F*(A; Z)).

HmeeMm, nasee, KOMMYTAaTHBHYIO JAHArpaMMy TOYHLIX NOCJEL0BATE/]b-
HocteHd

0>T(F (X D)y p)>T(F (X L)) >T(F " (X; Z)p >0
v

v
0— F*(Xmod 4; Z)—~»F*(X; Z) — F*(4; Z)—0,
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KOTOpas MoJydyaeTcs c/lelylmwuM obpasoM. Ceuenne nyuka oF *(X; Z),
KAHOHHMECKH OTOWLECTBAAETCA C CeueHweM nyuka oF " (X, Z) nan A,
KOTODOE MOXHO TNpOAOJKUTL Ha X H KOTOpOe, TaKUM 00pa3oM, ompe-
zeaseT oTobpawenue X"t —>7Z (370 COOTBETCTBHE He ABJAETCHA B3aAUMHO
OIHO3HAUHBIM: /B4 TAKUX OTOGPaWeHHs ONpPELENfIOT TO Ke caMoe ceue-
HHe Hal A Toraa M TOALKO TOTA3, KOrAa HOCHTeAb WX DA3HOCTH He
nepecekaerca ¢ A). OrpaHuuenue storo otobpaxenust Ha A"t u apngercs
no onpeieneHud o6pa3oM ILAHHOTO CeYeHHs NMPH roMoMopdu3aMe

L(F™* (X, 2),) —> F* (A Z).

AHanoruyno onpeneasercd roMoMopduaM B JEBOR yacTH AHArpaMMEL.
CpaBHuBad Temepb COOTBETCTBYIOIHE TOYHBIE MOC/AELOBATENbHOCTH
KOroMoJIOTUH, MoJyuyaeM CJelyIOMIUiA pesy/abrar:

f H" (X mod 4; Z)—= H%(X\ 4; 2),

rae @ ofpasosaHo MuOxecTsaMu u3z X \ A, samkuyroiMu B X.
Jror pesyabTaT He TPUBHAJEH, TAK KaK T'OMOMOD(HU3M

I‘(@?'*(X; Z)X\A)—>F*(Xmod A; 7)

He sapasercs M3oMopduaMoM. [JeHcTsUTenbHO, ACHO, 4TO- ero obpas
cOCTONT W3 Kouene# Anexkcannepa — CrnaHbepa npoctpaHcTsa X, KoTopble:
pasHpl 0 8 oxpecmuocmu MHOWecTBa A, a He U3 Kouene#, HHAyLM-
pyownx 0 Ha A.

4.11. CoOTHOUEHHA MewayY KOrOMOJOTHSIMH TOXANPOCTpaHCTBA
H ero oxpecTHocTteil.

[ycts X — TOMOJOTHYECKOE NPOCTPAHCTBO, & — Myuok Han X.
MBI OrpaHuyMMCs 34€Ch PACCMOTPEHHEM KOTOMOJOTMH € MpOU3BOJLHBIMH

HOCHTENSIMH.
Myctb nauet nsa noaMuoxectsa A n B B X, npuuem A>B. Hs n. 4.9
clelyeT ¢yLleCTBOBAaHHE KAHOHHYECKOro roMoMopdHsMa

C' (A 2)| B~ C*(B; .2)
[Mepexoisi kK CeueHUS M, MOJyHdeM OTCIONA rOMOMODGH3M -
Cr (4, L) C'(B, 2),

KOTOpHIA onpenensier TOMOMOP(H3MbI , OF paHHUYEHHSA"

H"(A; &) H"(B; %) nna ADB.




§ 4. KOTOMOJIOTUH CO 3HAUEHHUSMU B TYUKE 219

OueBHIHO, YTO BBINOJHEHH OOGbLIYHLIE YCJIOBUA TPAH3UTHBHOCTH, TaK YTO,
Hanpumep, ¢opmyaa
U->H"(U; .2)

onpeneaser npednydox ¢ 6asot X. Ecan n==0, To 3TO He uro HHOE,
KaKk _#. Ecau xe n > 1, TO 3TOT Npeanyyox TMOPOKAAET HY.1e804 NYUYOK,
Tak Kak B C*(U; &) Bcaxku#t KOUMKJ CTeneHd n > | saBaderca 4£0-
KQAbHO KOTpaHuLen.

ChopmyaupyeM Temepb OCHOBHOH pe3yabTaT 3TOr0 INYHKTA.

Teopema 4.11.1. ITycmy X — mononozuteckoe npocmpancmso,
P — nyuok ¢ 6a30i X, A— noonpocmpancmso 8 X. Lan mozo 4umoOsl
KQHOHu4ecKull 20 MOMOPPUIM

limind H*(U; &) — H*(4; &)
UDA

Gbln B30MOPPUIMOMTY), 0OCMAMOUHO BUNOAHEHUE 00020 U3 CALOYIOUUX
08yx ycaosuli:

(@) X napakomnaxmno u A 3aMKHymo 8 X,

(b) X mempusyeno.

HeficTBUTENbHO, B KaX/JAOM W3 3TUX JBYX CJayuyaeB, no teopeme 3.3.1
H €e CJAeICTBHAM, HMEeM H30MODP(UIME

C*(X; ) (A)=limind C*(X; ) (U)=limind C*(U; %)

M, CJelOoBAaTe/JIbHO, BCe CBOLMTCA K J1OKAa3aTeJbCTBY TOrO, YTO IpyMmsl
H"(A; _%°) MOXHO BHIYMCIATL MPH NOMOLLM pe3oJbBeHTH C*(X; #)| A
nyuka | A. Ho B cayuae (a) nyuku Q"(X; .&)| A aBASIOTCA MArKHMH
(reopeMa - 3.4.2), a B cayuyae (b) oHu naxe Bsbe (CJAEACTBUE 2 U3 TeQ-
peMbl 3.3.1), 9ro M pmaer TpeGyembift pe3yabTar.

CaMo co6of OuYEBHIHO, YTO B Caydae, KOIZa 3Ta TeopeMa ClipaBef-
J1Ba, B HeH MOXHO 3aMEHHUTb CHCTEMY OTKPBITHIX OKDECTHOCTEH MHO-
’ecTsa A MNpoM3BOJbHOW (PyHIAMEHTAaNbHOR CHCTEMOH OKpecTHOCTeH
(OTKPBITHIX HJIH HET) MHOXECTBA A,

4.12. KoromMoJioruu co 3HaYeHHAMHM B HHIYKTHBHOM mpeneJe.
Tlycts X — npoctpanctBo, ® — ceMelictso Hocuteae B X u

& =Ilimind &,
A

— MHIYKTHBHHIA npenea nydkoB Hant X. CyliecTBYIOT roOMOMOpP(HH3MLI
AHGPEPEHINANIbHBIX IYYKOB
C' (X Zu—> CT (X D),

h ViveeTcs B BHIY HHIYKTHBHWH Opeen no CeMeHcTBY Bcex OTKPBITHIX
okpecTHocTeH MHOXeCTBA A, — [pus. peo. T
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KOTOpHIE 1AI0T FOMOMOPQHU3M

limfnd R (X &) — CH (X, .&). N

JleBag uactb B (1) fiBnAeTCA pe3oabBeHTOH TMyuka %, UTO NerKO yBUJIETH,
paccmarpuBas c/1ou Haa ToukaMmu. K coxasnenuio, HeH3BECTHO, ABAAETCA JH
3Ta pesoabBeHTa BsIOH. BoJjee TOro, ceueHns 3TOR pPe30/bBEHTHI C HOCH-
TeassMi B @  Heab3s, BooOule roBOps, OTONKAECTBUTb € JEMEHTAMH
KOMILIeKCa
lim ind C3 (X; .2)).

Ecan ceMefictso @ — napakoMnakTHPHLHPYIOee, TO JeBad 4acTb B (1)
o6pasoBaHa BO BCfKOM caydde O-MArKHMM nyukamu, TaK Kak BCAKHH
nyuok @"(X; &) ecTb MOAyab Hal nyukoM koaen (C°(X; Z), KOTOpHH
AIBJISETCA BHABIM NY4KOM, M, caenoBarensro, limind @7 (X; &) Taxkxe
€CTb MOJAYJAb Hall BAJILIM y4KoM KoJel. Taxum obpasoMm, ®-xoromosoruu
¢ KO03¢G(HULUEHTAMH B _% MOXHO B S5TOM CJYyYde BHIYHUCJATL € MOMOIIbIQ
ceyenutt nyuxa lim ind @*(X; .Z)).

Hanee, ecmn X nokanibHO KoMnakTHo, a P — cemeHcTBO KOMIAKTOB
B X, TO BTOPOH TpPYIHOCTH He BO3HHKAaeT B cuiay Tteopembl 3.10.1,
[TosTomMy nonyuaeM CJaeAyIOWHH pe3ynbTar.

Teopema 4.12.1. ITycmes

A

~— UHOYKMUBHOLE Rpedes RY4KO8 HAO JOKQAABHO KOMHAKMHbLM NP0~
cmparncmgom X. Toz0a 0a KO20MOAQ2UL ¢ KOMHAKMHLMU HOCUME-
AAMU KAHOHUYECKILE ZOMOMOPPUIMbL

limind H (X; 2 — HI (X, . P)
A

ABASOMCA U3OMOPPHUIMAMU.

B cayuae korna X — npocmpancmso 3apuckozo, nesas uacts B (1),
cornacio n. 3.10, spadercs 654404 pe30JAbBEHTOH Nyuka _% U, KpoMe
TOro, ce4yeHHs 3ToM pe30JbBeHTH 00pasylT KOMILIEKC, H30MOPQHBIN
HHAYKTHBHOMY npejeay koMiliekcoB C* (X; _#,). 3HauuT, B 5TOM cJayuae
CHpaBeJIUB TOT e pe3yJbTaT, a UMEHHO

H* (X, g) = lim ind H* (Xy ,?A)
X

4.13. Koromogoruueckas pasMepHOCTb.

ITycte X — rononoruyeckoe npocrpaHcTBo u D — cemeHcTBO HOCH-
tenefi B X. IoBopar, uro X wumeer xoueunyiwo O-pasmeprnocms, ecay
CYWIeCTBYET TaKOe LeJoe R, 4TO

HY (X A)=0 ans [ > 7,
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KakoB Obl HU Oba1 nyuok of Hal X. Haumenblee uesnoe n, obaanawollee
9TUM cBOMCTBOM, HasbiBaercss @-pasmeprocmsero mpoctpanctsa X. Ecan
D — cemeltcTBO BCeX 3aMKHYTHIX IOAMHOMECTB, TO TOBOPST, UTO 7 €CTb
pPa3MepHOCTb (WA KO20MO0A02UHECKAS PA3MEPHOCHMb) TPOCTpaHcTBa X.
C apyro#f CTOPOHBI, TOBOpPAT, 4TO nyuok of ¢ 6asoit X sBasercs
O-agurauannin, econ Hg (X; JAy=0 ngaa i> 1. Takumn O6yayr, Ha-
npumep, Bsiable nyukd u ®-markue nyuku, koraa @ — napaxomnakrudu-
unpyiouee ceMedctso. Ecau umeeM pesoabBenry Jf* nyuka of, cocrod-
myro 13 O-aunkanuubix nyukos of”, TO scHO (TeopeMma 4.7.1), uro

Ho (X; A)=H' Ty (A))

s Bcex . CaeposaTenbHo, ecau BCsikuM nydoxk of Han X gomyckaer

®-auUMKANYHYI0 Pe30JbBeHTY mauHel 7 (T. e. Takyw, uto A =0 i
{ > n), to npocrpancTBo X umeer @-pasmepnocts < n. ObparHoe Tome
BepHO. J{eBCTBHTENbHO, PACCMOTPHM KAHOHUYECKYIO pesobbenty (2 * (X; ).
Jlas mo6oro n U3 Hee MOXHO INOJAYYUTb Pe30AbBeHTY AJIHHBI 7, & IMEHHO

0> QX > ... > C"' X > Z (X AH—>0. (1)

Tak kak

Hi(X; 27 (X A))=HE™"(X; A)

aast i >0, To X umeer ®-pasMepHOCTb < # TOrAa M TOJALKO TOrIa,
koraa nydox Z"(X; o) saBasercs P-auuxanunbiM. ITO M MOKasbiBaeT
Hallle yTBepHIeHHe.

Jlis mpocTpaHcTBa KOHeUHO# P-pasMepPHOCTH MOMHO YIYUIINTh OCHOB-
Hele TeopeMbl 1. 4.6. e#crButenbno, ecan X umeer @-pasMmepHoctb 1,
TO A MOCTPOEHUs: IBOMHHIX KOMIVIEKCOB MOXHO HCIIOJAb30BATh BMECTO
KaHOHMUeCKOM pe3oabBenTol (G (X; o) ®-auukanunyo pesosnBenty,
onpele/eHHY0 TOUHOH mocaeroBaTeabHOCTbIO (1). O6o3HauuM ee mig
KpaTtkocTH Takie uepea (@*(X; o), a KomIIekc ee cedyeHudM ¢ HOcHTe-
asmu B @ — vepes Cy (X; of). Tak xak pyukrop A — Z7(X; oAf) Bcerna
moyer, a nyukun Z"(X; of) P-auMKAMUHB, TO MBI TOJYYHEM TOUHbE
dyuxropul A —> C*(X; A) u A—>Cy(X; o). Ecan teneps na X sanan
nuddepeHuHalbHbIf MyYoK _%*, 10 NepBas rpaiydpoBKa ABOHHOIO KOM-
naekca Cy, (X; _P") orpanndena cHu3y u cgepxy, TaKk 4to 06e CrneKTpaib-
Hble MOCJAeN0BATEILHOCTH 3TOr0 ABOMHOIO KOMILIEKCA OKAa3bBATCA ,CX0-
IAIMMACS“, NaXe ecau rpalyMpoBKa B _%* He orpanuueHa cuuzy. Orciona
BLITEKAeT, HanmpuMep, uTo ecau X umeem roxewnyin D-pasmeprocms,
mo meopena 4.6.2 cnpasedausa Oadxce 8 moMm cayiae, Kozda zpadyu-
posKa nyuxos P u of* He Opanutena cHu3y. JTOT pesyabTaT Cylue-
CTBEHEH, HAmpUMep, IJas TeOpHH MHOrooGpasu#, kak 3To OyaeT NOKA3aHQ
BO BTOPOM TOME HACTOSLLEro Tpyla.
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4.14. JlokadsHui# xapaKrep pasMepHOCTH B NAPAKOMAAKTHHX
APOCTpaHCTBAX.

B srom mynkTe Mpl OyneM paccMaTpUBaTh NAPAKOMNAKMHOE TpPO-
cTpancTBo X u 6patb B kavectBe @ ceMeHCTBO BCeX 3AMKHYTHIX MOA-
mHoxecTs u3 X. [lag Toro yro6ul X umeno paaMepHOCTb < 1, HeO06XO-
JAMMO H J10CTAaTOYHO, yTo6bl myuok Z"(X; ) OGba  AUMKIMYHBIM  Aas
mo6oro nyuka of. Ho @*(X; ) ecTb pesoabpenta nyuka £, cocrosuias
u3 mosrux nyukos. CaenosaTeabHo, aas jwoboro orkpeitoro U uz X

nydok C*(X; A), = C*(X; A)RQZ, aprsercsa pesoabbentolt nyuka A,
cocTofilliel M3 TOHKMX, @ 3HAUMT, MW AUMKJINYHEX MyukoB. OTC104a BBITe-
Kaer, 4to nyuox Z"(X; t), auukauven ans moboro otkpeiroro U c X,
W TaK KaK IS BCAKOTO NYUKA oF NOC/AEN0BATENbHOCTh

0>T(F )= T(F) > F (X— Uy—> HI(X; F )

TOYHA, TO 5TO MNoKaswBaer, uto %" (X; o) — marku#t nyuox, ecam X
HMeeT Pa3MEPHOCTb < 1.

Urak, napaxomnaxmroe npocmparncmeo X umeem pa3meprocms < n
mozda u moAsKo mozda, K020a 8CAKuil ny4ok ¢ 6a3oli X donycxkaem
Pe30AbBeHMY OAUHLL N, COCMOAUYIO U3 MAZKUX NYHKOB.

OTc104a BBITEKAEeT, YTO Al NapaKOMHNAKTHBIX NPOCTPAHCTB CBOMUCTBO 1)

dim(X) <n

ABJAETCA JIOKaAbHbiM cBORCTBOM. JleHcTBHTENbHO, TPEANONOKUM, UTO
BCsKas Touka x € X obaanaer B X okpecTHocTbio U (x) pasmepnoct < 1.
MoxHo npeanosoxuts, yro U (x) 3aMkHyTo B X, Tak KaK pa3MepHOCTb
3aMKHYTOrO MOJIMHOMECTBA He TPeBhHiaeT PasMepHOCTH O0DBEMJIOWIEro
NPOCTPAHCTBA, B CHAY caeACTBHs u3 TeopeMs! 4.9.1. s Bcakoro nyuka £
¢ 6asoh X myuok Q@*(X; ) unayumpyer B U {x) pe3oibBeHTy MyuKa
J| U (x), cocrosulylo U3 TOHKHX NMyukoB, M Tak Kak U (x) umeer paa-
MEPHOCTb < Z H, KPOMé TOT0, NapakOMNAKTHO, TO B CHAY JOKA3aHHOIO
Bhimie 3" (X; A) unnyuupyer na U (x) marku#t nyuok. CienoparesbHo,
Z " (X; Jf) ectb marku#h nyuok (reopema 3.4.1) M MBI 10Ka3aaM Halle
yTBep2KAeHHE. ‘
Teopema 4.14.1. Zas mo20 umo0s. RAPAKOMNAKMAOE NPOCMPAH -
cm8o X uUMenO KO20MOA02U4ECKYI0 PA3SMEPHOCMb < N, He00 X00uMmo u
docmamouno, wmobu scarkasn mouka X umeaa OKpPecmHOCmd KO20MOA0-
2udecKol pasmeprHocmu < n. '

1y Uepes dim (X) [coorBeTcTBeHHO dimg (X)] aBTOp 0603HAYAET KOrOMOJO-
I'HYECKYI0 Da3MEepHOCTb (COOTBETCTBEHHO @pasmepﬂocn npocTpaHeTsa  X).
— ITpun. peo. S
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3ameuanue 4.14.1. Ecan uMmeercs mnapakoMmaktTudHuHpyiollee
cemeficteo @ B mpoussoibHOM TpocTpaHcTBe X, TO JerKO BHAETb, YTO
yc/10BHE
dim,, (X) <

SKBHBA/EHTHO YCJIOBHIO
dim(S) < n aa scex SED,

TaK YTO TIpeAbIAYLIAA TeopeMa IO CYyLeCTBY NMOKPLIBaeT C/Ayyad mpous-
BOJBLHOTO TNMapaKkOMNaKTUHLHPYIOLlero ceMeHcTBa.

OTMeTHM, HaKoOHel, CJAeAyIOLHUH pe3yaIbTaT, OTHOCAWIUKCA K MeTpH-
3yeMbiM TNpPOCTpaHCTBaM. HenssecTHO, BepeH JH OH AJs MPOH3BOJBHBIX
NapaKOMNAKTHbIX TPOCTPAHCTB.

Teopema 4.14.2. Ilycmp X — mempusyemoe npocmpancmso.
Ecau X umeem KO2OMOA0IUHECKYIO PA3MEPHOCMb < N, MO MO e
cnpagediuso u 045 8CAK020 nodnpocmpancmea 8 X.

HeficTBUTeNBHO, MyCTb _% — MyuoK HAA TNoAnpocTpaHcTBoM Ac X.
Cywectpyer (Teopema 2.9.4) nyuox ¢ Gasoit X, KOTODHH MHAyUHPYeT
Ha A sananHbifi nyyok. C/enoBate/bHO, NOCTATOUHO JOKa3aTh, UTO

H'(A; 9)=0 naa > n,

koraa & —-myuok ¢ Gasoit X. CorsiacHo Teopeme 4.11.1, xoromonoruu
MpPOCTPAaHCTBA A ABJAIOTCA MHAYKTUBHBIM TIpele/]OM KOTOMOJOru# okpe-
cTHOocTeft MHOWecTBa A B X, Tak 4TO BCe CBOJMUTCH K CJAydYalo, koraa A
omrpsimo B X. Tak kak A, 6yiyud MeTpH3YyeMbiM, NaPAKOMIAKTHO, TO
LOCTATOYHO TOKa3aTh (TeopeMa 4.14.1), uro.Bcskasa a € A obnanaer B A
OKpecTHOCTbIO V (@), MMeiollel KOrOMOJOTMYeCKYK Ppa3MepHOCTb < 1.
[TocnenHee OuYeBUAHO, Tak Kak BCikas a € A uMeeT B A 3aMKHymYiw
8 X oxpectHocTe. OTClONA U clelyeT TeopeMa.

4.15. Cityuali KOMOAKTHBIX NPOCTPAHCTR WJH NPOCTPAHCTB
3apuckoro.

Mbl gokaxeM Telepb C/IeAYIOLLYIO TeopeMy, MpHHaaMexawyo A, I'po-
TEHIHKY.

Teopema 4.15.1. Ilycms X — xomunaxkmruoe APpOCMPAHCMEO UAU
npocmparncmso 3apucrozo. [Aan mozo umobv. X umeso Ko20mor02i-
Heckyi0 padimeprHocmey < N, HEOTX00UMO U OOCMAMOUHO, 4mOfsl

Hi(X; ZU)=0 oan i >n

u 048 8cex omwpemoix muoxcecms U c X.
IleflcTBUTENBHO, NPEANONONKHM, YTO  YKasaHHOEe B TeopeMe ycnosue
BHIMONHEHO, M MYCTb % -— myuok abeneBbix rpynm € 6aszoft .X.
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Hapectno -(3amevanne 2.9.2), 4To MOXHO HaHTH CEeMEHCTBO OTKPHITHIX
MHOXECTB (U)lE, H anumopusm

DL, >A.

i€l l
B cuny teopemu 4.12.1, Hawe yTBepixienue IOCTATOYHO A0KA3aThb A
cnydasl, korjaa cemeficteo { xoHeuHo. B atom caysae A nonyckaer
KOMIIO3HILMOHHBIA paL

O=dycAdc...cd,=dA,

daxtopsl A/ A,_; KOTOPOro 9BAAIOTCA 06PA3AMU MYUKOB BHAA Z,. Tlpu-
MeHss HHIYKLUMIO 10 7 W HCIOJB3YR TOYHYIO 1TOCJAEJOBATENbHOCTb KOTO-
MOJIOTHH, Mbl CBelleM [0KAa3aTeJbCTBO TeopeMbl K CJyyaio, KOrla cylie-
CTBYET TOYHAs MOCJAEN0BATEIbHOCTb BHAA

0—>j—>ZU—>d£90.
B sTOM Cayyae, OueBHAHO, AOCTATOYHO AOKA3aTb, UTO
HP(X; 9)=0 aaa p >n.

H3BectHo, oaHako (3ameuanue 2.9.3), uro &% JOIYCKAeT KOMMO3UIHOH-
HBIA DAl KOHEUHOH JLIMHBL M, HaKTOPEl KOTOPOTO MMeloT Bul Z,, rie A
JoKadbHO 3aMkHyTO B X. TIpuMeHsa elle pa3s MHAYKLUHIO NO m, BUIHM,
YTO BCE CBOIHTCA K J0KA3aTeJbCTBY DPABEHCTBA

H”(X; ZA):O s p > n,

rae A umeer Bur UNV, U u V orkpuitet 8 X u V< U. Ho B sTom
c/lyude MMeeT MeCTO TOUHAs IIOC/eL0BATEIbHOCTD

092V—>ZU—>ZA—>0,

YTO M 3aBepuIaeT N0Ka3aTeNbCTBO.

Ecan X — npocmpancmso 3apucrozo, T0 TeopeMa 0CoOeHHO Bax(HA
B TOM cJy4ae, Koraa ajirebpanyeckas pasMepHOCTb MNpocTpaHcTea X
Koueuna. [Ipu 3TOM axzefpaudeckoli pazmeprocmsyo mpoctTpancTea X
HA3bIBAIOT Takoe HauboJjblee 7, 4TO B X MOXHO HaliTH c¢mpozo s03pa-
cmaiouyo ToCae10BaTeAbHOCTD

FycFic...cF,

HenycmulX, 3QMKHYMHLX U Henpusooumsix MHOKecTs. SlcHo (Mau no
KpafiHei Mepe XOpOIUO H3BECTHO), uTO ajireGpanueckoe - MHOroo6pasue,
uMenulee pasMEPHOCTL n B 0OBIYHOM CMbICJIE,  UMEeT pa3MEpPHOCTDb nn
KaK NPOCTPAaHCTBO 33apPHCKOIO.

Teopema 4.15.2. (Tporenauk.) Ipocmpancmso 3apuckozo anze-
6pauveckoll pasmeprocmu < n umeem K020MOA02UHECKYIO pa3mep-
HoCcmey < n.
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ByneM nokasbiBaTh TeopeMy HHAyKUHe# no aare6panueckodt pasMep-
HOCTH n mpoctpaHcTea X. Ecim n==0, to Teopema TpuBHaibHA, TaK
KaK TOTAa X — KOHEYHOEe MHOXEeCTBO C INHCKpeTHOH Ttomonoruell. Ipen-
NOJOXHM Temepb, 4YT0 X HMeeT pa3MepHOCTb 7, W 06O3HAUMM yepe3
X, (1 < & < 8) HenpMBOIHMBIE KOMNIOHEHTHI IPOCTpaHcTBa X (T. €. MaKCH-
ManbHble HENDHBOJMMbIE 3AMKHYTble MoAMHOMecTBa B X). X koHeuHoe
YHCJO, OHH HMEKT aire6paHyecKyi0 pa3MepHOCTb < 1, H MX ofbenuHe-
nue ectb X. Ilycts of —mnydok ¢ 6aszo#t X; nonowum A, =L, . Tak

KaK X} 3aMKHYTO, TO CYLIECTBYIOT KaHOHUYecKUue roMoMopdusmbl A — A,
4aA BCeX K, OTKyla HEMEIJNEeHHO CJelyeT CYLLeCTBOBAHHE TOYHOU MOCAen0-
BAaTEJIbHOCTH MYyYKOB BHIA

0O>A—> DA, > F —0.
b

flcHo, uTO % paBeH HYMKD BHe OObEeNHMHEHHS MHOXECTB

XiNX; @+,
KOTOpOE 3aMKHYTO H HMeeT airefpaHyecKyr pasmepHocTs < n—11),
CorniacHO WHAYKTHBHOMY mpeanojoxennio, umeeM H” (X, #)=0 nasa
p > n—1, CienoBaTeqbHO, HAM 1OCTATOYHO L0OKA3aTh, UTO H? (X: A) =0
ana p >n u Beex k. Tak kak HP (X, A,)= H"(X,; A), 10 310 3H2-
YHT, YTO MONKHO mpeinoiaratb X Henpusooumsli.

Mebl mokaxeM ceffuac, YTO B 3TOM CJ/yyYae BEHITIOJIHEHB YCJIOBHS Ipejbl-
ayuie#t TeopeMul. [leficTButensHo, nyctb U otkprito B X. Tounas nocaeno-
BATENLHOCTD

0—>ZU—>Z—>ZX\U—>0
naer mgas J60r0 p TOUHYIO NMOCJAEL0BATEIbHOCTD
“1, 3+
H 7N (XN U; 7) > H (X; Zy)— H7 (X, Z).
Ecau p > n, To ee nepnrifi yneH paBedn O MO MHAYKTHBHOMY TpPeNNoOJO-
’eHulo, Tak kak X HempuBoauMo, M nostoMy X \ U umeer aare6pan-

yeckyo pasmepHoctb < n— 1 V). Tocaennutt uien H”(X; Z) pasen 0
npd p > 1, Tak kKak X HeNpHBOLMMO, M, cJaefoBares]bHO, Z — BAJbIH
NYyYyoK. IJTO M [OKA3BIBAET TEOPEMY.

4.16. JleficTBne HenpepsiBHOTO OTOOpa>keHHs HA KOT'OMOJOIHH.

PaccMoTpuM HenpepeiBHOe oTob6paxeHue f: X — YV, nyyok 4 c 6aso#l V
W ero obpatusifi 06pa3 A= f*(#). Iycrs B X u YV 3anaHn Takue

1) 3jiech ucmodablyercs cAenyouee yrBeépxkaeHHe (I0Kas3aTeéabCTBO KOTOPOro
TPHBHAAbHO): 8CAK0E COOCMBEHHOE 3AMKHYMOE NOOMHONCECMBO HENPUBOOUMOZO
npocmpancmea 3apuckozo. anze0pautecKoli pa3MepHocmu n umMeem anrzebpau-
wecky1o paaMeprocms << n— 1. —Ilpun. ped.’

15 P. Togemas
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-1
cemettcrsa Hocutesel @ u W, uro us TE W caeayer f/~ TED. Mb xoTum
onpeleuTb KaHOHWYECKHA roMOMOpGUIM

FrH (Y B)— Hy (X A). (1

Ias 3TOro 3aMeTHM npexie Bcero, 4tro d¢yHkrop F — f*F mouen
(n. 2.11) u, caenosareasno, f*(@*(Y; %)) sdsadercs pe30/bBeHTON
nyuka f*(#)=of, Tak 4TO MMeeTCs KAHOHUYECKUH roMoMOpdHU3M

H* [T, (f*(C*(Y; #)))] —Hy (X; o). @)

C npyro#t crtopossl, paccyxiaenus N. 1.12 NMpHBOAAT HAC eCTECTBEHHBLIM
obpa3om K roMoMopdusmy

Py (V; #N—->To 7 (C*Y; #))]
M NOCJe fepexola K KOrOMOJOTHAM K TOMOMOPQHUIMY

HL(Y; &) — H [To (S (C™(Y; ZINN (3

Komnoauuus romomopduamoB (2) u (3) qBAAETCST HCKOMBIM TOMOMOD-
dbusmom.

Otobpaxenus (1) o6aanaloT paioM ,dyHKTOPHHIX® CBOHCTB. Ml
OTPAHHYUMCSA TOJNbKO UX (POpPMYJIMPOBKAMHU, NPEIOCTABAAA UHTATENIO BOC-
CTaHOBJ/IEHHE [OKA34TebCTB, €CJAU OH COUTET 5TO HEOOXOAUMbBIM.

[pexane Bcero romoMmopdusMu (1) COBMECTUMH C roMOMOp®U3IMAMU
NYYKOB. :

OHU COBMECTUMBl TaKke U C TOUHBIMM MOCJENOBATENLHOCTAMH: €CIH
MMeeTCs TOYHAsA MOCJAEL0BATEJbHOCTb NYYKOB Hax V

0> B > P >PF" >0
H, CJed0BATEJbLHO, TOYHAadA NOCJAeA0BATEJIbLHOCTD NyuyKOB Hang X

0>/ ()~ (B)—> T (F)—>0,
TO IMArpaMMbl

Hg#(i’; B > Hpo ()i/; B

HI(X; f(B")) —> HIV(X; f1(B))

KOMMYTATUBHBI, )

B kauecTBe NIpuMepa pacCMOTPHM NpoCTpPaHcTBO X, nyuok of man X
# noanpocTpaHcTeo ¥ < X. HMaBectHo, uto oOpaTtHnif 06pas nyuka A
IpU KAHOHHUECKOM BJOWeHHUM j:Y — X ecTb He uTO MHOe, Kak A|Y..
Orciona aad aobuix cemeders Hocutenet @ u W B ¥ u X, Ttakux, uto
ecru SEP, o SNYEW, creayer CyLieCTBOBaHHWE KaHOHHYECKOTO
roMoMopgusma

HE (X, A)— HE (V5 A|Y),
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Ecan B kavectse W B3are ceMelicteo @ N Y (06pazoBaHHOe MHOKECTBAMH
SNY a1a SEP), 10 Mbl BHOBb NOMYYHM TOMOMODGHU3MBI, ONMpeneneHHbIe
B n. 4.9.

B kauecTBe Apyroro npHMepa paccMOTpPUM IBa IuU(depeHuupyeMblX
MHoroobpasus X u Y u guddepenuupyemoe otobpawxenue f MHOro-
obpasus X B Y. llyctp Q*X(COOTBeTCTBeHHO SB*;,)—nyqox POCTKOB U~
¢depeHuHaIbHEIX opM Ha X (cooTBercTBeHHO Y). MMeeM KoMMyTaTUBHYIO
qHarpaMMmy

H(E (23)) —— H'(¥: Ry
v s
HE (7 (93))) > H* (X; R

Ho conoctaias kaxio#t nupdepenunanbHo#t dopme Ha Y ee ofparubiit
o6pas npu orobpaxenns f (B OGLIYHOM CMEIC/IE), NOJYYaeM FOMOMOD(H3M

[, — Q*X

¥ KOMMYTaTHBHYIO AHMarpaMmy
H*(T (f*(EB’;,))) —- H*(X; R)
l ¢ TOXA,

H* (T (2})) ———- H'(X; R).

Mpr moaydaeM, TakuM 00Pa3oM, ClelyIOLUil pe3yibTaT: ec.Au 3AMKHYMAs
dugppepenyuarsnan dopma o Ha Y npedcmasisiem KAGCC KOZOMOAO-

euli € H*(Y; R), mo o6pamnusili 06pas gopms o npu omobpaxcenut f
npedcmasanem Kaacc xozomoro2ud f*(m)€ H*(X; R).

4.17. CnekTpajibHas TOCJAeROBATEJNbHOCThL PACCAOEHHOro
IPOCTPAHCTBA.

[Iycts E — TOnosoruyeckoe NpOCTPAHCTBO, T — HEMPEPBIBHOE OTO-
6paxeHue npocTpancTBa £ B TONoJOruyeckoe MpocTpaHcTBO B #
of —nyuyok ¢ Gaso#t E. Mm XOTHM 1OKa3aTh, YTO KOTOMOJOTHMH MpO-
crpaucTBa E co 3HaueHuaMu B of SBJASIOTCA NpelesoM CINEKTPanbHOM
NOCACAOBATE/BHOCTH, BTOpO# uned E, KOTOpO# 1pencraBaser coboi
KOTOMOJIOTHH NpocTpaHcTBa B ¢ kosdduuuedtaMu B nyuke, KOTOPBIH
Mbl cefuac Ompelenum, ‘

Hna kaxnporo g >0 conocraBuM JIOGOMY OTKDHITOMY MHOXECTBY
Uc B rpynny

HY (==1(U); A).
Nag Ve U umeeM KaHOHUYECKHH TOMOMOPQH3M
HY (w1 (U); A)—> HY (n"1(V); A).
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TaK KdK YCJOBUA TPAH3UTUBHOCTH, OYEBHUIAHO, BLINOJHEHBI, TO
U— HY (=1 (U); A)

ABAAETCA npednyuronm ¢ OGasod B. ITywox, MOpOWIEHHHH STUM mpen-
nyukoM, oGosHauum depes K (F; A)Y).

Paccmorpum  remepnr auddepenunanvuuit nydoxk w(@"(E; A))—
npsamo# obpas myuka @*(E; A) npu otobpawenud = (n. 2.12). Tak xax
npAaMo# o06pas BANOrO Nyuyka €CTb BAABIA NyY4oK, TO K B W myuky
T (C(E; )= _&" moxHO npumeHuTb TeopeMy 4.6.1. Cyiuectsyer,
c/1e10BaTeNbHO, CINEKTpa/ibHasA MOC/eJOBATENbHOCTh, B KOTOPOH

EY = H?(B; &% (%)

u kotopas ,cxomurca‘ x H*(T'(_¥")).
[To onpenenennio npsamoro o6pasa uMeem

TP =T(C"(E A))=C"(E; A).

[TosTOMy paccmaTpHBaeMas CNEKTpPanbHAs NMOCAENOBATEABHOCTb CXOMHMTCH
K KoroMmoJorusM npocrpanctsa E co sHauenusmu B . [lyuox 7 ( )
NOPOXJeH MpellyykoM

U—H'(F"(U)=HI[C"(E; &)1 ))]=
= HUC" (=71 (U); &) =H! (=1 (U); A),

tak wro FE7( &%) cosnanaer ¢ HY(F; A). Urtak, Mbl noayuuau cie-
IYOLLYI0 TEOpeMy.

Teopewma 4.17.1. IIycms E u B— monorozuueckue npocmpar-
cmea, T — HenpephiBHoe omoGpascenue npocmparcmsa E 8 B u
J—nywox ¢ 6asol E. O6osnanum uepes S (F; A) (g = 0) nywox
¢ 6a3oii B, nopoocoennslli npednyixon

U— H (=" (U); A).
Toz0a cyujecmsyem cnexmpaabHas nOcCae008AMeAbHOCME, 8 KOMOpOU
E}' = H”(B; &' (F; A))

u waen Eo, ssasiemcs 6uzpadyuposanuoli epynnofi, c8A3anHol ¢ nod- -
x008uun o6pason. guasmposanod ezpynnoi H*(E, JA).

Dra Teopema, npuHalJexauias B ocHoBHoM K. Jlepe, saBasercs
OTNPAaBHOM TOYKOHM KOIOMOJOrMYecKOH TEOPHH pacCJOEHHbIX MPOCTPAHCTB.
Ee MOXHO [0MOJHHTH, paccMaTpuBas ceMelictBa Hocutene#t B B u E.
Mul ocTaB/seM uuMTaTe]I0 H3yueHHe 3TOro obobuieHus.

1) 3amernm, uyTo myuok $®O(F; A) xaHoHHHecKH H3oMOpdeH nmpAMOMY 06-
pasy = () nyuxa o, onpeaesenyomy B 1. 2.12, — Ilpuns. peo.
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Sameuanune 4.17.1. O6osnauenue K (F; A) onpaspano, mno
KpalHeli Mepe HWacTHYHO, CaenyIMMH paccyxieHuamu. Ilycte x € B,
MOMOKUM

F(x)y=mn"1(x).

loBopar, uto F (x) — crod Han Touko#t x € B B E. PaccmotpuM Tenepn
dopmy .y
SU(F; A)(x)=lim ind H! (x~1 (U); A).
Udx

V3 Hee, oueBHOHO, CjelyeT KAHOHHYeCKUH TrOMOMOpPGH3IM
H(F; A)(x) > HI(F (x); A),

KOTODBifi #BJAfETC M30MOPPHU3MOM B TOM CJ/aydae, Koraa K F (xX) MOXHO
npumeHnts TeopeMy 4.11.1 u xorna muoxectsa =~ ! (U) (U — okpectHOCTS
TOukH X B B) 00pa3yioT QyHAaMeHTaJbHYI0 CHCTEMY OKPeCTHOCTeH MHO-
xkecTBa F (x) B E. 1o OyneT BuIMOJHEHO, HANpHMep, B CJyyae, KOria
E n B aoxaasrHo Komnaxmssl, a oTOOpaXeHHe T ABJAETCA cO6CmBeH-
oM (T. €. MoJHHH Npoobpas BCAKOro KoMnakTa u3 B komnakren B F).
JIleficTBUTENBHO, NYCTb V — OTKPHITas OKpPeCTHOCTh MHOXecTBa F (x) B E.
Ecan U npoberaeT MHOXECTBO OTKPHITHIX, OTHOCHTE/JIbHO KOMIAKTHHIX

OKpeCTHOCTeHl TOUKH X, TO HMeeM nw‘l(U)zF(x), H, CJ€10BaTeNbHO,

nepecedenne xomnaxmusix MHoMects w~1(U)N(EN_V) nycro. Orcioaa
caenyer, 4ro V comepxkutr = 1(U) npu aocratouno majsom U.
Teopema 4.11.1 npumennma, Tak kak F (x) monyckaer B E dynnamen-
TaJbHYI0 CHCTEMY KOMIIAKTHHX OKpecTHocTe#. TeM caMbiM Hame yTBep-
MJAeHHE J0Ka3aHo.

HertanbHoe H3yueHHE CHEeKTpPalbHOM NMOC/AeN0BATE/bHOCTH STOrO NYHKTA
I8 Kjaaccuueckux (T. e. ,JOKaJbHO TPHUBHAJIbHBIX“) PACC/IOEHHBIX NPO-
CTPAaHCTB MOXHO Halitu B nuccepraunun A, Bopeas [Borel A., Ann.
Matn., 57 (1953), 115—207b].

') WMmeerca pycckud mepesom: Bopear A., O KOrOMOJNOTHSIX TJIaBHBIX
PACCAOEHHBIX TIPOCTPAHCTB U OXHOPOJHBLIX MPOCTPAHCTB KOMMAKTHHX rpynm Jlu,
6. «Paccaoennuie mpoctpanctas, WJI, M., 1958, ctp. 163—246. — [Tpunr. ped.
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Bo BceM sToMm maparpade cnoBo npedny4ox (COOTBETCTBEHHO NYyHOK)
0603HayaeT npeAnyqyoK (COOTBETCTBEHHO NMYUOK) aderesvix 2pynn. Byiem
cuntatb, 4t0 A ($)=0 na moboro npeanyuka o€ (413 NyYKOB 3TO
yCJOBHE BBINOJHAETCA BCErna).

B nocresyouwux paceyxIeHUSX TONOJOTMYECKOe HPOCTPAaHCTBO X
(PUKCHPOBAHO.

5.1. Kounemun mokpeITHs.

[ycts A — npeanydok c¢ 6asoft X u 9)2=(Mi)iel—noxpmme npo-
crpaictsa X. Ecin A sBiaserca nyyiom, To P Moxer OHTL npoua-
BOJLHBIM MOKPHTHEM NpOCTpaHcTBA X, ecan ke o — npednyuorx, 1O
6yzeM mnpennosaratb, uto IR — omipeimoe NOKPHTHE.

[lycts S — cumnaekc HepBa NOKpHTUA P, T. €. TAKOe KOHEUHOE
HEMyCTOe MOAMHOXECTBO B /, UTO MHOMKECTBO

Ms =) M,
1eS

ne nycto. ConoctaBuM cumniaexcy S abeseBy rpynny
A (S) = A (My).

Ecan 8’ S, To, oueBnnno, Mg > Mg, 4 n03TOMY OnpeleleH rOMOMOp-
¢dusm crpaundenns J(S) — A(S). Mb noayuaeM, Takum o06pasom,
cucmemy Kospguyuenmos Ha Hepse noxkpoitust M B cmpicae ra. I, m. 3.3.
0O603HauuM uepes

C*(M; A)

KOMIIEKC, COCTOSILIMHA M3 Kollene#t Hepa MOKPHITHA I CO 3HAUESHUAMU
B onpejeqeHHOH HaMH cucTeMe KO3(UUHEHTOB.

Ilycte s==(iy, ..., i,)— p-MepHbI CHHTYJADHEIH CHMIJIEKC HepBa
noxpuitusa M. Tlosoxum

My=M,,... 0 =M;,N ... ﬂMip-
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Torna umeeM ‘
"M = Jl AWy,

dim (s)=p

TAK YTO p-MEpHYI0 Kolenb o NOKpbuiTHS I co 3HadeHusaMU B A MOMKHO
TaKWe paccMarpuBarh {¢ yuetoM ycaosus A (¢P)==0] xak cemelcTBO

a:(“io l'p)io, LD

% .. [pet/{(M[O 1p)

AAs BCeX ly, ..., i,. PasyMeeTcd, 4TO CyLIECTBEHHYIO POib 31€Ch UrpaioT
TOIBKO T€ KOMOMHaUMM MHIEKCOB, KOTOpHIE COOTBETCTBYIOT CHHIryaAsip-
HbIM CHMILIeKcaM Hepsa JK.

Onepamops.  eparell  CUMILIMIMAJBHOTO  KOUEMHOTO ~ KOMIUIEKCa
C*(M; A) onpenensiorcss caenyioutum obpasom. Ilycts f:A,—> A, —
nekoropoe oroBpaxenue u o€ C”(M; A) —xouens. Torma Kouens
F@ECT(M; A) sanaerca dopmyaoh f(@); == QrPAHHYEHHIO 3Je-

-
MeHTa o, Ha M; .,
Tty 7o) T+ Jq
genenu#t m. 3.3 rua. [. Korpanuuuwift omepaTop 3TOro kommiekca 3a-
JaeTcs B CTENEeHH P COOTHOLIEHHEM

d .= (=D R ,
( a)lo""p+1 Z( )aio~~-ik-~lp+1

rie

-J
q
KaK 3TO HeMeNLJeHHO CJaelAyeT M3 ofmpe-

NpHYEM B MpaBof 4YacTH MOAPA3YMEeBAIOTCS O2PAHUXEHUS COOTBETCTBYIO-
UIMX 3Je€MEHTOB HAa MHOXECTBO M"o~~~" Ha KOTODOM BCE OHH HMEIOT

CMBICA. .
['pynnet koroMonoru#t komriexkca C*(D; A£) Mb 0603HaUUM uepea

H" (M A).

Eciu 3anan romomopdusm f: A —> %, TO OueBHIHBIM OGpPA3oM ompe-
JefqeTcs TOMOMOpPQHU3M CHMILIMUMAAbHHIX — KoMmiexcoB C*(I; A) —
— C*(IM; %) u, clenoBaTeqbHO, TOMOMOpPGH3M

A HY (R A)—> H' (M B).

p+t’

5.2. PesoabBeHnTa, onpeaedeHHas NMOKPHITHEM.

PaccMOTpHM TMOKDHITHE SDI-—_(Mi)[.EI npoctpanctea X. [as nao6oro
OTKpHITOr0 MHOMecTBa /X MOJOMHUM

M0 U=M0 Uy,
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[pu -3TOM moOJyuaercs mokpeiTHe npoctpanctBa U ¢ TeM Xe MHO-
HECTBOM HilfleKcoB, 4to u X, oTKpbITOE, eciH I — OTKPHTOE MOKPHI-
THE,

PaccMorpuM rtemepb 3samanubl npemnyvyok of u o6pasyeM Ias BCs-
Koro ortkputoro B X MuowectBa U/ KoMmiexc

C"MNU; A)=C*(Mn U; A|U),

KOTOPBHI TIOJyuaeTCs MPHU COMOCTABIEHHM KAXIOMY cUMIUIeKCY S HepBa
noxpuitus I abenesoft rpynmbi A (M N U). Has VU u awboro S

HMeeM roMomopdusm orpanuvenns (M0 U)—»di(MSnV) H, caeno-
BATE/NbHO, TOMOMOP(HU3M CHCTeMbl KOIMPUIUEHTOB HA HepBe TOKphiTHA DI,
onpefeneHHo#t MHomecTBoM U, B cHcTeMy Ko3GbhpulMeHTOB, olpene/eH-
Hylo MHOxecTBoM V. OTciona nojyyaercs romMoMopusm

C-MMnU; AH—>C*MnV; A)

CUMIIJTUIIMAABHBIX KOMIIJIEKCOB, NMpHYEM BBIMOJHAKTCA 0OBIUHEIE yCa0BUA
tTpauautHsHocTH. CirenoBarenabHo, aas Jw6oro Heaoro n >0 otobpa-
KEeHHA

U C" (M0 U; A

OnpeleaiT npedny4orx ¢ 6asol X, KoTopu#t MH Gylem o0603HauaTh
yepes QC"(W; A). Sevo, uro. CF(M; A =(C"(M; A)) saBagerca
AHddepeHuraIbHLM MpeanyykoM ¢ 6asofft X U jJawe MpeanyykoM co
3HaYeHUSIMH B KaTeropuH CUMILIMLMAJbHBIX KOIEMHHIX KOMIJIEKCOB.

TToxaxeM Ttenepb, uro ecau of — nywor, To npeamyuox C" (M A)
TakKe dABasercd nyskom aas Jwboro mokphitus M. IeHcTBUTEIbHO,
s mo6oro moamHoxectsa M B X oro6pawxenne U — A (MNO U)
ompenensieT, OYEBUIHO, Myyok ¢ Gazo#t X. C apyro#t cTopoHbl, TaK Kak
npeanyuok @"(M; ) ecTb He YTO MHOe, KaK OTOGpameHHe

U— Il A(Mm,nU)
dim (s)=n
TO OH aBAseTCA npAmbim npoussedenuem nyikos (m. 1.10), yro u no-
Ka3bIBA€T YTBEPIKAEHHUE,
Orciona caenyer, uro eciad of—ny2ox, TO MMeeT MeCTO GdopmyJa

e m=re o)

s 206020 nokperus M mpoctpaHcTBa X.
Mpenviaywas GopMyna mnossoaser BeBecTd Ias mioboro cemeicrsa @
HocHTes el B X KOMIJIEKC

Co (s ) =T, (@ (Vs o))
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npu ycioBuH, uto A ABAAETCA nY4KOM. ITO, OHYEBHIHO, MHOXECTBO
kouened a nokpeituss M co 3Hauenusamu B £, 061afai0MHX CJeLYIOUWHM
CBOMCTBOM: CymiecTByeT Takoe MHoxecTBo T¢€ ®, uto aas aioboro cHH-
ryaspHoro cummniekca s neppa IR ceuenne a € o (M,) paBHO Hya0 BHe
TN M. Scro, uto Cy (M; ) asaserca, kak u C*(M; A), cumnanun-
aJIbHBIM KOLEMHEIM KOMIUIEKCOM. Ero rpynner koromoioruff 6yiem 0603-
Ha4aTh uepe3

Ha (M; A).

Bepuemca k audpepenunansnomy nyuky C*(I; ), ceazanHomy
¢ nyukom of H nexoTOpbM HOKpniTueMm M. MMeeTcs KaHOHWYecKuil ro-
MOMOpdHU3M

JiA— RO A),

npu kotopoM kaxiodMmy a& A(U) conocrasaserca O-xouens j(a) cre-
nein O aqaa PN U, onpenensieMas COOTHOLIEHUEM

J (), = orpanuyennio ceuenns o Ha M;NU.
AcHo, yto do j=0.

.Teopema 5.2.1. ITycms M — au6o omxpsimoe, auGo 3aMKHY-
moe 4 A0KAAbHO KOHewHOe noxpwimue. Tozda oas awbozo nyurxa A
ROCAEA0BAIMEALHOCMb NYHKO8 U 20MOMOPHUIMO8

0> A @O A) 2> @1 A) %> ...

mouna, m. e. C*(MM; A) asasemca pesosvsenmoli nyixa A.

To, uro j — moHOMOp®U3M, caenveT u3 .akcHoMmul (F1) nas nyuxos,
a cootnowenue Im ()= Ker (d) — u3s akcuomnl (F2), ecau IR — oTKpbI-
TOe TOKpHITHE, H H3 TeopeMbl 1.3.1, ecam I — 3aMKHyTOe JA0OKAJILHO
KoHeyHoe mokpbiTHe. Ocraercda nokalaTb, uro Im (d) = Ker(d) B crene-
H9X n > 1. [das 3Toro paccMOTpHM AaHHYJIHDyeMbi#t omepatopoM d
pPOCTOK @ KOUeNd cTeneHW 72 B HeKOTOpoH Touke Xx. PocTok a MoxHO
»TpencTaBuTh* KouukiaoM a&C"(M N U; A), rae U— nocrarouno Ma-
Jlasi OKPeCTHOCTb TOUKH X.

Ecau M otkpuro, TO MOXHO B3iTb UcM; s HekoTOporo
HHIekca { W Toraa, oueBunHo, U M,-io,,, maa=Un0My ,,_, Aad
JTOOHX [y, ..., [, ;. CilenoBaTeabHo, MOXHO OnpelequTh kouenb § €

cCc"! (9)2 N U af) TIOJIOXKUB

Blo-n in—17— g+ -1
Torna

— _1\* .
(dB)iu"'in—0<§<n( 1) a‘iio...'
Ho u3 da =0 caeayer, uto

0ot = ZK (—Dfa, 4, =0

@y



234 rJI. II. TEOPUS TIYUKOB

B UNMy ...;(=UNM, ;. 3nauur, df=a, uTo NOKa3LIBAET TeO-
peMy 1S pacCMOTPEHHOro CJayuas.

Ecan reneps IR — 3aMKHYTOe JOKaAbHO KOHEYHOe TMOKpPLITHE, TO
MOXHO TpPelnoJoXuTh, B3AB U 10CTaTOYHO MajibiM, uTo I KOHeuHO
u yto X € M; ana Bcex [ (aaa 3TOro Aoctatouno samenuts M ua M N U).
Tak kaK X NpHHALIKUT BCeM MHOKeCTBAM M, TO MOXHO DPaccMOTpeTh
sHavenne a,(x) € oA (x) ceuvenus a, B Touke x. M3 rtoro, uro da==0,
CJA€LYEeT, B YACTHOCTH, YTO

2D (x) =0.

1 B in+l
BriffepeM 3aTeM NPOH3BOJbHO HHIEKC [ W MOJOXKHM
pzu R (x)= aiiu e in—1 (x).

B CHJIy KOHEUYHOCTH 4UHCJ/JAd HHAEKCOB i MoxHo cuutate U HACTOJBKO
MaJbIM, YTO TdK ONpeiesqeHHble pPOCTKH CeyeHuH NnpoaoJKAKTCA 10 ce-

yeHuH
piu s dip—1 Ed{ (Mio i”—l)’

onpefensiownx kouens BEC"' (M N U; o€). Te ke BHIUMCAEHHS, YTO
H B CJyyYae OTKpPLITOTO TNOKPHITHSA, TMOKAa3bIBAIOT, YTO CEeYyeHHs, Onpele-
aaomue dB W @, coBnaialoT B TOYKe X. B cuay koHneunocTu uyucaa
9THX  CEeYeHMH  MOKHO  MpeanoJaratb,  4YTo (d@)i eIy
B Uth-U“_in, T. e. 4yro df=a, H, TaKuM oépasoDM, 3apepluaeTcs
JIOKa3aTeJbCTBO BO BTOPOM Clyuae.

[NpenmecTsyiolMd  pesyibTaT HMeeT BaxcHble CJAEACTBHA. 3aMeTuM
CHaYaNa, YTO M3 Hero BbITEKaeT CJASLYIOLIAas TeopeMa.

Teopema 85.2.2. [lycmp IM— au6o omupuimoe, 4460 3QAMKHY-
moe u JAOKQALHO KOHEUHOE noxpemue npocnparncmsa X. lan awo-
6020 nyaxa A umeent MeCmO KAHOHUHECKUT UIOMOPPUIM

HOOM; A) =T (A) = HO(X; A).

= .,
i, -+ in

C uzpyro#t CTOpOHbI, MMeeTCsl CielyIOWHH pe3y.JbTaT.
Teopema 5.2.3. [Iyecms I — noxpvmue npocmparncmea X, A —
nyiox ¢ 6azoii X, © —~— cemelicmgo nocumeneir ¢ X. as mozo umolsL

He (G A)=0 o02a n>1,

00CmMamodHo BulnOAHeHIE 00HO20 U3 caeoywouux Vcao8ui:

(a) noxpoumue M omrpsvimo, cemeiicmso ® npouzsosvno, ny4ox A —
8AAbLE, o

(b) noxpomue M omupsimo, cemeiicmso D — naparwornaxmugu-
yupyouwee, nysox A — O-monxui;

(c) nokpsimue M 3aMKHYMO U AOKQAALHO KOHedHO, ceMelicmso © —
napaxomnaxmugpugupyrowee, nyiox A — O-maexui,
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B cayuae (a) nocrarouno (reopema 3.1.3) mpoBepHTb, UYTO. NYHYKH
C"(M; A) asasioTca BaamMu. Tak Kak NPOM3BeJeHMEe BSAbIX MYYKOB
SIBJAETCH BSUILIM NMYYKOM, TO NOCTaTOYHO yGERHTbCcs B TOM, 4TO 14 JIO-
6oro oTkpuiToro Muoxectsa M mnyuok U -—> A (MO U) — paaul; no-
clelHee e OueBUIHO.

B cayuae (b) sameuaem, uto @" (IN; A) ABAAeTCS MOAyJAeM Hai Myd-
KoM KoJtel ¥om (A, o), KoTopbid 1Mo npeanoaoxeHuio apaercsd O-Markum
nyukoMm. 3uauut, Q" (M; o) asasercs @-TOHKUM MyUYKOM, OTKYAa Cle-
ayeT yTBepKIeHHe,

B cayuae (c) noctaTouHo mnokasatb, yto C"(M; A) —@-marku#t mny-
yok, Tak kak 3TOT HYYOK eCTb HE YTO HHOe, KaK My4yoK

U—[[ Awm,n0U),
W Tak Kak M, 3amrrymo, TO
" A= I ou,
dim (s)=n

{Tyuku (J{Ms spasiorcs D@-markumu nyukamu (teopema 3.5.5), a <pac-
CMATPUBAaeMOe BBILie MPsSMOe TNPOM3BeleHHE MX JOKaJIbHO KOHEYHO.
Orciona cieayer (n. 3.5) 1OKasbiBaeMblfl pe3yJbTar.

Hanum B sak/iioyeHue elle ONHO CJeACTBUe u3 Teopemst 5.2.1. Tak
Kak C*(M; A) ectb pesonbBeHTa mnyuka of TIPU COOTBETCTBYIOLIMX
NPeLNoOIGKEHUAX OTHOCHTEbHO N, TO NpUMeHUMbl pedy/ibTaThl m. 4.7
U, CJAEeLOBATENbHO, CYWeCmeyem KaHOHURECKUD 20MOMOpHuU3M

Hao (M A)— Ha (X; A),

onpederennbli 048 1106020 nyuka A, npou3BOALHO20 ceMeiicmBa HO-
cumenei ©® u norpumus M (1u6o0 OMKPLMO20, AUGO 3AMKHYMOZ20
U N0KQABHO KOHEwHO20) npocmpancmsa X.

Hanomuum, u4TO A44 moctpoeHust TOro roMoMopduaMa HyxHO o6pa-
30BaTb [1BOHHOH KOMIJIEKC

K=CL(X; @*(D; A))
H pacCMOTPETb OYEBHIHBIE TOMOMOP(HU3MEI
Co(X; A) L > K L Co (W A),
‘M3 KOTOPHIX MOJYyyaloTCs rOMOMODGHU3MbI
Ha (X; A)L> H' (K) <X~ Ha (T A).

Tak kak @*(M; A) asasercs pesoabBeHTod mnyuka oE, 1O j7 — H30-
MOp®dH3M, UYTO H HO3BOJAeT HDPH MNOMOWH j/ ONpeNeqHTb HCKOMBIH
roMoMop(¢usM,
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MoxHo, padyMmeercs, ROJyuuTb O6OJee TOUHBIH Pe3y/abTaT, BBIYHCAA
BTOPYIO CHEKTPAJbHYI0 MNOC/el10BaTeNbHOCT KoMmiekca K. HamoMHuw,
YTO B ITOR CHEKTPAJbHOH NMOC/]ENLOBATEILHOCTH

E} = H"[HL (X "D D))

Kak Ml yBunuM cefiyac, Ty TpyNNy MOXHO MOJHOCTHIO BHIYHCJHTH
B TOM cayuyde, koraa N aBASETCS 3AMKHYMbIM AOKAABHO KOHEHHbLIM
nokpuiTHeM. [le#icTBUTENbHO, B 3TOM ciyuae

C"M A= D Au,

dim (s)=n

lIpHYeM 3Ta CYMMa [0KAAbHO KOHedra. llpennonaras Ins DPOCTOTH,
uro ® — ceMeHcTBO BCeX 3aMKHYTBIX MHOMXeCTB, WMeeM (Teopema 4.4.4)

HUX @O o)) = d~l(1)- H (X, Au) =[] H* (M, A).

PaccMoTpuM Temepb Ha HepBe MOKPHTHA N cucmemy rodpuyuenmos
H(A): S— HI (Ms; A),

OTepaToOpPhl OrpaHHueHHss B KOTOPOR oOnpelefeHb OYeBHAHHIM 06pasoM.
Mo uMmeeMm

HI(X; @"(; A)) = C"(M; S (A))-

Tak kak 3TOT HSOMOpq)HSM COBMECTHM, OUYEBHUAHO, C COOTBETCTBYWOLIUMH
CUMNJIMIHAJbHBIMH CTPYKTYpaMH, TO OTCl0Ja BLITEKAET, 4YTO

E§' = H”(M; 5% (A)):

IpyruMu cnoBaMu, [0OKasaHa CJelylolias Teopema.

Teopema 5.2.4. (Jlepe.) ITycms E))E:(Mi)iy—sammymoe 20~
KaasHo konewnoe noxpumue npocmpancmea X u A —nyiox ¢ 6a-
304 X. Paccmompum na Hepse noxpwmus M cucmemvr kosgppuyu-
eHmos

FI(A): S— HI(Mg; A).

Tozda cywecmsyem cnexmpaasHas ROCAEO08AMEAbHOCM, 04 KO-
mopoi .

E§? = HP (M; % (A))

u uaen Eo komopoid asasemcs 6uzpadyupo8annol zpynnol, c8A3QH-
ROl ¢ naloaedxcaueli pussmpaguell 2padyuposannol epynns. H* (X; u{)
OT1ciona, B YaCTHOCTH, BLIBOMMTCS CJENYIOLIUE Pe3y/bTaT.
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Cnencteuel). IMycms M=(M,) —-3aMKHYMOE A0KAALHO KO-
HeuHoe noxpoimue npocmpancmsea X. Ilpednoaoscum, wmo

Hq(Mio... ip; dz): 0

0an scex q> 1 u awbox iy ..., i, Toeda KanoHuueciul 20m0Mmop-

guan
H*(M; A)— H*(X; A)

ABAsLem et u30mopPhusmon.

Ml yBHAMM B najbHeMIIeM, 4TO aHaJOTHYHLIE Pe3yJbTaThl HMeIOT
MeCTO M JId OTKDHITHIX HOKprTHﬂ, HO HMX HeJab3f MMOJYUYUTbL HCNOAL30-
BAHHLIM Bblllie METOJOM.

5.3. CnekTpajdbHas 10¢Ae10BATENLHOCTD,
CBA3aHHAA C MOKPHTHEM H NHMPDEpPeHiHATbHLIM NYIKOM.

IMycts M -— nokpuitHe mnpoctpauctsa X u P*= (L") — mudde-
peHuuMabHE Nyyok ¢ 6azolt X. M3yuuM InBofiHOH Kommiekc

(M )= c? (W &)

SICHO,-4TO 1Ast €r0 BTOPOH CHEKTPANLHOH MOCJHEAOBATETLHOCTH HMEEM

”

EY = H(C*(M; &7))=H'(M; &),

OTKyna

"ES' = HP (H'(M; %))

ViMeeM, ¢ mpyro#f cropoHs,
Eff=H(C7 (M 7))
ITockoabky
@ =1l .2" ).
TO
Eft=_J1 H'(Z"@M)).

dim (s)=p

) PesyasTaTel 3TOr0 pojlla MOXKHO, OUYEBHJAHO, JOKa3hiBaThb H 6e3 HCHOAb3O-
BAaHHA TEOPHH CHEKTPAJbHBIX MOcAenoBatenbHocTel; cM. W e il A, Sur les théore-
mes de de Rham, Comm. Math. Helv., 26 (1952), 119—145. B cratbe Beiias
paccMaTpuBaeTcs Caydad npocmozo Myuka of, HO MeTO]l TPHBHAIbHBIM 0Opa3oM
pacnpocTpaHaeTca Ha obumuH cayuyah.
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PaccmMoTpuM Temepp Ha HepBe nokphitHa M cucmemy rosghghugu-
enmosl)

(75 S 1 (2 (M)

C OYEBHIHBIMU ONepauusiMH ,orpaHudeHus“. Torma nonyuyaeM
7 .
EY =P (M 07 (.7%))s

IpHYeM 3TO OTOXIECTBJEHHE, OYEBUMIHO, Npeobpasyer audepeHnHnan d,
CNeKTpaabHO# MOCJAeNOBATEJAbHOCTH B  eCTeCTBeHHbH  nuddepenunan
kommaexca C*{(M; 7(.2%)). ToatoMy HMeeM KaHOHWUeCKHE H30MOP-
duaMbl

,557:[‘1[](9)3, 507 (3») ) r

[NpeanonoxkuM Tenepb, 4To HOKpuiTHe X sBAsercs AUGO OTKPHITHIM,
160 3aMKHYTHIM H JIOK4JbHO KOHeuHbiM. Torla BO BTODOf CHeKTpaJjb-
HO#l MOCJe10BATENLHOCTH HMEEM UJjeH

| = @) |

H romomMopdusm
J*H T () - HE(C (G 2Y),
MHAYUIHMDYEMbit KaHOHHYECKMM BJIOMXEHHEM
VARE N - Ee O C B

3aMeTHM, UYTO TdK KAK [epBas rpaiyMpoBKa IBOHHOTO KOMILTeKca
C*(M; _&*) mnoaoxurenbHa, TO BTOpPas (MAbTPAllMs BCerja peryJfspHa.
Caenosarenbno, Jj7* Oyler H30MODGdUSMOM, eCaH BTOpas CHEKTPaJjbHas
MOCJIE10BATENBHOCTb BHPOX/AEHA, B YACTHOCTH, ecau nyukn @7 asasiorcs
BAABIMH (TeopeMa 5.2.3).

B cayuvae korza HyXHO NPUHMMATL BO BHHUMaHHE HEKOTOPOE ceMeh-
¢tBo P HocuTened, UMEIOT MeCTO AHAJOrHYHBIE DE3YJIbTATHL NPH COOT-
BETCTBYIOIKX NPEINONOKEHUAK OTHOCHTebHO TN u @ (a MMEHHO, HYXHO,
uyrofel fas awboro SE ® cymectBosano takoe S’€ @, uro Beskoe M,
uMeloliee ienycroe nepecevenue ¢ S, comepxurcs B 87). Mpl ocrasasem
YUTATENI0 JLeTalbHOE M3ydyeHHe 3TOr0 BONPOCA, TAK KAaK HA TNPaKTHKe
TaKas CHTyauus BCTpeuaerTcs peiko.

1) He caeayer cMemuBaTh cucmemy rosgduyuenmos @%"7(3*) Ha Hepse

nowxpuimuss M ¢ npoussodnsn nywcoxr $¢%((#"), xoTopuil MH onpeneauay -
B I. 4.1, XoTa MBl ¥ 0603HaYaEM KX OLHHM H TEM KE CHMBOJOM. '
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5.4. COOTHOMWEHHA MeWAy KOTOMOJOTHAMH IOKPHITUS
H NPOCTPAaHCTBa,

Mp npuMenuM Ce#tyac pe3yabTaThl MPEILIECTBYIOUIErC MyHKTa K CAy-
yai10, Korla %" ABJsfeTCH pe30.b8eHmOl [LAHHOrO nyuka o, u, B YacT-
HOCTH, K CJAy4al, Korza " — KanoHuyeckas pesossvsenma C*(X; JA)
nyuka Jf.

Tak kak _%"— pesosbBeHTa, TO HMeeTCs KAHOHHYECKMH TroMo-
mopduaM j: A —> %" u, crenoBaresbHO, roMOMOpPQH3M KOMILIEKCOB

7@ A —>C M 7,
spastowica, BupoueM, MoHoMmopdusMmoMm [o6paz rpymn  C*(M; A)

COCTOMT U3 3JeMeHTOB BTOpoH cTereHd 0, aHHyJMpYyeMmIX oneparto-
poM d”]. IToT roMoMopduaM OfpeNeqAET rOMOMODP(UIMEI

j/* - H" (SJ){; d{)-—)H” (C1= (EDE: j*))’ ‘

KOTOpble MOKHO OIpPENCJUTb TAKKE CJCLYIOHINM 06p330M.
HepBaﬂ CIIEKTpaJ/JibHaa IOC/IENOBATE/NLHOCTb CONECPHUT UJEHDI

'E3°=H"(D; H° ().

Ho Tak kak _&*— pesojbBeHTa IyuKa J, TO uMeeM KaHOHMYECKOe
otoxfecTaienne FE9(P*)— A u, crenoBaTebHO,

'ERY — H* (M A). {

TTockoAbKY TPaiyHPOBKH paccMaTPHBAEMOro IBOHHOro KoMILIekca ro./o-
WUTENbHEl, TO CYHIECTBYET KAaHOHHYECKHH roMoMopdusm

‘B’ — H* (C*(M; &),

yTo M JAdeT CHOBA romMoMopduaM j’*.

[MpeanonoxuM, 4t0 _F* — KaHOHUUecKas pe3oavBenma nyuka A u
yro nokpuitue N omrpeimo. B cuay Teopemul 5.2.3 BTOpas CHeKTpab-
Has TNOCJeL0BaTeNbHOCTD

//Egﬂ — HP (Hﬂ (ﬁn, g*))
pripoxaeHa. CienoBaTenbHO, roOMOMOPQH3MbI
J* HY () > AN C (M )
ABAAOTCA n3oMopduamamu. Ho 1o onpenesenuio umeem

H'T(Z) = H"(X; A),
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OTKyAa CJelyI0T KaHOHHYeCKHe H30MOD(HU3MBI
H"(X; A)=H"(C*(M; Z9).

YuuTeiBag j*, nojyuaeM roMOMOP(U3MEI

H' (I A)— H' (X, A),

KOTOpEIE, OUEBHIHO, ABIAOTCS €CMecmBeHHblMu.

BepHemcst Temepb K TeEPBOH CneKTpaibHOH mocsesoBarespbHocTd. Tak
kaK MHO¥ecTBd Mg OTKPBITBHI M TaK KaK _&" ABJAgeTCH KAHOHHYECKOH
pesoabpentoft nyuka oA, TO mo Jjemme 4.9.1 uMelOTCA M3OMOPPUIMEI

HY (7" (M) = H' (Mg A)

Mbl nmosyuaem, TakuM O0pa3oM, CJelylOLIHA pe3yJbTar.

Teopema 5.4.1. ITycms IM — omipeimoe noxpsimue Npocmpar-
cmea X u A — nywox ¢ 6a30i X. Paccmompun na nepse noxpeimus M
cucmemy KO3IPPUULEHMO8

FHU(A): S— HI(Mg; A)

oan ¢q=0, 1, .... Tozda cyuwecmsyem (nexmpaitHas ROcAe008a-
measnocmy, 04n komopol E, 3adaemcst gpopmyaod

E}' — H” (M; 77 (A)),

a uaen E., sgasemcs Guzpadyupo8annol apynnoi, c8A3aAHHOL ¢ HaOAe-

ocaujel; uavmpayueil 2padyuposannoi epynns H* (X, A).
Caencrtaue. ITycms I — omupsimoe noxpsimue npocmparHcmsa

X, A —nywor ¢ Gasolt X. s mozo #4mobbl KaHOHuYecKue 20MO-

MOpPusMbL
' H" (M A)—>H"(X; A)

Golal u30MOPPHUIMAML, OOCMAMOLHO, 4mObbL OA% 4100020 cumnrerca S
Hepsa noxpumus M umeso Mecmo pagencmso

H' (Mg, A)=0 npu q¢>1.

[MokameM, KaKk MOXHO fBHO BBIMHCAMTH romomopdusm H"™(D; A)—
— H" (X; ). O603HauuM AJi3 3TOFO ueped &y M Ex KAACCH KOTOMOJIOTH#,
COOTBETCTBYIOLIME APyl APYTy NpDH STOM TOMOMOD({H3ME, M MPEICTAaBHM
HX- KOUHKJIAMH .

e EC"(M; A); LxEC" (X, A)=T(F".

Ecad OTOXIECTBHTHL 3TH KOWMKAB C KOWMKIAMH ABOHHOTO KOMILIEKCA
C*(M; &%) 6ucrenenn (n, 0) u (0, n) COOTBETCTBEHHO, TO 3alaya CBO-
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JUTCA K BBIPAXKEHUIO TOTO q)ama, YTO 3TH KOLHKJABI OTJUYAIOTCA TOJbKO
Ha KorpaHuuny, T. €. K HaXOXJAEeHHIO 3J/JeMEHTOB

WAICCP(M; F) (pg=n—1),
YAOBJETBOPAKIHNX CACAYIOIUUM COOTHOUIEHUAM:
C‘)_lt — d’)\n_‘l’ 0
0=a\" ! gnrt?

0=an"""yagnb"?
Cx= an® ",

Ho (g — 9T0 cemeficTBO cevennt G; ,-ne U{(M,-J 1,1). C apyro#t

croponbl, M7 nomknsl 6p1Tb ceMeficTBAMH CedeHut
. q . =01 : ..
)\lu...tpej (Mzo...tp)——c (Mlo...tp: d{)

Tak kak auddepenunan d” B GucTeneHu (p, ¢) HHAYUHPOBAH C TOY-
HOCTbIO 10 MHOMMTena (— 1)? nuddepenunanom d nyuka _&*, 10 ocraerca
PEIINTL CJAENYIOILYI0 CHUCTEMY:

St oo iy = D(—DEN, .. [yt
0= (—1FN, ... iy in_1+('~1)n—ld>\io... L,

0=k, — Ay —dhii;
CX: d)\io.

HMuaue rosops, HYXHO MOCTynaTb CJeAyloliuM o6pasoM. Mcxons us
n-gounkaa Gy =7 nokputus M co suayenusMu B oL, cienyer samu-

-1
caTb { B BUIE KOTPaHALb HekoTopo# (n — 1)-xouemu A"~ Ha MM co 3HA-

-1
yenusaMu B _#°. Torma xouemp d\'” Ha M co 3navenusmu B _P!
ABJAETCA KOUMKJOM H, C/IE€JOBaTeJbHO, KOTpaHuLeH HexkoTOpo#H (n— 2)-

-2 -2
koumenu X' 7° Ha M co sHavenusmu B _Pl. TouHo Tak ke dr*° ecrb

KOFpaHHla HeKOTOpo# (n — 3)-Kouenu V=% co snauenusaMu B #2. Ipo-
IOJXKas 9TO TMOCTPOeHHe, jJoXoiuM [0 l-kouend dA! cO 3HayeHUAMH
B "', apasdwoliefics KOUUKJIOM H, CJel0BaTeJbHO, KOrpaHHueH HeKo-
topo#t O-xouemu A" co 3Havenusmu B "', Torma di’ sapasercs
KOUHKJIOM NMOKPLITHA SR CO 3HaueHHAMH B ", T. €. cedenueMm nyura F"
nad X. KpoMe TOro, 3TO ceyeHHe aHHyJHMpyeTca auddepeHinaIom
d: P"— F"t' u, CcleloBaTeqbHO, ONpefelseT HEKOTOPHIH  KJacc
ExEH"(I'((£")). BrorT KaacCc Kak pas u spaseTcs 06pasoM kaacca &
NpH KanoHHdeckoM roMoMopdusme” H” (IM; A) — H*(X; A).

16 P. l'omeman
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Mp! M3yuusau Bbllle ABOHHOH KOMMJEKC
K=C@ C* X A)

Lns cayuas, korna X — OTKPLITOE MOKPLITHe, ¥ B 3TUX YCJIOBHAX ONpe-
IeJUIH KaHoHHyeckue roMoMopdusmul H” (M; A)— H* (X; A).

BospmeM B Oosee obuieM caydae Hexotopoe cemeiictBo @ nocureseht
4 nokpurte N, koTopoe AUGO OTKPHITO, /MO0 3AMKHYTO M JOKAJIbHO
KOHeuHO, M o6pasyeM ABOKHOM KOMmJeKc

K=C,@ e* (X, A)).
CyLLecTBYIOT FOMOMODPGOHU3MEL
Hy (X o) <> H"(K) <— HE o),

BO3HHUKAIOUIHE U3 NBYX CNEKTPaJbHbIX nocaenoBaTesbHoCcTe!k KoMMIekca K.
Jas  3THX CIEKTPaJbHBIX NOoCJe10BATENAbHOCTEN, OUYEBHIHO, HMeeM

"ES = HP (HE (D e*(X; b)),
'Eff=H(Ce (T €™ (X ).
Tak kak @C*(X; Jf) fABasercs BaloH pe3oabBeHTOH nyuka of, TO
"Ef7=0 mna g+ 0

B TeX CJyyasX, KOrlL3d MOXHO NpUMeHATb Teopemy 5.2.3, T. e. Koria
M — otkpuiToe nokpbiTHe U ® NPOU3BOABLHO MM e Korja IR — 3amk-
HYTOE JOKAJbHO KOHeYHoe NoxphTHe M @ — napakoMnakTH(HLUPYIOLEe
ceMelicTBO. 3HAUMT, B ITHX CJayuyasXx j” — M30MOpPGU3M, M Mbl CHOBA
noJayyaeM KaHOHHYECKHe TOMOMOPQH3MBI

Ho (D A) > Ho (X; A).

3ametum, 4TO ecan N — 3aMKHYTOe JOKaJIbHO KOHEUHOE TNOKPHTHUE,
TO YKa3aHHb#l Bbllle METOL MNO3BOJAET ONpelenuTb STH TOMOMOP(U3MEI
TOJbKO IJ51 napakoMnakTuuuupyomero cemetcrsa ®. Opnako B n. 5.2
Mbl OJY4M/IM aH3JOTHYHBIE rOMOMOpPdH3aMBE Oe3 Kakux-mibo npeano.o-
weHu# oTHocuTeabHO ®. Mpl yBHIHM B ciellyiolieM MYHKTe, 4TO BO BCeX
caydasx, kKoraa oba Metola NpUMEHUMb OLHOBPEMEHHO, FOMOMOD(HIMBI,
K KOTOPHIM OHU HpHBOIAT, €08NACAIOM. )

B cayuae korza SN — 3aMKHYTOE JIOKAJLHO KOHEYHOE MOKPHITHE U
@ — ceMePcTBO BCEX 3aMKHYTHIX MOAMHOMECTB B X, NPUMEHEHHBIH 34ech
METOL IL3aeT HEKOTOPYX0 CHEKTPAJIbHYIO NOCHENOBATEJbHOCTb, CXOIHYIO ,
(M, KaKk Mbl YBHIHM, COBNAJAWOUIYI0) C TOH, KOTOPas BLITEKAET H3 TEO-
pembl 5.2.4. TIpH 3TOM HYXHO INPEANOJArath, 4YTO OCHOBHOE NPOCTPAH-
ctBo X napaxomnaxmro. JleWCTBUTENBHO, pPAaCCMOTPUM ABORKHOHK KoM-
nJaeKc

K=C"@ @ (X; A)).
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JlocTaTouHO BBLIYHCAHTL uded 'ESY ero mepso#t cnexTpanbHOR nocieno-
BaTeJbHOCTH. MBI BHJAENH, 4TO

'ER'=H'(C” (] @ (X; o))

MMonaras nas ynpomeﬂnﬂ
A= e (X; A),
HMeeM
P A= I AWM.
dim (s)=p
CrepoBarennHo,
14 ®
Eff= Il HY (A (M)
dim (s)=p
Ho rtax kax X napakomnaktio, a M, 3amrkuymo H, CJAelOBaTeNbHO,
NapakoMnakTHo, To * uHayuupyer Ha M pesonbBenty nyuka | M,
COCTOABLYIO U3 MATKHX Ny4KOB, TaK 4YTO nonyqaeM
B = JI H' Mg A=C"(D; 5 (A)
dim (s)=p
H OKOHYaTeJLHO

'EPY = HP (M; $£7 (A)),

4YTO MbI U YyTBEPXAAJIH.

5.5. CpoiicTBA COBM@CTHMOCTH.

B n. 5.2 u 5.4 Mbl 1anu ABa MeTONa, NMO3BOJAIOLLHE NIPH HEKOTOPHIX
TIPEANOJOKEHHAX ONpeleJUTh FOMOMOP(hHUIMBI

Hy (W A)—> Ho (X5 A).

B 9TOM nyHKTe MBI MOKaXe€M, YTO STH METO/b NPUBOAAT K OJHHAKOBHIM
roMoMopdu3Mam.

Nycts o —nyuok ¢ 6Gasolt X, _&*— KaHOHWYeCKass De3O/IbBEHTA
nyuka £, ® — uexoropoe cemelcTBO HOocHTesel H I — nmokphiTHE NpO-
crpanctBa X. PaccmarpuBaeMble roMOMOpPGU3MBl ONpPeLesiOTCH NpH
NOMOUIH JIBONHBIX KOMIIJIEKCOB

Co(X; @*(M; A)) n Co(M; ).
PaccMoTpUM TpaiyupoBaHHLIA Ny4OK
CTM; Fy=(C*W; Z9)

€ »MOJHOK® TpanyupoBKo# M ,mMoaHeiM® nuddepeHunansom. Ero cocra-
Bifdoule#t CTeneHH n 4BJAeTCA, TAKHM oCpasoM, MyuoK

& e 9.

ptg=n .

16*
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ViMeeM romomopduamnl auddepeHiHaJbHBIX NMYYKOB
e A > e ) L

Ecau 3T TpH TNyuka ABAAIOTCA pe3oss8enmamy nyuka o, TO B cuay
TeopeMbl 4.7.2 NONYUHM KOMMYMAMUBHYIO OUAZPAMMY

1}1" o (C* D A L HY Lo (@* O 2] <= H* To ()
|

l
N
Ha (X; ).

T. €. CAeAYIOLLYI0 KOMMYTAaTHBHYIO AMArpaMMy
HE A) Lo H(Co (M &) <= H'"Ta( P)
|

s
Ha (X; A).

$IcHO, YTO TOrAa De3y/bTaT, KOTOPHIH MH UMeeM B BULy, OyleT NOKa3aH,
TAK KaK M3BECTHO, YTO eC/U _P* -— KaHOHUYecKas pe3oJbBeHTa myuka Jf,

10 romomopdusM H" Lo (LF*))—> Ho (X; A), durypupyowut B sroft
avarpaMMe, ToxjaectBeHeH (cM. mpumep 4.8.1).

Ho no npemnonoxeHuw) _&* ssasercs pes3onbBeHTo# mnyuka Jf.
Tem e cao#ictBoM ob6aamaer Q*(M; A), ecan M — mubo oTkprITOE,
60 3aMKHYTOE W JOKaJIbHO KOHEWHOe IOKPEITHE NPOCTPaHcTBa X.
[To3TOMy OCTaeTcst IOKa3aTh, YTO NPH STHX NMPeANOJOXeHHSIX NHddepen-
uuanbubf nywok @*(M; _P*) Takke sABAseTCS pe3onbBeHTOM nyuka of.
[Mokaxem, uto romoMopdusm _F*— @*(M; _¥*) unayuupyer H3oMop-
$U3M TPOM3BOAHHIX MYYKOB TNyYKa _%° Ha NPOUSBOJHBIE MYUKH MyuKa
C*(M; .&%. Ias 3TOro paccMOTPHM B KawION TOuKe X ,TOYEYHBIH“
aBofiHolt kommiaeke CR*(M; _P*)(x) pocTkoB ceyeHHH B TOuKe X Hud-
depennuansoro nyuka @Q*(P; _#*). Tax kak Q*(M; _#P) ecTb pesoin-
Benta myuka ¥ nas scex p, 1o HI[C*(M; FP)(x)]|=0 naa ¢ > 1,
TaK YTO A1 PacCMaTPHBAEMOro ABOHHOIO KOMILIEKCA IMOJy4YaeM BHIPOX-
JeHHYI0 CTeKTPaNbHYI0 MOCAelI0BaTeJbHOCTb. B cuay Ttoro uro

HY[@* (M PPy (x)l = .Z7 (%),

chOpMyJIHPOBAHHOE YTBEPKJEHHE AOKA3aHO. .
' 3aMeTHM, ¢ JIpYro CTOPOHBI, YTO TMpEIWECTBYIOLIEE PACCYKAEHHE
[IOKA3bIBAET, 4YTO BMECTO - KAHOHUHXECKOU pe30av8eHms. myuka o nad
onpejeneHHss rOMOMOP(H3MOB HF M A)— HE(X; A) MOXKHO HCHOJb-
30BaTb 4/00Y/0 Pe30JbBEHTY, TNPHBOAAULYI0 K KOTOMOJIOIHAM NPOCTpaH-
c¢tBa X co 3HaueHHsMH B . :
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B pamkax Tex e uIe#t MOXHO TOCTaBUTH CJELyIOWHH BOMPoC.
MpeanonoxuM, uto X mnapakoMnakTHo, IR -— saMkHyTOe H JIOKQJIbLHO
KOHEeYHoe MOKpHTHe mnpocTpancTBa X. Baas B kaueciBe ® cemeficTBo
BCeX B3aMKHYTHIX MOIMHOXeCTB B X, MOWHO TMPUMEHUTb OIHOBPEMEHHO
MeTonbl m. 5.2 u 5.4. B ob6oux c/yyasx mnoJayyaloTcs CreKTpalbHble
NOCJIe]JOBATENLHOCTH, KOTOPblE HAYHHAIOTCA C Tpynnm

E}T = H? (M; $7 (A))

M JA0T B Tpenesie KOTOMOJOTHH TPOCTpaHCTBA X €O 3HaueHMsIMH B f.
SIBASIOTCA /M 3TH CNEKTPaJbHBE MOC/e10BATEJILHOCTH ,H30MOPHEIMH?

Jns  nokasare/bCTBA HM30MOPGH3MA PACCMOTPHM HApsaay € ABOHHLIMH
KOMIIJIeKCaMu

K'=C"(X; ¢ A), K'=C'@ "X A),

UCNOJb30BAHHLIMH MPH TMOCTPOEHHH YNOMAHYTHIX CIEKTPAJbHBIX NOC/HENO0-
BaTeJbHOCTeH, TpoHHOW KoMmiaekc

K=C1X, ¢ C™(X; J))]

1 OuUeBHIHbIE TOMOMODP(H3IMbI
o 6
K/__, K < K//

[unen kowmnuekca K’ 6ucrenedd (p, g¢) oTo6pamaeTcd HAa aHAJOTHYHBI
uned kommiekca K TpolHo# cremenu (p, g, 0), a unen kommiexca K”
6ucTeneHu (g, r)— Ha AaHAJOTHYHBIH uYjJeH kowmmiaekca K TpofiHo#H cre-
neiu (0, ¢, r)]. Ecau BsectH B K ¢HAbTpPAUMIO ¢ NOMOWILIO BTOPOH
ctenenu, To 0/ u 6”7 6ysyr coBMecTUME! ¢ QHALTPAUUIMH KoMmiiekcoB K’
H K”, UCNO/NL30BAHHBIMH MPH TMOCTPOEHHH CNEKTPAJbHHX MOC/Ae10BaTe b=
HOCTEH, TAK YTO TOJy4aeM Als BCeX S IOMOMOpP(HM3MbHI

* . ppa
6" 1 EY (K') — ES7 (K),
*
07" : EYY (K" — E5 (K).
TMocrasnenHas 3anaua OyneT pelieHa, eCaH TNOKa3aTb, YTO 3TH FOMOMOP-
¢Hu3MBl  ABJAIOTCA H30MOpQH3MamH. JlOCTaTouHO, BrpouYeM, CAENaTb 3TO
g §==2.

O6o3naunM uepes d’, d”, d” Tpu wacTHHX aHddepeHIHana KOM-
naekca K. flcHo, uTto

EF ) =H'(C"[X; " e"x; A)),

rie CnpaBa CTOSIT KOTOMOJOTHH, BBIYHC/IEHHbE NPH MOMOIM AuddepeH-
uuana d’4-d”. Takum o6pasoM, ec/ii BBECTH AH(ODePEHIHAIbHBE NYYKH

P =CP (M C*(X; A)),
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TO HYKHO BHIMHCIHTL KOTOMOJOTHH MOJHOM CTeNeHH ¢ IBOMHOTO KOM-
nnekca C*(X; P ). Ho Tax xak myuok

pu..? == H @ (X’ U4)M

dim (s)=p
AABJASIETCA MOHKUM, TO BHIUMCAEHHS T. 4.5 MOKA3LIBAIOT, YTO KAHOHHYECKHe
TOMOMOP(PU3MEL
r¢gn=cr @ "X 4))—>C(X F.&Y=K
HHAYLLUPYIOT £30MOpHu3MbL
Ef' ()= H'T (".2")=H"[C°(M; e*(X; ).

B cunay pesyabraTos m. 5.3, TPHUMEHEHHBIX B CJy4qae KAHOHMYECKOR pe-
30/IbBEHTLI, HAXOAUM OTCIOIA, HTO

EY (K)y==C"(M; $87(A)),

rae Y (A) — cucreMma kosppuunentos S—> H? (Ms; J£) na Hepse no-
kpuitus M, OTciosa noayuaem

EY(K)y= H" (M; 67 (A)),

YTO 3aBeplaet I0KasaTeabCTBO.

5.6. lpumep MpuIOKeHHA: KOTOMOJOTHH OO0beiuHEeHHA ).

[Mycte X sBasercs o6beluHeHWeM IBYX moanpocrpaHcts M, v M,.
BylzeM mnpeanosaratb UX OTKPHITHIMH MM 3aMKHYTHIMH OJHOBDEMEHHO.
Tlpennonaraem Taioke BO H3OexaHue TpHBUAAbHOCTEH, dT0 M), M; ¥
My = MyN M, ne nycmo. Ilyctb o — myuok ¢ Gazoit X.

PaCCMOTpPIM nokputue M mpocrpanctea X, cocrosiuee us My u My;
€ro HepBOM ABJSETCS CHMIAHUMANbHAS cXeMa A,. ILis BHYHCACHHS KOTO-
MOJIOTHH TIpOCTPaHCTBA X CO 3HAUEHMAMH B d{ MMeeM, CJeNOBaTeNbHO,
CTEKTPANbHYIO MOCAeIOBATebHOCTb, B KOTOPOH

"=H" (Ali é"é’q).
Cucrema kospduuuetos FE7 BhUUCASETCS, OUEBUIHO, CAEAYIOLMM 06pa-
3oM: ecan § = (ip, ..., [,)— p-MepHbIt CHHTYJADHEIA CUMIIEKC CXeMbl A,
TO
FUSy=HI(My; A a1 s=(0, ..., 0),

FU(S)=HI(M;; Ay nma s=(1, ..., 1),
G (s)=H7(My;; ~£) B OCTaAbHLIX CAyyasX.
1) Cerp)KaHHe 3TOro IYHKTAa He HuMeeT 3HaueHHd 1A NOHUMAHUA NOCJae-

Aylomux nyukTtoB. [Tonyuaemnii peayaptat asafercs obobmeHHeM K.’laCCH'IeCKOH‘
TeopeMn Bueropuca. .
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B cayuae, xoraa M; OTKpHITBH, 3TO CJaelyeT H3 TeopeMbl 9.4.1,
a B caydae, Korga M; 3aMKHYTH — U3 KOHUA M. 5.2 (3aMeTHM, YTO npen-
NOJIOWKEHHe O MapaKOMIAKTHOCTH He SBJAAETCS HEOOXOMHMBIM).

Taxk Kak CHMIIMIHMATILHAH CcXeMa A, HMeeT pasMepHoCTh 1, TO ficno,
YTO

Ef'—=0 ama p>2 n ¢>0.
Orciona caenyer, yro audgepeHunalisl d, CreKTPaJbHON MOC/Ae10BATE b=
HOCTH TPHBHAJbHBI A KOKIOro 7 > 2, TAK YTO MOJYyYaeM KAHOHHYEe
CKHE HM30MOPGUIMBL
pq pq

EL = Ey".
Tak kak, xpome Toro, EEl==0 nma p>2, 10 orciona cremyer, uTto
045 6CAKO020 N UMEEM MECHO MOYHAS NOCAO0BAMEALHOCHY

0—>Ey" ' H"(X; A)—Ey"—0.

Ocraercss suuncauts uiens Ey” u Ey "' B gsHoM Bume. Vmeem
Ey "= H(aA; &87).
3Hayut, 3Ta rpynna cocTOMT M3 0-KOUMK/IOB CXeMbl A, CO 3HAYEHHAMM
B cHcTeMe KOS(QHUUHEHTOB SF". Mbl umeeM
CO8y; H")=H"(My; o)X H" (M; ),
npuyeM ecau a==(x;);_, ,— Kouenb crenesu 0, TO do eCTb 3neMeHT

rpynnet H" (My N My; ), ABIAIOWMACS PasHOCTBIO Mexdy ,OrpaHuye-
HUAMH“ KJaccoB a, U a; Ha My 1 M;. Otciona cienyer, yro

EY"™ ectb moarpynna rpynnsl H"(My; oA) X H*(M;; A), \
o6pa3oBaHHas TeMd napamu (&, @;), KOTOphle HHAYUHMPYIOT |
OIMH M TOT e KJacC KoromoJjoru#t B M, N M,.

BoiuucanM reneps rpymny Ey "T'= H'(A;; $£"'). 310 moxmo
cllenath C MOMOLLBI0 GLbMEPHUPOBAHHLLX KOlUeNeH cxeMbl A, cremend 1.
Takas KOUeENb SBJASETCH BCErAa KOUUKIOM H OTOXKIECTBJAETCS C SJeMeH-
tom rpynnm H'"'(M, N M;; A). Ona sBasieTcs Korpamuueft Toraa
TOJIbKO TOTAA, KOTA NPEACTaBUMA B BHAE PA3HOCTH ABYX KJACCOB, HHAIY-
LLMPOBAHHBIX KJIaccaMu KoromoJoru#t mnpocrpaHcts My u M;. Hnuaue
roBops,

-1 -
Ey ™! ects ¢aktop-rpynma rpymmet H*™' (M, N M,; A)
no mnoarpynne, o06pa3oBaHHOH TeMH KJIAacCaMH KOTOMOJO-
ruil, KOTOpHe ABJFIOTCA PAsHOCTAMH ABYX K/IacCOB, WHAY-
UHPOBARHBIX KJaccaMu KoromoJoru#t npocrpancts My u M.
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YuraTenio ocTaBiasieTcs ABHOE BBIYHCJIEHHE rOMOMOP(H3MOB, QUrypH-
PYIOILHX B HAMHCAHHOM BhIlle TOYHOH NOC/IENOBATEJLHOCTH, H BOCTPOH3-
BeleHHE HX 3JeMEeHTapHbIMH (T. e. 6e3 HCrnoab3oBaHMA Kako#-i1n6o cnek-
TpPaabHOH NMOC/NEN0BATENbHOCTH) CPENCTBAMH.

5.7. Mepexon k 60Jee MEJIKOMY NOKPHLITHIO.

Mycre M= (M)),., n N = (Nj);¢ ,— LB OKPHTHS NPOCTPAHCTBA X.
Ecau R Brucano 8 M, TO cumninynarsisls Omo3payiceruem HOKPbi-
tia N B M M GyieM HaseiBaTh BcAkoe orToGpaxenue 0:J—/, nisa

KOTOpPOTO
N,= My

npu Bcex j. Jlioboe Taxkoe oToGpaxeHHe OmpejesseT HEKOTOPOE CHMIUIH-
IMajbHOe OTOOpameHHe HepBa NOKPHTHA R B Heps nokpuitus N, HO
obpatHoe, BooOuie rOBOPsS, HEBEPHO.

Mycts M, N u 0 sanaue;; paccmorpuM mpeanyuok o€ ¢ Gasoit X.
Bynem mnpeanoaarath, uro N u Y -— oTKpHITHE NMOKpHTHA, eciH Jf He
apiseTcs nyukoM. Toroa uMeeM roMOMOP(H3M CHMIVTMIHMAJIBHBIX KOM-
N/IEKCOB

0" : Co (W; A)—>Co N; A)

aas moboro cemeicrsa @ Hocuresneft B X. [lis onpeneseHHs 3TOro ro-
MOMOp({H3MA [OCTATOYHO CONOCTABHTb KaXAOW KOUEMH o TOKpuiTHR N
crenenu n xouent 0*(a), 3alaHHYIO CAeLyOWUM OOpPasoOM:

0* (a), . —= OTPaHHYCHHIO 3JIeMeHTa q, . .\ H
()]0...]n orp 8(jo) ... 1(j,) Ha

MHOKeCTBO Nj .. j < My (jy ... 0 (),

flcHO, yTO HMMeeM Aaxe TOMOMOPQH3IM nPeOnyYLKo8
CT (I A)— C*N; A,
COBMECTUMBIH C HX OUEBHUIHBIMH ,CHMILIMUHAJbEBIMA CTPYKTypaMH“.

Teopema 5.7.1. Ilycms 0, u 6, — cumnruguazvnoe omo6pasice-

nusn noxpumus N 8 M. Tozda zomomoppusms 8y u 01 cumniuguarsno
Z0MOMONHYL. ' ‘
Mbl ucnoab3yeM 3zech pesyabTatel n. 3.7 ra. I, PaccmMoTpum s
gToro KoMmiaexc [*=C"(4,; Z) LeJOUYHCICHHHX CHHTYISPHBHX Kouerne#
CHMITIMLHAJIbHO! cXeMbl A;, MBbl 10MXKHBI MOCTPOHUTb TFOMOMOD(HIM

Co(M; A) > I" x Co(R; A), ¢y
KOMIIO3HUMH KOTOPOTO C KaHOHHYECKHMHM TOMOMOphH3MaMHU

Jo Jii T x Co(R; A) - CoR; A @
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maor 05 u 0]. ObpasyeM 44 3TOrO MOKPHITHE
9‘—z:([\/s,i)’

roe e npoGeraer A, j npoGeraer J, N, ;= N; ans mo6ux ¢ u j. Tlo-

kpoitug N u N sxBuBajdeHTHH !), HO He COBMAIAIOT, M HepB MOKPHTHS N
IB/SIETCS, OUEeBHIHO, [1eKAPTOBBLIM NMPOU3BeleHHEM cXeMbl A, HA HepB no-
kpoitus M. FmeeMm, KpoMe TOro, KaHOHMUECKHH H3OMOPdH3IM

I'x Co(R; A)=CsH N; A), (3)

onpenensemMbifl caenyiouuM obpazom. Boabmem xouemn AECP(A; Z) n

vECE (R A). Ilns moGbIX 3381aHHBIX pP-MEPHHIX CHHTYJSAPHBIX CHMILIEK-

COB § M ¢ cXeMbl A; M HepBa NOKpPHTHA N uMeeM, OUEBUIHO,
Ns,t:Nt'

Torna romoMop¢uaM (3) npeobpasdyerT 3JeMEHT A x v CTeNeHH p JEBOTO
xoMmnaekca B kouenb A x vECEH (N; A), onpenrensemyio ¢opmyno#

()\ X V)s’t :)\(S) © Vg (4)
[locsie 3TOrO JeErko nposepsercs, 4YTO NPH OTOMIECTBJIeHUH (3) romo-
Mop(puaMbt (2) ONpeneJsioTCss CHMIIMLLHAJIBHBIME OTOOPaXEHUAMH MOKPBI=
tua N B N, a uMedHo oToGparkeHHAMH

¢: />0, ) u o j—>(1, ).

PaccmoTpuM Temepb cHMMIHUKAAbHBE oToGpaxenus 6, u 6, moxpwirua N
B M. OHH omnpenensioT cuMmuMuMaibHoe oTo6pamenue O mokpwitus N
B P, a umenHo orobpawenue (g, j)—>0,(j), H, cleIOBATE]bHO, T'OMO-
MopdH3M

6" : Co (M3 A)—>Co M5 A).
TpusuanbubiM 06pa3oM nposepseTcss, YTO
cp’:-o 6*:(6 ° c.pe)g = 6:.

CienoBarelbHO, NOC/e OTOMIeCTBAeHHs (3) romoMopdHam 6* urpaet posb
HCKOMOTrO roMoMopguaMa (1), uTO ¥ LOKAa3bIBAET TeOpeMy.

[Tonb3ysch BbluHcaenHsMu m. 3.7 ra. I, MOMHO HaliTH sBHBIE BHA
COOTBETCTBYIOUIETO OMEpaTopa TOMOTONHM. ITOT OMEparop MNepeBOLHUT
Kollenb & creneHd n nokputus I B kouenb Da crenenu (n— 1) no-
kpoitus N, sananuyio Qopmyaok

D@,y =2 DR, (0,00 U)o U

1) Mokpuitua M u N npoctpanctea X Ha3HBAITCA 3SKBHBAJEHTHHIMH, €Can
OHM BMHCaHBl JAPYTr B APYra, T. €. eCJH CYLIeCTBYIT CHMIVIMIHAJbHble OTOGpa~
weHua M —> N u N> M. — lpuns. peo.
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NpHYeM B MPaBO# YaCTH TMOAPA3YMEBAIOTCS OFpaHUUEHHS YKa3aHHLIX 3Je-
MentoB Ha Ny, .. ;.

3aMeTHM, C IDYrodt CTOPOHBI, YTO B MPelUIECTBYIOLIEM DPacCyAEHHH
nokpeitus M uw N mowuo saMennts na M N U u NN U, rae
U — npouasoabHoe oTKphiToe B X MHOxecTBO. TakuM o6pasoM, Teopema
NpUMEHHMA He TOJbKO K KOLENHBIM KOMMJAEKCaM, HO U K COOTBETCTBYIO-
wuM npednyscan CT(P; A) u C*(N; JA).

IlpemuecTsyiolas TeopeMa NMOKa3biBaeT, 4ToO Aas Ji060ro ceMetictsa @
HOCHTeAeH B X MOKHO ONpeleNUTb KAHOHU4eCKLEe TOMOMODP(UAMBI

Hg (0, A)—> Hg (R; A),

a4 eCId uMeeTCd TpeTbe MNOKPLITHE SE, BMHCAHHOE B 9?, TO Iuarpamma

1|1q'f em; af)ﬁl'ﬂ R; A)
L
Hg ($; A)

6yneT, OUEBUIHO, KOMMYTaTHBHOM.

Ecau A —nygor, a M u NR— audo omrxpwmse, 4u60 3aMKHY-
mele 4 AOKAABHO KOHELHble nOoKphimusA (BUPOYEM, HE HYKHO NPENNO-
naratb, 4To oba l'[OKprTHﬂ HMET OJHH H TOT XK€ TH]'[), mo OuaepaMMa

Hy (M; A)—> Hg (R A)
l |
N

Hi (X; A)

Kommymamusna, 1o crenyeT M3 TteopeMsr 4.7.2, kacawouiefica romo-
MOP(¢HU3MOB DPE30JIbBEHT.
Hakoneu, ecau gsa nokpuitus P u N axsusarenmusvt, 10 nMeeM

KaHOHHUYECKHE H3OMOP(HU3IMbI
Hy (D A) = Hy (B A).

JloCTaTOUHO BHOPATH HEKOTOPBIE CUMIJIMNMAAbHEIE 0TOOpaKenus ¢ : I — N
u¢:N—>MDM, u Torna B cuny Teopemn 5.7.1 orobpaxenus ¢o U Yoo
GyLyT ONpeneNaTh B KOTOMOJOTHAX TOKAECTBEHHBIE OTOGpaXeHHUs, OTKy1a
M ClelyeT yTBEPKIeHHE.

B uwactHoctu, ecau noxpumue M mpusnassno (1. e. ecam M, =X
Las Kakoro-uubynn i), mo Ha(M; A)=0 041 Kasxdozo n>1 u
2106020 A, Tak Kak N SKBUBAJAEHTHO MOKPBLITHIO, COCTOALLEMY M3 ejHMH-
CTBEHHOTO MHOXECTBA X, KOTOMOJOTHH KOTOPOTO JErKO BBIMHCAAIOTCA.
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5.8. Koromoaornu Yexa.

Pesy/ibTaThl Mpe/llleCTBYIOLIEr0 MNYHKTd HABOAST HA MEICAL O Mepe-
Xolle K MHAYKTUBHOMy npemeny rpynn Hg (D A) uiu xe KoMniexcos
Co (M o). Mb nokaxem cefiyac, KaKk 3TO HalO AeJaTh.

PaccmorpuM muoocecmeo R (X) omxpetmelx nNOKPHTUH NpPOCTPaH-
ctBa X Buia

U=, rie x€U, a1 moboro X,

xEX?

B HeM MOKHO BBeCTH omHuoutenue nopaodka, cunras << B roraa u
ToJpKO TOrAa, Korjga U,cV, ana moboro x.

Ecmu U <€ B, To uMeeM KaHOHu4ecKOe CUMIIMIHAILHOE OTOOpaNe-
nue nokputua W B B, a umenno otobpaxenne X —> X, U TAKUM 00pasoM
NOJyyaeM KQHOHUYeCKUul TOMOMOP(HU3M

Co (B; A)—Co(1; A)

CUMILIMILHA/IBHBIX KOLEMHEIX KOMIUIEKCOB s Jioforo ceMefictea @ HocH-
Tenett B X. 3TOT roMOMOp(H3M onpejesseT, pasyMeeTcs, roMOMOPQH3MbI

H3 (B; A)— Hy (1, A),

U3yYeHHbIe B TpENBLAYLIEM MYyHKTE.
OueBuHO, MOXHO 00pa3oBaTb KOMIJIEKC

Ch (X; A)=Ilimind Cp (11; A).
R (X)

OH HasblBaeTC KoMnaexcom xoueneld Hexa npocmpancmsa X ¢ Hocu-
measmu 8 O u 3navenusnu 8 npednyixe JA. D10, OUEBUIHO, CUMNLU-
yuarbulli Koyenrnold xomnaexe. I'pynnel

Hy (X; A)y=H"(Co (X; A) = lim ind Hy (L A)
By

Ha3HBAIOTCA 2pynnamu Kozomoaozuli Yexa npocmpancmsa X ¢ Hocu-
Tenamu B © u 3HauenusMu B A.

MMycts M — Kkakoe-AH60 OmKpbimoe TOKPLITHE NPOCTpaHCTBa X (MJH
naxe, ecan of — Ny4ok, NMOKPLITHE, B KOTOPOE MOXKHO BIHUCATb HEKOTO-
poe OTKpBITOE MOKpLiTHE). liMeeM Toria KaHOHHYECKHE TOMOMOD(UIMEL

HEOR, A)—> Hi (X; A).

Has ux onpenenenus suiGepeM mnokpwmitue 1€ R (X), pnucanHoe B M,
M DacCMOTPHM KOMIOSHUHIO KaHOHHYEeCKHX TOMOMOP(H3MOB

HEER; A)—> HEQG A) 1 HEQL o) —> HECX: A).
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Toraa noayuntcs roMoMopdusm HymHoro suna. OCTaeTcss LOKAa3aTh, HTO
OH He 3aBUCHT OT BHGOpa mokpeitua 1. 3amenum Il nokpeitnem B € R (X),
snucannbiM B M. Cywectsyer nokpeitue € R (X), yrosrersopsioiiee
yeaosusM W<€ U, WL B, u tpebyembiit pesynbTaT HEMOCpPEACTBEHHO
BHITEKAET W3 KOMMYTATHBHOCTH C/eAylouled AHAarpaMMEL:

Hg (; d{)e]ﬁ%(’))?; df)—>121$(‘l§; A)

Nt
Hp (B; A).

Ou4eBUIHO, HMEIOT MeCTO CJeLYIOUIME pPe3yJbTaTh (Mb pacCcMaTpPHUBAEM
TOMbKO OTKPBITHIE MOKPHITHS, eCaM £ ~— NMPEANYYOK, H MOKPBLITHA,
B KOTOPHIE MOXHO BNUCATh OTKPBHITBIE, €CAN A — MYUOK):

(@) Ecau M snucano 8 M, mo duazpamnua

Ho (M A)— hlféf R A

KOMMYymMAamusra.
(b) Zaa mozo umoGs saemenm 2pynns. Hy (M; A) annysuposarcs
8 HZ (X; ), HeoOx00umo 1 O0CMAMOUHO, 4MOBH OH AHHYAUPOBAACSH

8 Hg(M; A), 206 R — nodxodawunr o6pa3om swbpanroe noxpsmue,
snucannoe 8 M.

(c) O6sedunenue ob6pasos 2pynn Hg(M; A) ecms 8ca zpynna
Hy (X; JA).

MoxHo, crefoBaTeJbHO, CKa3aTh, YTO B HEKOTOPOM CMbIC/JE Tpynna
HY (X; A) aBaseTcs ,HHAYKTHBHBIM npexeaoM® rpynn HE(M; o), xoraa
IR npoberaer ,MHOKECTBO® (He SBJAIOLLEECS HA CAMOM [ejie TaKOBBIM)
,BCEX“ OTKPBLITHIX NMOKPHTHH npocTpancrsa X. Pasymeercs, Mis Bbruuc/e-
HUs rpynn Yexa MOXHO OrpaHMYMTHCS PaCCMOTPEHHEM HEKOTOPOH ghyn-
0aMeHmAnsHOl cucmems OTKPHITHIX NMOKPHITHH npoctpancTsa X. Hanpu-
Mep, ecad X KBa3HKOMNAKTHO, TO MOXHO OrpPaHUYMTHCA FPYNNAMH KOro-
MOJOTHH KOHE4HbLX OTKDHITHIX NMOKPHITHR NpocTpaHcTBa X.

OTMeTHM TaKe, MNepex0df K OAPYroMy Kpyry uieH, cJjelyouius
pe3yabTaT, KOTOPHH OyleT Mo3¥e HAM MoJe3eH.

Teopema 5.8.1. Ilycmy X — nexomopoe monoaozuveckoe npo-
empancmgo, © — cemelicmso Hocumeneli 8 X u npeonosoxcum, “mo
ao6oe SED umeem nexomopyo oxpecmuocms, npunadrescauwyio D,
Tozda gynrmop A—>Co(X; A) npeobpasyem 4106y mowuyw nocae-
008ameabHOCMb NPeOny4K08 8 MOUHYI0 NOCAEO0BAMEALHOCIE KOM-
naexcos.
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[yctb
O> A >A—>A"—0

— TOo4Has MNOCAenN0BATEAbHOCTL NPEINYYKOB. Torna nns moboro OTKDbl-
toro U COOTBETCTBYOILAA NOC/J210BATEC/IbHOCTD

0> A (U)>AU)—>A"(U)—>0

TOYHA H, CJEINOBATEJbHO, LI KAXKIAOTO OMKpLLMOZ20 NOKPHITUS 1 uMeem
TOYHYIO MNOCJAEI0BATENLHOCTb KOMIIJIEKCOB

0o->C'(1; A)—>C*U; AH—>C*U; A)—0,
OTKyla B npeleJie MOJyYdeM TOYHYIO MOCJELOBATEIBHOCTh
0> C*(X; A)—>C*(X; A)—>C*(X; A)—>0.

Ecan orpaHHuMBaThCs KouendMd ¢ HocuTensmd B @, 1o sAcHO, uro 3Ta
MoCJ/e10BaTENLHOCTL OCTAETCA TOYHOH cJeBa. 3HaqHT OCTaeTcd NMOKa3arTh,
4TO TOMOMOPGU3MEL

CE(X: A)— CR(X; A

ABJAIOTCA 3MHMOPQUIMAMH.

BoabmeM 114 9TOrO HEKOTOPHH 3JeMeHT a” NpaBoro KOMIIeKca,
NpeNCTaBAeHHBIA B IMOKPBLITHH u—_—(Ux)xEX kouenelo B” ¢ HocutejeM
SE€®, n nycte TE€ @ — HekoTOpad OKPECTHOCTb MHOXKecTBa S.

Mbl MoxeM B cayuae HeoGxomuMmocTd 3aMeHuTb U noxpuiteM B <& I
H moToMy OyleM NpearoJaraTh BHIIOJHEHHLIM YC/OBHE:

(@ U,cT 0an scex x€S.

C npyro#t cTopoHt, Kaxnas Touka x € X \ S obnanaer Tako# OTKphi-
TOH OKpecTHOCTbIO V,, uTo Ia /10GOr0 p-MEPHOTO CHHIYJISPHOTO CHM-
nIekca S HepBa l'lOKprTHﬂ U saement B uunyumpyer 0 B U, NV,.
CHoBa B cJayyae Heo6xoauMocTd HU3MeHsAs 11, MOMXHO CUYMTATb, YTO
V,=U,. Ho ecin s=(x,, ..., xp), T0 HMeeM U ;c ka A9 Bcex k.
OTcioaa ciaenyer, 4TO MOXHO MPEAroaaraTh BHIMOJNHEHHBIM YCJIOBUE:

(b) Ecau ne 8ce 8epuuns. cumniexca s=(Xy ..., Xp) npuiad-
sescam S, mo B =0.

Beuny sTtoro mas kaxmoro s cymecTByer saeMeHt 3, ua A(U)),
KOTOphfl oTOOpaxaercs B B, npH 3alaHHOM TOMOMOpdHaME A—> A"
Bonee Toro, MoxHOo npemnosarath, 4rto B,=0, ecan a,=0, T. e.,
B cuay (b), ecau He Bce BepUIMHBE CHMIJeKca S NpHHadtexat S. B cuay (a)

SICHO, YTO NPH STOM onpelensercs kouenb BECY(U; A) ¢ nocumesen
8 @, npencrapasomwas 37, H TeopeMa noKasaHa.

Ha npezuueCTBylomeH TCOPEMBI CJAENYET, YTO HMEETCA mMoUHaAs nocise-
dosamenvrocms Ko2oMoa02uli Yexa nns BCAKOM TOuHOM nOC/IEAOBa-
TEJbHOCTH npedny4xos W Besakoro cemedcTsa @ HOcHTeNeH ¢ yNOMSHYTHM
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BHILE CBOHCTBOM. MBI yBMAMM nO3xke, 4To ecau ceMeltictBo © — napa-
Komnaxmugugupyouee, TO TaKxe HMEeTCA TOYHAs MOCJeL0BATE/NbHOCThL
koroMoJsiorH#t Yexa nang w060t TOYHOft nNOC/EROBATENBHOCTH NYLKOS.

5.9. CnekTpanbHas mnOCJHEAOBATENbHOCTb, CBA3AHHAH
¢ KoromoJaorusamu Yexa.

Mycts X — TONoJOrHueckoe NPOCTPAHCTBO H Jf — ny4ox ¢ Gasolt X.
Ecan 3anann oTkpuitele nokpuitis W u B, npuuem B snucano s U, To
uMeeM KOMMYTAaTHBHYIO [IHAarpaMmy

1|1" 5 ) —> H* (B; A)

H" (X; A.
B uactdoctu, Geps mokpwoitust u3 PN (X) u mepexois K HHAYKTHBHOMY
npejeny, NPUXOAMM K KAaHOHHYECKMM TOMOMODQU3MAM

H"(X; A)—>H"(X; A). I

Mpl BrBelleM HMX cefiuac M3 HEKOTOPOH CMEKTPaJbHOH MOC/EA0BATE/Nb-
HOCTH.

Mycrs &= @*(X; A)— xaHoHHuecKas pe3ojbBeHTa nyuka f;
obOpasyeM 1BOHHOH KOMILIEKC

C*(X; =2 CP (X, FY.
liMeeM KaHOHMYECKHE FOMOMOPGhH3MEI
Er o ) I Er ) < T,

C apyroft CTODOHHI, MOJAYYalOTCH CJEAyIOLIMe CNEKTpaJbHbE MOC/Ae10Bad-
TeJbHOCTH. KIMeeM, OuYeBUAHO,

B cuay TeopeMmb 5.2.3. Ilanee,
"EY = H (CP (X; )

Ho ¢yukTop oF —> C? (X; oF ) Touen Ha xamezopuy npedny4ios. Orciola
CAeayeT, YTO ecaM BBeCTH Ha X npednyuxu

1. U—HI(&*(U))=HY(U; A,
TO NOJAYYHM } .
‘B =CP(x; #9), 'EF = HP(X; $¢9).

TakuM 00pasoM, MBl NPUXOJMM K CJAELYIOILEMY DE3yJbTaTy.
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Teopema 5.9.1. [Tlycms X — monorozuvecxoe npocMpancmso u
A — nywor ¢ 6asod X. Paccmompum npednyirxu

FUX; A): U—->HI(U; A.
Tozda cywecmsyem CneKmpaAbRas nOCAL008AMELBHOCMYE, 048 KOMOPOL
EY =H(X; S#°(X; A))

a unen Eo nasasiemcs 6uzpadyupos8annoi zpynnol, C8A3AHHOL ¢ Hao-
aedicaugedl puarvmpatueit 2padyuposandoii epynne H* (X; A).
3ameruM, uto FEO(X; A)= A, 4, crenoBare/bHO,

//Ego — HP (X, d{)-

Orciona, OueBMAHO, CHOBA TOJYHAIOTCA TOMOMOPQU3MB, ONpele/eHHbIe
BLIILE,

Caencrsue. [Iycms X — monosozunecxoe npocmparcmgo & A —
nywox ¢ 6asoi X. Kanonusweckull zomomopdusm

H"(X; A)~> H"(X; A)

asanemcs u3omopgusmon 0aan==_0, 1 u monomopgumon o n=2.

MMpu n =0 3T0 yTBepKAeHHe TPHBHAILHO. B cuiy Teopuu cnexTpasb-
HBIX TIOC/IENIOBATENBHOCTEH ABa APYrMX yTBep:ienus OyayT yCTanopJeHw,
ec/IM TOKa3aThb, HTO

HOX; S8V (X; A))= 0.

Ho nyuox, noposcdennntii npednyuxon F69(X; A), asasemcs nHyresom
048 q > 1 (TaKk KaK JOKAMbHO BCAKUM KOUMKI U3 P dBjdercs Korpa-
nutteft). OcraeTcd mMO3TOMY NOKasaTh cJeAyloLlee.

Jlemma., Ecau npednywox F noposcdaem HYAeB0L NYy1oK, MO

HY(X; F)=0 u dame CO(X; F)=0.

JleHicTBHTE/ILHO, PACCMOTPHM TPOHM3BOJIbHYIO Kouemb o€ CO(X; F).
B noxpritun W= (U,), .y oHa Oyrer npeacrasieHa cemelicteoM (a,),
rie o, €oF (U,). Tak kak ¢F NOpOkA3ET Hy/eBOH MyuoK, TO Kamuas
TOYKa X HMEeT OTKPHTYW oKpectHocTs V,cU,, B Kotopo#t a, HHAy-
uupyer 0. 3amenss W Ha B=(V,), nonyyaeM TpeSyembi#t pe3yibTar.

Bce npeniiecTByOliiie pesy/AbTaThi PaclPOCTPAHSIOTCS Ha cuayvalt
NPOU3BOJNbHOTO ceMeftcTBa @ HocHTedeft, yNOB/ETBOPSAIOLIErO YCJIOBHIO,
KOTOpoe copMmyaupoBaHo B TeopeMe 5.8.1 (kaxaoe S € P umeer okpect-
HOCTb, npuHaldexaumyo @). [lpy 3TOM HeT HYXIbl H3MEHATb UTO-IHGO
B caMOM paccyxJgeuuu. JloctaTouHo npunucate uuaexc @ ko BceM pac-
CMaTPHBaeMBIM TPyMMaM.
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Teopema 5.9.1 wuMeer M 1pyroe crleacTsHe, OCOOEHHO MOJE3HOE
B anare6panueckot reoMerpuul),

Teopema b5.9.2. ITycms X — monoaozusecxkoe Rpocmpancmso
u A —nywor ¢ 6azoi X. Ipednoaoxcum, umo moxcnHo noxpeinms X
cemeiicmgon U omupomorx MHONCECMB, OFAQ0QOUWUM CAe0YIOUUMU
cgolicmganu:

(a) Ecau U codepacum U’ u U”, mo ono codepmcum U’ N U";

(b)Y U codepscum npou3sorsno massie OmMKpsimsle MHONCECMBA,

(©) HY(U; A)=0 0aa scex g >1 au UEWU.

B amux ycaosuax zomomoppusme. HU(X, A)—>HI(X; A)
ABAAIOMCA UIOMOPPHUIMAMUE.

Mpt nokaxem ceftuac urayKuHel o n, uro roMmoMopduamel H* (U; A) —
— H"(U; A) spasorcs uzoMopdusMamu Mast sesxkoro UE U. Orcwona
6y.eT cnen0BaTh CIPaBEAMHBOCTb TeopeMbl. [eficTBuTenbHo, B cuay (a) u (b)
npH Buiyucaenuu rpynn C* (X; FE7) MomHO HCNO/IB30BATH TAKME MOKPHI-
TUSA (Ux)xex’ 4yTO BCeraa U"n"-”ne U. B cuay (¢) u BbIcKasaHHoOro

Bhillle yTBEPXKIEHHS HMeeM cooTHomeHue C*(X; ) =0 a11s ¢ > 1.
Tenepb TeopeMa cjenyeT u3 TeopeMsl 5.9.1, Tak KaKk COOTBETCTBYIOLLAS
CTMeKTPaNbHasA MOC/JIeL0BATENbHOCTL BHIPOMK A€HA.

Urak, npeanonowum nokasanusiM, uro HY (U; A)=0 nas 0 < g < n
u UEU. Orciona caenyer, uro C*(X; ) =0 s 0 < g < n. HUnaue
rOBOpS, CeKTpaJbHas NMOC/IeN0BaTe/ILHOCTL Teopembl 5.9.1 yaoBaeTBOpseT
YCIOBHIO

EVf'=0 nma 0<g<n u p>0.

Orciona, noabsysacy ofbilell TeopHell cneKTpaJbHBIX MOCAEA0OBATENLHOCTEH,
noJy4yaeM, YTO KAHOHHYECKHUH TOMOMOpP(H3M

E}’=H"(X; A)— H"(X; A)

apaserca usoMopthuaMom. [IpuMeHsst Tenepb 3TOT Pe3yAbTAaT K MyYKy Hail
U € U, unnyunposanHomy nyuxkom £, u cemettctsy U’, KoTopoe cocTouT
us Muoxkects U’ €U, comepxaiuxcs B U, noiyuaeM, 4To roMoMopdusm
H"(U; A)— H"(U; A) sBasercs usoMopduamom. J0KasaTelbCTBO 3a-
KOHUEHO.

5.10. Teopema o6 usomopduame.

Mbp1 moxeM Tenepbs cpopMyaMpPOBATE OCHOBHOX pe3y/ibTaT HACTOSLLETO,
naparpada. S
Teopema 5.10.1. [Tycms X— monoaozuuecroe npocmparcmso,
A —nydor ¢ 6a30d X u © — napaxonmnaxmugugupyouee cemeiicmso

1) 1ot pesyabfat npHHapaexut A. Kaprany.
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8 X. HarnoHuuecrue 20moMmoOpPpuzmst ‘
Hy (X; o) —> H3 (X; A)

ABAAIOMCSE UIOMOPPUIMAML.

B cuay Teopembl 5.9.1 3TOT pe3yabTaT BLITEKAET H3 CJEAYIOUIErO
pesyJbTara.

Teopewma 5.10.2. [Tycms X — monorozuuweckoe npocmparcmso,
© — naparwomnaxmugugupyowee cemeicmeo 8 X, A -— npednyvox

c 6asott X. Hueen HL(X; A)=0 0aa w6020 n>0, ecau nytor,
nopodicoenublii npeonyuxom A, A8AAEMCA HYAEBHIM.
Mer  nokakem npexie Bcero, uro JMo6OH Kjaacc KOroMosorui

E€ Ha (X; A) MOKHO MpeACTaBMTb KOUKMKJIOM HAMIEKAUETO L0KAA6HO
KoHeunozo mokpuiTHa Il. 3areM Mbl NoOKaxeM, uTo J1100as Koygens 3TOrO
MOKPHLITHA CTAHOBHTCS HYJeBOH TpU Tnepexolle K HallexalluM 0o6pa3soM
BLIODAaHHOMY BIHCAHHOMY B HEro TOKpPHITHIO. TeM cambiM TeopeMa OyneT

JI0KAa3aHa [SHMeTHM, YTO Mbl. He [0Ka3biBaeM pABEHCTBA Ciu(X; a{):O].

Wrak, paccmorpum £ CyulecTByeT Takoe OTKpPLITOE TMOKPLITHE
U= (U))..,, uro & npeicrasisercs KOUMKJIOM a MOKpeITHA 1l ¢ HoCcHTe-
Aem S Z®. BosbMeM okpectHocTs S’E€ @ MHOwkectBa S. MoxHo, oue-
RUAHO, MPENrNONOKHTh, UTO BCE U,, uMe0llne HemycToe mnepeceyeHne ¢ S,
colepxarcd B §’. OO6o3HauuM yepe3 [, MHOXKECTBO TeX i, AMA KOTOPHIX
U,NS + ¢.

Tak kak S — HOCHTeJb KOIMKJA &, TO Kaynas Toyka x € X \ S HmeeT
TAKYI0 OKpecTHoCTh V (x), uro a, uaayuupyer 0 B U NV (x) ana mo-
6oro cumriaekca s nokpeitua ll. 3aMensia 1l BMHCAHHBIM B Hero MOKpbl-
THEM, MOMHO TPeanooKUTh, Yro Kawaoe U; (i { IO) CONEPKHUTCS B ONLHOM
u3 V (x), M, c/e10BaTeNbHO, MOXHO CYHTaTh, uTo oy =0, KOraa He BCe
BEPILMHE CUMIJIEKca § TpuHanaexar [,. SlcHo, uro £ mpelcTamr/eH yxe
KOUHKJOM (C HocuTesteM S) nokpwitHs, cocroswero us U, (i€ /), u or1-
KpbiToro MHOmectBa X \'S. WHaue roBopsi, MO%HO npeonoroxcums,
4ino cywyecmsyem marod undexc ocl, amo U,=X\ S ¢« U,c§
o [ 0.

Tak kak S’ naparomnaxmuo, TO . CYUIECTBYET ero OTKpBITOE JO-
KaJbHO KOHEYHOe TIOKpbLiTHe, BNHUcaHHoe B 1N S’. MoHO NpeanoJoXHUTh,
YTO OIHO M3 MHOXECTB 3TOr0 HOBOTO TMOKPHTHA ecThb S’ \'S, a apyrue
conepxarca B U;(i s 0) u, crenosateabHo, OTKPHTH B X. Moo,
maxum o6pazom, ciumams I 10KAN6HO KOHEUHBIM NOKpbiMuem. Ana-
A02UYHOe paccyscoeHie TIOKA3LIBAET, YTO MONCHO NPeOnoOAONCUMb CY-

ujecmgosanue maxozo omipsmozo noxpsimus (V) ., wmo V,cU;

Oas grex [€ 1. JruMm 3aBepluaercs nepsBas 4acTb [OKa3aTe/bCTBA.
PaccMOTpUM OTKDHITOE 20KQABHO KOHEWHOe ROKpbimue 11-———(U,-)l.€,

M [IpeAnOJIOKHM, YTO CYIIECTBYeT OTKPHITOE NoKphITHE (Vi)zel' Ads

17 P. Tonemau
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KOTOPOTo Vic: U;. Mn jokaxem ceftuac (6e3 kaknx-an6o npeanonoxeHnit
oTHOCHTenbHO X u He obpawasch k cemefictsy @), uro nobas kouens
noxphitus 1 co sHaveHusmu B of MHAyHHpyeT ( Ha HEKOTOPOM IOKpbi-
THH, BrnucaHHoM B . JleHCTBHTeJbHO, BO3bMeM 1Jd JMI060H TOYKH X OT-
KPHITYI0 OKpeCTHOCTb W ,, MMEIOILYIO -HENyCTOe MepeceyeH’e JMHillb € KO-
HeUHbIM YMC/IOM MHOKecTB ;. MOXKHO, OYeBU]HO, NMPEMTONOKUTb BHITOJ-
HEHHBIMH CJelyloulue yCJa0BHA: 4

(a) coomnourenue x € U; saevem 3a coboii W, U

(b) coomuowenue x €V, aenem 3a cobott W,V

(c) umeem x €U, ecau W NV, + ¢.

C apyro#f cropoHm, Tak Kak Tnpeanydyox of NOpPOmIAeT HYJIEBOH
ny4yok, To Jgiobas Touka x € U, uMeeT OKPeCTHOCTb, Ha KOTOPOH o
uHayunpyer 0. JTa OKpeCTHOCTb MOXeT ObITb BHIOpP2HA HE3ABHCHMO OT §,
tTak Kak 1l — jokaabHO KOHeyHOoe MokphiTHe. MoxHO, caenoBaTtesbHO,
Mpeano/araTh BHIMOJHEHHEIM YCJOBUE:

(d) ecau x€U,, mo a,=0 8 W,.

BriGepeM Tenepb HEKOTOPOE CHMILIHIMAMbHOE OTOGPANEHKHE © IMOKPbis
™ B = (W ,) B noxprrtie B=(V,). 310 orobparkeHne MOmMHO paccma-
TPUBATL TaKXKe KaK CUMIIMLHAJIbHOe OTOoOpamenue mnokpeths B B 1,
Mpr mokaxcem cefiuac, yto ¢*(a)=0.

Mycts (X, ..., X,)— CUHTYASpHbI cuMIekc HepBa moxpurus I8,

[Monaras i, =@ (x,), BHAMM, uTO “P*(a)xo...x” ABJASIETCH OTPAHHUYCHHEM

9/MEMEHTA &;, ... ; HA MHOXECTBO
Wi ... ﬂWxn.

Tak Kak 9TO MHOKECTBO He MYyCTO, TO W’xonW/xk:é-qS U teM 6oJee
We N Vik;& ¢, Tak u4to x, €U, ... i, B CHIY yCTOBHS (¢). Tlo ycnoButo (a)
umeeM W, c Uiu--~i,,- Torza B cuay ycjaosusi (d) %, ... 1, MHAYUHpYeET 0
Ha W, u tem 6ojee Ha on...x”: 4YTO M 3aBepilaeT NOKA3aTeJbCTBO.

Crnencreue. [Tycmy A —npednyson ¢ 6a3oii X u ® —napa-
rwomnaxmuguyapyouee cemelicmso 8 X. Kanonuneckue 2omomopgduamol

HAY (X, A)— HE (X A)

neasfomes usomopgpusmanu (wepes A 06o3nanen nywox, noposcie-
noli npednyuron A).
ﬂeﬂCTBHTeHbHO, HUMEIOTCA, OUYEBHIHO, TOUYHBE TII0CJACAOBATEJIbHOCTH
NPEANYYKOB
Oa>N—>A—> T —0,

0——)5—-»%—»@-;01)

1y ABTOp paccmaTpHBaet 3jeth npenyukn & = Kerg, & = Im 3, & = Cokerg,
tie ¢ A > oA — kaHOHUUECKHH rOMOMOP{PU3M NMpeAnyuxoB. — [Tpur. nepes.
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W, CcjleloBaTeqbHO (TeopeMa 5.8.1), TOuHble MOC/EA0BaTENbHOCTH KOFOMO-
gorutt Yexa. Tax kax npeanyuku N° u G nopoxaaior 0, To chopmy.au-
POBAHHLIK pe3yJabTaT CJedyeT H3 Npedblaylllel TeopeMbl.

Mpumep 5.10.1. BosbmeM B xauectse £ npeanyuox U — A, rae
A — ¢uxcupobanHas abesesa rpynna. Mpl BUANM, uTO KOroMoJuorun Yexa
CO 3HAYEHHMAMM B NPOCTOM ny4xe ¢ 6Gazod X u cl0eM A BHYHCIAIOTCH
IpH TIOMOIIM Kolene# CO 3HAUEeHUSMHM B PpacCMaTpUBaEeMOM npednyuie.
Inaye roBOpPS, OHM CBOAATCH K KJacCHYeCKHM rpynnam Yexa H%(X; A).

3aMeuanue 5.10.1. MoxHo naThb [A0Ka3aTeAbCTBO TedpeMbi 06
n3oMopdH3Me, OTIHYHOE OT H3MO0XKEHHOTO BEHillle,

PaccMorpum cemeiicTBo anddepenunansiuix nyukos @* (U; A), rome U
npoGeraer MuomectBo M (X). flcHO, uTO MOXHO ompeneauTb AupdepeH-
UHAJbHbIH NYyYOK

C*(X; A)=limind @*Ql; A).
R (X)

Taxk Kax Mb MMeeM WHILYKTHUBHLIA Ipeles pe3oabBeHT Nyuka o, TO mpu
9TOM MOJYYdeTcs TaKxkKe pe3oqbseHTa nyuxka JA.
3aMeTuM Ternepb, YTO AA9 KaxAOro nokpeitus 1 mpoctpaHcTBa X
nyuox QO°(I; Z) asaserca nyuxom koJteu, a @"(U; ) ectv @O(U; Z)-
MoAyab. YUToObl yGelNTbCA B 3TOM, AOCTATOUHO ONpene]NTb NPOU3BeNeHHE
mobuix kouened CECO; ZYy n a €C"(I1; A£) ¢ nomolwbio Popmyant
Ca),, .. = iy

fgoondy

M aHaJOTMYHBIM 06GPasoM MOCTYNUTb B JOKA/JIbHOM CJyuae.

[lepexonsl K npejenay, Mbl BHIAUM, 4YTO é"(X; A) ectb Moayab Han
MyYyKOM KOJIELL C(X; Z). Ho cpasy scho, uto QRO(X; Z) = R°(X; Z).
CiepoBaTeJbHO, NYYOK éO(X; Z) sBaseTcs BAJBIM M, B YacTHOCTH,

@-Markum Aas moboro napakomnaktTuduuupyiouero cemefictea @ B X,
OTclona BHIAHO, YTO B CJydYae napaxoMnakTuHuHpyioliero cemelicrea @

nyuwok QC*(X; A) aBaserca pesodpBeHTOM nyuxka oJf, cocrosiedt u3
{D-TOHKUX MNYYKOB, OTKYAa, B CBOI OYepelb, CJELYyeT CYLUECTBOBaHUE
KaloOHWYeCKOro u3oMopdHsma

Hy(X; A)=H"[Ts (C*(X; )

Ecmn X womnaxmuo, a @ — ceMeHCTBO BCEX 3AMKHYTHIX MOAMHOMXECTR
s X, TO, KpoMe TOoro, B cuay teopembl 3.10.1 umeem

Lo (@*(X: A))=limindTo(C* (Il A))=
=lim ind C4 Q1; A) = C} (X; A),

4TO Cpasy nde€T TEOpeMy cb HSOMOILCpHElV.e B 5TOM YaCTHOM cCJayuae,

17*
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Jaa npouspo/bHOro napakoMnaktTHguuupylouero cemeitcrsa ® npen-
HeCTBYIOLlEE pacCy:IeHHe, KAaK JErKO 3aMeTHTb, COXDAaHfeT CBOe 3Haue-
HHe (xoTq TeopeMa 3.10.1 yxe He npuMennma). Yurarenio npenocrasisercs
BO3MOXHOCTb 33aBEDHIHTb [1OKA3aTeJbCTBO B KauecTBe YNpaxkHeHHs. Mul
NOJMYuYH/IH, TakuM oOpasoM, JApyroe n0Kas3aTeJbCTBO TeopeMbl 00 H30-
Mopguame.

3ameTHM, uTO (DOpMY.Ia

I'(C*(X; A))==C*(X; A)

BEPDHA M B TOM cJayuae, koraa X-— npocmpancmgo 3apucKozo, TaK Kak
B 3TOM cJayyae Teopema 3.10.1 npumenuma. CienoBaTeNbHO, Tpanyu-

posanHas rpynna H*(X; o) sBisiercs B 3TOM C/yyae Npele]OM CNeK-
TpaJbHOH MOC/EeN0BaTENbHOCTH, BTOPOH ujieH KOTOPOH 3anaeTca ¢opMy.oht

EY = HP[HY(X; @*(X; A)) =limind H? [HT(X; € (; A))]
R (X)

(Mbl ucnoJab3yem TeopeMy 4.12.1 aas npoctpaHcTB 3apuckoro). K coxa-
JEHWI0, He IpelCTaBJAETCA BO3MOXHBIM BBIYHCAHTH 3Ty CINEKTPaJbHYIO
N0CJ1e10BaTeJbHOCTb 6oJee SBHBIM 00pa3oM, naxe ecaH 3aMeHuTb R (X)
CEMEHCTBOM BCeX KOHE4HbLX OTKPBLITHIX MOKPHITHH NpocTpaHcTBa X (4TO
BO3MOXHO B CHJIY paccyxaeHu#t m. 5.7).

5.11. ToyHasa mocaenoBaTeAbHOCTL nJaf KoromoJoruii Yexa.

Mycts © — napakomnaxTupuuupywoliee ceMeitictso B X. PaccMorpum.
TOYHYI0 MOC/IeL0BaTebHOCTb MyYKOB

0> A" > A—->A"—0.
O6osuauuM uepes oAy npednyox, siBasioumics o6pasoM nyuka A, T. e,
Ao (U) = Im [A (U) —> A" (V)]

Kom6unupyn teopeMy 5.8.1, xoTopasi [aeT TOUYHYK TOC./€N0BATEILHOCTh

’ ”
xoromoaorutl, caaswiBaomyw A, A u Ay, co ciaencTBHEM H3 Teo-
pemur 5.10.2, noayyaem TOYHYH0 NOC/IENOBATENbHOCTb KOTOMOJOTHH

s HEXG A= HE X A) = HE(XG AT —> HE(XG A= ..

Mbul nokaxeM ce#yac, 4TO ¢ MOMOLIbI0 M30OMODPH3MOB TeopeMbt 5.10.1
ama nocaedo8amesbHOCMs OMONCOeCMBASLEMCS ¢ MOYHOL NOCAed08Q- .
measHOCMbI0 -

S HEX A HEX A) —> HE(X: AT —> HEVXG A > .,

CyLIECTBOBAHHE KOTOpOH Gbl10 yCTaHOBJEHO B § 4.
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JeRCTBUTENbHO, PACCMOTPHM KAHOHUYECKHE Pe30/bBEHTH 3a0aHHBIX
ny4ykos. Bropas TouyHas noc./en0BaTeNbHOCTh NOJAydYaeTCs M3 TOYHOHR Mno-
CJIe0BATebHOCTH KOMIJIEKCOB

0— Co(X; A')—>Co (X; A)—>Ca(X; A”)—0.
Kpome TOro, H3BeCTHO, YTO NOC/E10BATENLHOCTD
0—>C"(X; A)—> C(X; A)—> C*(X; A")—>0
ABJAKETCA 12xKe TOYHON NOC/IeN0BaTeILHOCTLIO npedny4xos (tTeopema 4.3.1).

CrenoBare/bHO, B cujly TeopeMsl 0.8.1, OyleM HMeTb KOMMYTaTHBHYIO
NUArpaMMy TOYHBIX OCJAeLOBaTeJbHOCTeH

0—>Co(X; C*(XAN)>Co(X; C*(X; A))—>Co(X; C*(X; A"))—>0
A
1 1 :

O—>C§,(X; A ———Co(X; A) ————Co(X; A)—0,

B KOTOpPOW BepTHKA/JbHbIE TOMOMOP(U3MBI HHAYUHUDYIOT HIOMODP(HU3MBI
B KOTOMOJIOTUAX. 3Ha'~lHT, TOYHAsA NMOCJAE10BATEAbHOCTL KOTOMDJAOTHM U3 § 4
OTOX IECTBJAAETCH C TOYHOH nocJae10BaTEeAbHOCTDBIO KOTrOMOJIOTH# paCCMa-
TpuBaebex ﬂBOﬂHbIX KOMIIJIEKCOB.

‘Ho ¢ ,llpyl‘O‘"[ CTOPOHBI, HMEEM TaKiKe CJACLYIOULYIO KOMMyTaTl/IBHYIO
JuarpaMMy TOYHBIX nocJ/JeA0BaTeJbHOCTEH

0—CoX; A) s Co(X; A) ————>Co(X; Ag)—> 0
o : v v '
0—>Ci(X; C(X; A))—>Co(X; C*(X; A)) —>Co(X; C°(X; A”))—>0,

” .
rie A¢ — npeanyuok, spasiowuics obpasoM nyuka of. 3HauuT, TOuHas
N0C/1e10BATENLHOCTL KOrOMOJOTHH, CBA3BIBAIOLlAs JBOHHBIE KOMIJEKCH,
OTOMAECTBJIAETCH C TOUHOH MOC/AENOBATENLHOCTBIO KoroMojoruit Yexa,
YTO JNOKAa3bIBAET, OUYEBUIHO, Hallle YTBEPKJEHHE.

Oniepartop 8 Jerko BLIYUCIACTCA B KOTOMOJIOTUAX Yexa. BosbMeM
M6 Kaacc KOroMoaoru# & GHq, (X a{) B cuay CaeacTBHSI M3 Teo-
pembt 5.10.2, £ MOXHO NpencTaBUTb B HajJJeKalleM OTKDHITOM MOKPHITHH

N ” n 4
u:(Ui)iE[ KOLHUKJIOM GCq)(lI; Ap). Teopema 5.8.1 nokasmipaer,
yto &’ MOMXHO CUMTaTb OOPa3oOM HeKOTopon xouenu a € Cy(ll; A) npu
rOMOMOp(puame A —A". Kouenn d(ZECq;. (; A) obsisaTeabHo npuHH-
Maer cBOW 3HaueHus B o’ M, CreNOBATEBbHO, OnpeleaseT HeKOTOpbm
1
saement ua Hy' (11; A’), obpas xotoporo B H'”l(X A’) ectb B TOU-
HOCTH O8”.

PaccMorpumM, Hanpumep, ceuenme £ € g (A”) = Hy(X; A”) u nat-
1eM 8&”. Jlas 3TOro Mui BO3bMEM TaKOe OTKpHITOE nMokphiTHe U =(Ud 1
yro B xaxaoM U, ceuenne §” nosHWMaeTcs 1O cevenus EiEa{(U‘.) (310
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BO3MOXHO 0e3 Kakux-nubo npelnosoxeHui o napakomnakTHocTH). Tem
caMbiM onpefensercd HekoTopas O-kxouens §==(§,) nokpeitua Il co 3Ha-
yenusamu B €. Ecam Bcakoe SE @ ob6nanaeT OKpecTHOCTHIO, NMpPHHALJe-
xamel @ (4To MMeeT MeCTO B Ciyuae NapaKOMMAKTHHHLHPYIOUIETO ce-
MeflcTBa HJIH ceMeflcTBA BCeX 3aMKHYTHIX MHOXECTB), TO MOXHO, OYEBUIHO,
NPeAnoJOKHTb, YTO HOCHTe b Kouenu 5 copepxurca B O.

O6pasyem Tenepb kouuka di. VMeem

@)y =%—%8 8 U,

PasyMeercd, dt aBasercss B AeHCTBUTENbHOCTH KOUMKJIOM €O 3HaueHHSMH
B A’. Knacc koromosoruft mpoctpanctBa X co 3HaveHusiMu B A’ u HO-
cureseM B @, koropnit oH onpeneaser, ectb 8”. [as Toro urobu oH
6bl1  HyJeBBIM, HEOOXOIHMO W JOCTaTOYHO, uToObl, 3aMeHsiss Wl B cuayuae
HeOOXOAMMOCTH BIHCAHHEIM B HEro MOKDPBITHEM, MOXHO OBLIO HAHTH TaKyio
O-kouenn & co 3Hauenusamu B o€’ W vocuregaem B @, uro di=dt. D10

s
O3HaudeT, KAaK NOKAasbiBaeT 3aMeHa xouend (§;) Ha (E,--—E.,-), 4TO MOXKHO
npeanoJararthb
Ei:Ej B Uij,
MM, HWHAuYe TOBOPS, YTO HaHHOe cedeHue £ nyuka A" nonHumaercs
8 yearom 1o cedenus nyuka & ¢ HocureneM B ®D. Pasymeercs, 3TOT pe-
3yJAbTaT BHIPAXKAeT NPOCTO TOT aKT, YTO I0CJAEA0BATEIbHOCTh

Lo (A)—> Lo (A") —> Hy (X; A)

ABJAETCA TOYHOH.

Mpumep 5.11.1. Mp naftnem celluac fBHOe BLIpaKeHHe B KOTOMO-
Jorusix Yexa Mjif TOYHOR MOC/IelOBATEIbHOCTH, CBA3AHHOM C 3aMKHYTHIM
noanpoctpaicteoM F B X u ero gonosanenueM X \ F (n. 4.10). Byunem
npeinoJiaraTe AAs npoctoThl, uro X napakomnaktHo, a ® — cemefcTBO
BCeX 3dMKHYTLIX NOAMHOXECTB, TaK 4YTO HaM NpUIETCS PaccMATPUBATh
KOroMoJIoTuH npoctpaHcTBa X \ F ¢ HocuteasMu B ceMeHeTBe @, KoTO-
[Oe COCTOMT H3 moaMHOxecTB mnpoctpaHctBa X \ F, zamxnymoex 8 X.

3anuuieM TOYHYIO NOC/eJOBATEIbHOCTb MYYKOB

0——>U€X\F——>d€——>u€p——>0
M BEHIYHCJMM COOTBETCTBYyMOLLME Tpynnul KoromoJjoru#t Yexa mpocrtpancts
X\NF, XuF.

Mycts U= (Ux)xéx——HeKOTOpoe NOKPLITHE mnpocTpaHcTBa X,
Ecan § — cuHrynspHbift cuMniekc HepBa nokpeliTHs U, TO MMeeM KaHo-
HHYeCKOe OTOXJIecTBJ/EHHE

</ﬁ"-((Js):U{((anF)'
Tak Kak F samxnymo B X. OTcioja cielyeT TOTY4AC, YTO CYLLECTBYET
KaHOHHYECKUH H3OMOpdH3M ’

U A =C"UNF; A),
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HMeIOlNH MecTO 1aa J11060ro orkpeitoro nokpeitus 1. Moxno orpauu-
YUTbCA NOKPHITHAMH, 1 KoTophiXx U, < X\ F, ecan x € X \ F [rax KaK
B ynopsjaoyeHHoM MHoxecTBe R (X) onu 00pa3yioT (yHAAMEHTANbHYIO
cucreMy]. flcHo, uto UNF 11 TAKOrO NOKPHITUS KAHOHHYECKH SKBH-
BAJEHTHO MOKPHITHIO (anF)xeF Muoxectsa F. Ilepexoas K MHAYKTHB=

HOMY npejeny, MoJyyaeM KAHOHHYECKHH H3OMOPQH3M

C*(X; Ap) = C'(F; A).

3ameTiiM, UTO STOT pE3yJbTaT HMEET MecTO 6€3 Kakux-.aubo mpens
MOJIOMEHHH O NMapakOMNakTHOCTH. MHauye roBOps, Mbi MOJydydeM CJAedylO-
uiee yTBeEPHIEHHE,

Teopema 5.11.1. [lyems F — zamxnymoe noonpocmpancmso
8 X. an scaxozo nyuka A ¢ Gazod X cywecmayom KanoHU4eCKue
usoMopPhu3mo

H"(X; Ap)=H"(F; A)
8 rxozomoaozuax Hexa.
DTOT pesyabTaT M0Je3HO COMOCTABUTE CO CJAeACTBHEM U3 TeopeMbl 4.9.1,
Mui nepe#tnem Tenepb k uuTepnperanuu rpynn H®(X; Ax\r), KoTO-

peie  M30MOpdHBl rpynnam H}(X\ F; J) 118 TapakOMNaKTHOrO Mpo-

cTpaHctBa X (B cuay teopeMsl 5.10.1, ¢ OIHOH CTOPOHH, H TeopeMbl

4.10.1 — ¢ apyro#l), B KayecTBe rpyfn ,OTHOCHTEILHLIX“ KOTrOMOJOTHA.
Ilns aToro BBeleM ClelylOLUe Zpednyuru:

AW, eecin U X\ F

) —
Fxsr(U) { 0, ecau UNF ¢
AWU), ectu UNF +¢

Uy =
#rt) { 0, eciu Uc X\ F,

OTepaTopHl OTPAHHYEHHS B KOTOPHX ONpeNedsioTCs ¢ MOMOUbK Onepa-
topos orpanuuerus B €. MMeerca xaHOHMUeCKHH MOHOMODGH3M Tpen-
NMyuyKOB

B x\r—> Ax F

Orciona caenyer, uto % x\ r MOPONKIAET MYUOK u{x\p. 3uauur, ecm X
NapakOMNAKTHO, TO HMMeeM KaHOHHUYeCKHH H30MODdHIM

Hn (X; U{X\F):H"(X§ B X\ F)
PaccMOTpHUM Temeph KOMILIEKC

C(X; Bxn)= lim ind C* (5 B )
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flcio, uto C*(U; # x~r) ectb noakomniekc B C*(U; JE), obpazoBan-
HblH TaKUMH KoUensiMH &, 4YTO

a, =0, ecmu UNF + ¢.

Muaue ropops, 0o603HauuM ueres X, CUMILIHIHAILHYIO CXeMy, KOTOpast
MOJAYYHTCA, eCAd BBeCTH Ha X CTPYKTYpy HepBa mnokpuiTHR 1l [Hanow-
HMM, 4tOo paccmarpuBaioTca nokpeithd u3 M (X)], n uepes Fy — cumMnau-
LHAJILHYIO MOACXEMY CXeMbl X, ONpele/eHHYI0 CAeIylOLiHM 06pasoM:
(X¢s - .., X,;) — CHMILIEKC CXEMHbI F, Torna u toabko Toraa, xoraa Ug, .. X,

uMeer Henycroe rnepeceuenne ¢ F (orTcioma chaenyer, 4TO BCe X, npu-
gaanexar F, ecan npeanonarate, yto U, < X \ F naa scaxoro x € X \ ).
Toraa C*(Wl; Fx\ ) cocmoum u3 xoyenel cumiiuyuarshotl cxems X,
€0 3HQYEHUAMU 8 cucmeme  KOIPPUUUEHMO8, UHOYUUPOBAHHOL ny4-
rom A, rwomopve paswol HYaw Ha cumnisexcax u3 Fy. Tlostomy
ecTecTBeHHO 0603HaunTh KoMmiaexc C*(U; Fx\ r) uepes3

CCP (X mod Fy; A,
a mpejesa KOMIJIEKCOB lon (X, #x\ r) —uepes
- : C*(Xmod F; A).

IMosyuaem Tenepb KaHOHHYECKHE HIOMOPQU3IMBL

HA(X N\ F; A)= H"(Xmod F; A),

rae @ o6pasoano noamuoxkectBaMu u3 X \ F, 3aMmuHyTtbiMu 8 X.
[MpenuwecTByoLie ONpefe/eHUS] HMEOT, Pa3yMeercsd, CMbICA U B TOM
cnyuae, koraa £ —npednyiox. BosbmeM, Hanpumep, QUKCHPOBAHHYIO
aGenepy rpynny A # NpUMEHHM YKAa3aHHYIO Bblllle MPOUEAYPY K TNpei-
nyuky U—>A. 1aa scakoro nokpuirus L& RN(X) komnnekc C* (X mod Fy; A)
6yleT.cOCTOATh TOTJA M3 Kollere'! CHMNAMIHAIbLHOR cXeMbl Xy, DABHBIX
uyai0 Ha cUMIIMUMATLHOK cxeme Fy, u o6osnayenne C* (X, mod Fy; A)
OKa3bIBAETCA COTJIACOBAHHBIM C COOTBETCTBYIOWMM o0603HaYeHueM ra. I,
n. 3.2. Vnaue ropops, umeem
o C(Xy mad Fy; a{)—-Hom[C (Xymod Fp), Al
B o6osnavenusx ra. I, n. 3.2. Caenosarenwno,  ecau X napaxom-
nakmuo, A — npocmoii ny4ox ¢ 6a30i X u croem A, mo unmeiom
MECMO KAHOHUMeCKUe U30MOpPUIMbL

CHE(X N\ F; A) == H*(Xmod F; A).
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Fpynnu, ¢urypupyioliie B npaBoif yacTdH, WHOTIA HA3bLIBAIOTCA B JHKTE-
parype epynnamu Jlegpweya npocrpanctBa X no Moayaio -F. Onu
M3BECTHbl JaBHO, M HX OMNpejeleHWe, OYEBWIHO, He 6asupyerca Ha Teo-
PHU MYYKOB.

Taxkum obpazom, ecau X napakomnagxmuo, TO HMeeTcs TOYHas
foCJAe10BATENLHOCTh KOrOMOJOrUH BUa

e > HR (X A)—> P (F; A)— HP+ (X mod F; A)—> HFL(X; A) . . .

And 3aMkHyTOro B X moanpocTtpancTsa F u n06o# abesesoii rpynnu A,
ITa TOYHAdA NOCNENOBATeNbHOCTb, Pa3yMeeTCs, OTOXAECTBAAETCH C TOY-
HO# nocaenoBateabHOCTbIO N. 4.10.

5.12, Koromoaornn Yexa W TeOpHs pa3MepHOCTH.

Hycrs X — napakomnaxmroe npoctparctso. Jlas Ttoro utobel X
MMeJ0 KOTOMOJOrHYeCKylo pasmepHocTh < n (cM. n. 4.13 u 4.14), no-
CTaTOYHO, YTOOBI

f!i(X; A)=0 n1a i>n

s awboro nyuka of Han X. B cBow ouepenb, 143 N0OKa3aTenbCTBA
9TOr0 paBeHCTBA O00CMAMO4HO MOCTPOUTb MPOU3BOJLHO MeNKHe OTKPBI-
Thle MOKPLITUSI MPOCTPAaHCTBA X, AJMS KOTOPBIX

H®OG A)=0 nas > n.

Hna  Buluucaenus rpynn HH(N; of) moxHO mnepefiTH 0T KoMmaexca
C*(M; A) K ero NOLKOMIIEKCY, COCTOALLEMY W3 QAbMEPHUPOBAHHbLX
kouene#t (ra. I, n. 3.8). Ho ecau kouens

A =1{0; H
( g eee zp)
aabTepHUpOBaHA, TO a; ... ; =0, Korma He BCe WHAEKCH [n, ..., &
0 p 0 P

pasauunbl. [lpeamosoxuM Tenepb, uYTO noKpuiTHe N uMeeT pa3mep-
Hocmy < n; 3TO 3HAYMT, YTO

Mto...ip=75,

€CAH p >N W MHIEKCH i, ..., [, Pa3anuHbl (1. e. HepB moxpuitHa IN
HMeeT Da3MepPHOCTb < 7 KaK CHMIJMLHaJIbHas cXema). B sTom cayuae
mo6as aabTEDHUPOBAHHAA Kouenb cTeNeHd p > n OyneT HyJdeBOH u TeM
Gonee Gyrem umers H!(M; A)=0 naa > n,

CienoBaTenbHO, 048 m020 4mobbl KOMOAOZUYECKAS PAIMEPHOCTLD
npocmpancmsa X Oviza < n, docmamouno, wmobu X Jdonyckaso
nPOU3BOALHO MeAKue OMKpLimbie ROKpumus pazmeprocmu < n Jo-
CTaTOYHO Jaxe B cuay TeopeMbl 4.14.1, uro6bl 3TO CBOMCTBO MMEJO
MECTO ,J0KaJbHO®,
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KnaccuueckuM, HO He TPUBUAMLHLIM Pe3y/bTATOM SIBJAETCS BLITOJIHE<
HUe BTOro CcBOHCTBAa 1/ BCeX KOMNAKTHHX INONNPOCTPaHCTB B R%,
O1ciona caenyeT, 4YTO BCAKOE KOMIAKTHOE NMOANPOCTPAHCTBO B R™ umeer
pasMepHocTh < n. Tak kKak R* /OKa/ALHO KOMNAaKTHO W MaPaKOMMNAKTHO,
TO OTCI0/ia CJIeiYeT, YTO OHO CaMO YMeeT pasMepHocThb < 4 (Teopema 4,14.1).
Tak kak R? wmerpuayeMo, TO OTCIONA BbiTekaeT, 4To M100Ce (3aMKHyTOe
WAH HeT) ero MOANPOCTPAHCTBO WMeEeT PasMepHOCTL < 1 (Teopema 4.14.2).
[Npumensas cHosa TteopeMy 4.14.1, noayuaem OKOHYATETbLHO CJeNyIOUIUH
pesy/bTar.

Teopewma 5.13.1. [Juaa moz0 umobe. napaKomnaimuoe npo-
cmpancmso X UMen0 KO20MOAO2UHECKYIO pa3mepHocmy <_n, docma-
mouno, wmobs. 8cAxan mouxka X CX UMera OKpeeMHOCMb, 20MeQ-
Mmopuyio noonpocmpancmsy u3 R,



§ 6. AEHAPTOBO NPOM3BEAEHME
M O-NPOMIBEAEHMUE

6.1. JlekapToBO mpoOuU3BeAEHHE ABYX KJAACCOB KOTOMOJOTHH. .

[Mycts X u ¥ — aBa TONOJOTMYECKHX NPOCTpaHCTBa, & — mudipe-
peHUHaJAbHBIH Oyuok Hal X, off*-— nuddepeHunanbHbili nyyok Han V.,
Mbl NpennoaoKuUM A4S ONpeleNeHHOCTH, YTO OCHOBHOE KOJbUO ecTh Z,
HO BCE JajbHefiliee MOXHO pacnpoCcTpaHuTb Ha cayualf, xorza _Z* co=
CTOMT M3 NpPaBHX MOJAyJeHl Hal NMPOU3BOJbLHBLIM OCHOBHBIM KOJBLOM A,
a off* — u3 neBbIX A-Monynei.

Mo .#* u o#* MoxHO nmocTpouTs Ham npoctpancteoM X XV myuok
JBOWHBLIX KOMIIJIEKCOB

~~
L RAM,
KOTOpLI#l Mbl OyleM HA3bIBATb NOLHOLM MEHIOPHHM npoussederuem LaH=
HHX IUQdepeHiIHatbHbX NyukoB. /g ero onpeje/eHus MOJOXKHM

(F* @ MY = F* QM
M paccMOTPHM AHdEpeHIIKaTL
@' PPRQM > PP M,
& PPRoM > P QM
KOTOpbie OYeBHIHLIM Cnoco6OM HHAYUHPYIOTCA IH(depeHuHaNtaMH U3 F*

u off*. B HanGosee BaXHOM IMd [aJbHEHILETO cJayyae, KOrfa Tpaiy-
pPOBKH B _Z* u off* mosoxuTeNbHb, Mbl GyleM Takxke paccMaTpuBaTh

~~
QoM kak muddepeHunansHei nyuox Han X XV, noaaras
-~ —~~ .
(Z'QMY'= ® F'QoM
p+q=n
u onpenenssa auddepennnan d COOTHOLIEHUEM
d=d +d’.

Komnuekc cevenu#i nyuka F* @of* Gyner coBnaaath TOrAa ¢ ABOHHBIM
KOMIJIEKCOM

TP QM) = 2T (2" @ oM%),
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- I -

ctabxeHHbIM TOMHON rpaﬂyupom(on H MOJMHBIM IlHchpepeHU.HaJIOM TaK

KaK no coofpaxeHHAM KOHEYHOCTH OyleM HMeThb
P q
I @)= 3 T(&" Qo).
pt+q=n
B ofiieM cayuae, KOrAa TpaiyMpOBKH He OTDaHHYEHHl CHH3Y, MBI YCJO-
BUMCs omnpege ate komrgekc I'(Z* ® o#*) wuam, Gonee obitium oGpasom,

Iy (F* R o#*), rie B — nponsBoabHOe ceMeHCTBO HocHTenel B X X VY,
C TOMOLIBIO TpefbAyliel dopMmyisl (B KOTOPYIO MOACTABJIEH, Da3yMmeercd,
uHzexc 8).

o Tlyers @ n W — cemettctba Hocuteneh B X u Y, unycts 8 — O X W —
npou3BelleHHe STHX CeMeHCTB (HAMOMHHM, 4TO © COCTOMT M3 3aMKHYTBHIX
muoxecTs B X X YV, comepwkawnxca B muoxectsax buna SX T, rae
Sed, TEW). Nan mobrix nyukos A u % Han X u ¥ B 0. 2.10 6bia
onpejesieH KaHOHHYECKHH TOMOMOpPHH3M

. Ts (A) @' (#) —>Te (AR #).

Oas mobpix nuddepeHIHANLHHX TYUKOB F* U off* Han X u Y orciona
NOJMYYAeTCA, OYEBHAHO, 20MOMOPPUIM OBOLHBLX KOMNALKCOB

o (7" @Dy (o#”) > To (" @ M)

H, CJe10BaTe/JbHO, KAHOHHYECKHE I‘OMOMOpCpHSMbl

@) @ H W oh) > P T (2 B o)), |

Mpt BHIBEOEM OTCIOZA CYLECTBOBAHHE KAHOHHYECKHUX roMOMOpP(dH3IMOB

| HE X af)@H" s %’)—»H”“(XXY 4B %) | @

Jmﬂ Mo6bx nyukos A M F Hag X ® Y.
HanomuuM nipexae Bcero obuiyio dopmyay

ABF (v, N=A()BF ().
Ecan tenepb 0603Ha4HTb yepe3 '
df*:@*(X; af), Fr=C*Y, #)

KaHOHHYECKHe pe30JbBeHTH AY4YKkoB o€ W 9, TO GyleM WMeTb I4As JI0-
61X xEX YEY n3oMopdH3M KOMNJIEKCOB

AR B (x, y)= A (1) B ().
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3ror H30MOp(PH3M, OUEBHAHO, COBMECTHM C KAHOHHYECKHMH TOMOMOp-
(puamamn

—~ —~
A—>A B> B ﬂ@%’%dfx@ﬁ"-
Tak Kak KoMMJeKchl BHaa JL*(x) FOMOTOMHO ~ TPHBHAMbHbI (3ameqa-

nue 4.3.1), 10 af*@%’* ABASLEMCSA  Pe30AbBEHMOL NY4KA aﬁ@%’ H,
cjenoBaTeabHO, Mbl HMeeM KAHOHHYeCKUue FOMOMOpCpVBMbI

HP (T (A @ #)) — HE (X X V; AR B). 3)
Hx koMnosaunuu ¢ OyeBHJIHHIMH romomop(puamaMu
HP T (AM) R H (T (£7))—> HP "I T (A'® 7 )) 4

H JAI0T HaM, MO ONpele/ieHHI0, FTOMOMOpP(H3MH (2).
Ecau 3amanbl [1Ba KJacca KOTOMOJIOTHH

ECHL(X; A), mEHE(Y; &),

TO KJ4cCC
ExEHRT I X XY, AR F),

noJyueHHbt ¥3 §@ 7Y ¢ moMowblo (2), HA3BIBAETCH O0exapmossm npo-
u3gederuem KIaCCoB £ u 7. Mb yBHAMM B naibHefIneM, YTO 3Ta onepa-
uus o6/aanaeT CBOMCTBAMU, AaHAJOTMYHBIMM CBOACTBAM AEKAPTOBA TPOU3-
BeJleHHsl, KOTOpoe H3yvanoch B . I, § 3, u B me#cTBUTEJILHOCTH TECHO
CBSI3aHAa C HHUM.

3ameTuM, 4TO, coraacHo Teopeme 4.7.2 u npumepy 4.8.1, aas no-
CTPOEHHs1 TOMOMOP®U3MOB (3) NOCTATOYHO HMETb TOMOMODHU3MBL NHD-

(epeHuHANLHBIX NMYYKOB

C' X AR C(Y; B)> C XXY: AR B). (5)

Mpl onumieM ceftyac 3TH roMoMOpdU3MbIL,
[lyctb f — ceuenne myuka @p(X; Jf) Hal OTKPHITHIM MHOXeCTBOM: U/

us X, g — ceuenne nyyka Q7(Y; %) Han oTKpHITHIM MHOXecTBOM VY,
[To 3ameuannio 4.3.2 f MOXHO NpenCTaBUTb (yHKUHEH

F(xg oovh x) €EA(x)),

onpeneneHHON Ha MHOXeCTBe BUIA

%€ U, x€U(xg), ..., x,€U(xp ..., X,_)

it papHolt O mpu Xx;=x,. TOYHO TaK e g TNPeICTABHMO (yHKUHER

g(yO’ A} yq)e%(yq);
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3aJaHHOH Ha MHOXeCTBe BUIA
VEV, €V oo y,€V ¥y o vh Y41
M DaBHOH HY/IO MpH y, =y, PaccMotpum Touku ,00ulero Buna“
20=(Xg Yo)s ++vr Zprg=(Xpig Ypig
B npoctpaHcTBe Z =X X Y u onpeneiuMm QyHKUHIO
B s 2y ) EAR B (21 ) = Ay ) @ F (3,10)

Gopmy ok

h(zov Loesy zp-}-q): f(x()r AL | xp)(xp+q)®g(yp’ e yp+q)’ (6)
rae Buipaxende f(x,, ..., xp) (X, 0), KaK U B 3aMeyaHuu 4.3.2, ecTb
3HayeHne B TOUKE X, , HENPEPHIBHOTO CEYEHHUs NyuKa 4, xotopoe B X,
pasuo f(x,, ..., Xp,). JTO BBHIPAKEHHE, CIENOBATENLHO, ONpeleeHO Ha
MHOECTBE BUJA
XU, x,€U(xp, «.., x,€ U(xgs o vvs Xpot)s Xpig€ Ulxge -+ -, x,).
Takum o6pasoM, ¢yHKIHs (6) onpejeneHa Ha MHOXeCTBe BHJA

€W =UXV, 21€W (29, ..., 2,,,€EW (2 ... 2,1 4-1)-

flcHo, KpOMe TOro, 4TO /2 paBHSeTCHl HYMIO NpU 2, == Z,. CJel0BaTeqbHO,

h onpenenser nekoTopoe ceuenne nyuka Q7YX XY, AR F) nan
U X V. TpuBuaabHO npoBepsieTCsl, YTO ceweHue, ONpejefseMoe (YyHK«
unel /1, 3aBUCUT TOJBKO OT Cexeruli, onpenenseMbiXx OYHKUMAMH [ H g,
¥ He 3aBUCHT OT BmiGopa ¢yukuu# f, g, . Takum o6pasoM, MoaydaoTcs
fuaunelinse OTOOpaKeHUs

AP (U)X BT V) > (A R B I (UXV),

KOTOpBIE, OUE€BUINHO, COBMECTHMBI C ONEpPATOpaMu OrpaHu4eHHd. OTCIO,Z],a
HEMEAJEHHO BLITEKAOT I‘OMOMOp(pHSMbI Ny4yKoB

d{ﬂ@ﬁ?_,(g{@g)ﬂ‘“l

H, ciaeloBaTejbHo, roMoMopdusM (5). To, uro 3tor roMoMopdusM cop-
MecTuM ¢ auddepeHurasaMu, cjesyeT U3 SBHBX GopMy.a 3aMmeuanus 4.3.2
M U3 TPUBHAJLHBIX BHUYHUCJEHUH.

Taxum o06pasoM, 4TOGB BHIWHC/IMTb [EKAPTOBO TIPOM3BEIEHHe ABYX
KJI4CCOB KOTOMOJIOTHH £ M 7, MOXHO NMOCTYNUTL CJAEAYIOLIUM 06pazoM.
INpencrasum & u v kouukaamu fECL(X; A) u g€CH(Y; #) u obpa-

~~

syem kouenb fx gECE (XX Y; AR F) no dopmyre (6). dra Ko-
uenb M SIBISETCH KOUMKJOM, ONpelefiOLINM UCKOMOe IeKapTOBO IPOH3-
BeleHHe. ‘
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dru PacCMOTpPEHHA [MOKAa3bLIBAIOT, YTO [MJs Olpele/eHdss JeKapToBa
npou3peneHuss B TEOPHH TMNYUYKOB JOCTATOYHO 3HATH onpede/zeuue rpynn
KOrOoMOJIOTHH#, a HCMOJb30BaHHE OCHOBHEIX TCOpEM § 4 B NpuHUHUIIE
H3JHIIHE.

6.2. BriuKcaeHHe 1eKApTOBA NMPOH3BELEHHA C MOMOIbIO
pe3oJibBEHT.

OcHoBHOR 3llech fBIsIETCS Caelyioulas Teopema.

Teopema 6.2.1. Tyems X, Y u Z=X XY —mpu npocmpan-
cmea, A, #H#, C —nyuku ¢ Gazamu X, Y u Z, u nycms O, ¥
u B==0 XV —cenelicmsa Hocumeneii 8 X, Y u Z. I[Ipednoroxcun,
wmo 3a0ansl pesoav8edmsl P, oM*, N* nyuxos A, #, @, a marxoke
20MOMOpPUIM OuPdeperyiarbHblx nY4KO08

V: P QoM —> N,
COBMECMUMBLE ¢ 20MOMOPPUIMOM
v ARE — C.

Toz0a umeem KOMMYMAMUBHYIO OUAZDAMMY

H* Co(F)) @ H* Ty (o#*)) —> H* Ty (N™))
v : v
HL(X; HQHG(Y; B)——Hy (Z; @).

[BepTukanbHble CTpeaKH 3TOR AMarpaMMbl fBJSIOTCS CJACACTBHEM KaHO-
HUYECKHX TOMOMOD(HU3MOB

H* (T, () —> Hy (X; o)

B T. L., BepXHAs TOPH3OHTaJbHaA CTpeJKa HHIYLHPOBaHA roMoMoOpdu3-
MOM U, HHXHAA — IOJy4YeHa KOMIo3uuueh HeKapToBa IPOHU3BEACHUA
¢ TOMOMODP(HIMOM

H (Z; AR #)—>H,(Z; @)

VHIYIMPOBAHHEIM roMoMophuamMoM #.]

Jlas nOKasaTenbCTBA 3TOM TeopeMbl Mbl BOCIOJbL3YeMCSl, KaK W B Ipe-
ALLAyIIeM NYHKTE, COKpauleHHBIMH ofo3HaueHHsAMH. Yepes A* o6osnaunm
naddepennnaipiplit nydox @C*(X; of), uepes ™ —nydyok ABOHHBHIX
KoMmaekcos Q*(X; _*) u 1. n. HanoMHUM, 4YTO KaHOHHYECKHH TrOMO-
Mop¢dusM

H (Cy(2) > Hy (X; oA)
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MOXHO IOJIyYHUTb, NPHMeHsss K JAMarpamme
./ j
A _i_)g*$‘__¢ﬂ_ 7
£ 3 L :
dyuxrop H*(Te(...)) (TOrna j, nepexOinT B H30MOPHU3M, 4TO H 1aeT

BO3MOXKHOCTb OIpefle/IMTh HCKOMBIH roMOMOpGhH3M).
O6pasyeM Tenepb C/AERYIOLLYIO [AHArpaMMy:

P QM i >y

) jé‘ ‘ i
\ - v

j»* ® 04!** LN (3* @ 04{*)* v ‘_) eﬁ(}”

i E

uf@%’ LAY A

I"omoMopduamMbl 3TOH ﬂHaI‘paMMbl, 3a HCKJ0ueHHeM U* M u*, OblIu yxe
onpeaeneHbl, ¥* ecTb TOMOMOPGH3M

-~
C*(Z; QM) —> C*(Z; N,
HHAYUHPOBAHHBI! TrOMOMOpP(H3IMOM U; aHAJOTMYHO onpenenseTcs 4.
UYepes p 0603HayeHbl roMOMOpP(U3MBI, NPUBOASALIME K AEKAPTOBY NPOU3-
BEIEHHIO, KOTOpble OBIJIM Onpeje/ieHH B NpelblIylieM MYHKTe.

YkasaHHas OMarpaMma rKommymamugria. ITO cjlelyeT H3 TOrO, 4HTO

roMomopduaM

—~
P AHRC Y B)—>CT(XXY; AR F)

ecTecTseHeH (T. €. COBMECTHM ¢ FOMOMOPGM3MAMHU NYYKOB) U, KPOME TOTO,
COBMECTHM C KAHOHHYECKUMH ,JOTOJHEHHAMH“ COOTBETCTBYWOIUUX AH(-
depeHunasbHEX nyukoB. KcraTh, Bce roMoMopdgusMbl, BCTpevaloliHecs
B IMarpaMMe, COBMECTHMBl C. NOJHBIMH TPalyHPOBKAMH M TOJHLIMH IHp-
(depeHIHaNaMU PACCMATPUBAEMBIX KDAaTHBIX KOMIJIEKCOB.

Teopema 6.2.1 noayuurcs Temepb, ecad K YKasaHHOM JAMarpamme
npumennts dyHkrop H*(Tg(...)).

MMpumep 6.2.1. Ilycts X u Y — 1Ba dugppeperyupyemelx MHo20-
o6pasus, ® H @ — nuddepeHLuasbHble dopmbl Ha X u Y creneHed p
u gq. Y3 HuX MOXHO noayuurtb audpdepenuuansuyio dopmy =0 X o
crenein p-+¢g Ha XXV caeayowum obpasoM. Ecan (x;)— cuctema
KOODAMHAT B OTKPBITOM MHOXecTBe U M3 X, a (y;)— CHCTEMa KOOpAH- .
HaT B OTKPHITOM MHOMecTBe V M3 Y M ecim ‘

o= 1. 1,(NAXLA ... Ndxi, 8 U,
— N '
o=2g, ., Wy A .. Ndy, 8V,




.
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TO IMOJOXHUM

L%)X:u—::z‘fil,,_ip(x)gj“../'q(y)dxix Lo
/\ dxi, N\dyj /N ... Ndyjq

B U XV (pasymeercs, ¢opMy u))(m MOXHO ONpEeNEeAUTb U He NOJb-

sycb cucTeMaMu KoopauHat). - O6o3Hauum vuepes % auddepenun-
anbHBIR nydok pocTkoB aupdepenuuanbuuix dopm nHa X. Torma npe-
AblAyllee ornpelesneHHe NOKA3blBaeT, YTO MLl UMeeM TrOMOMOpduU3M

T E - 5
Ly @ Ly — Ly y-
TakuM obpasoM, noayuaeM ciaeaywowu#t pesyabrtatr. Ecau sewecmsertsie

Kaaccet Kozomonoeul SCHP (X, R) w € HY(Y; R) npedcmasrens:
ougppeperyuassHEL MU POPMAML O U ©, MO KAACC KOOMOAOULLH

Ex € HPH(XX Y; R)

npedcmasaen OQugpgepeniuarsrol gopsol o X o.

6.3. JexapToBO mpou3seieHue B KoromoJorusx HYexa.

Paccmotrpum npocrpanctBo X, nyuok o€ Han X U [NOKpPHITHe
U= (U));¢» KOTOPOE Mbl MPEMNOIOKUM AUGO OTKPLITHIM, JHGO 3aMKHY-

THIM M JIOKA/bHO KOHEYHBIM. Torna (reopema 5.2.1) nuddepennnanbubiil
nyyok (@ (U; A) saBiserest pe3onbBeHTOH nyuxa .
BosbMeM  Tenepb NpPOCTPAHCTBO Y, nyuok % Han Y u NOKPbITHE
‘”(V/)/EJ npocTpaHcTea . Y, KOTOPOE MBI npeﬂnonomum TOR Ke npu-

poas, uto ll. TlokpsiTue

)} Q—
11XB_(Ui><Vj)l.‘E,
jed
npoctpanctBa X X Y 6yaser Ttorma orkpbithiM (ecan Il u B orxpbiTh).
WM Xe 3aMKHYTbIM M JIOKaJbHO KOHeYHbIM (ecan TakuMu Obiau U u ).

Mur onpeaenum celf4ac KaHOHMYECKHH rOMOMOpPOH3M

C'W DR EC B B)>C UKD AR B). (7)

Jlag storo BubepeM H 3adMKCHDYeM B TEODUM CHMILIMIMAMBHHIX Koluen-
HBIX KOMIL/IEKCOB KAaKOe-HUOYAb ecTeCTBEHHOe NpeobGpa3oBaHue

7X@V —> X' x V"

(ecm. ra. [, n, 3.10), unayuupyiollee TOXACCTBEHHOE 1NpPeoGpPA30BAHME
B crenenn O M jonyckawoulee 06paTHOE ¢ TOYHQCTBIO L0 TOMOTOIMNHH,

18 P. I'oaeman
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Jas 3aiaHHBIX OTKPHTHIX MHOXecTB U B X u V B Y M noayuum
OTCI0Aa FOMOMOPdU3M KOMILIEKCOB

T:CUNU; AHRCEBNV; B)=>C*UNU; A)x @*BNV; ). (8)

KOTOpHIH, OYEBHAHO, COBMECTHM ¢ OMEpPaTOpaMHd OTPaHHYeHMs, Omnpere-
JeHHHIMH B M. 5.2,
C npyro#t cTopoHbl, UMeeM ecTecTBeHHbH romomopdusm !)

CUNU; A2 CBNV; B)>CIUXHNUXYY A8 ), (©)

KOTOpLIi onpeneaseTcd cJaelyloliuM o6pa3oM (1aiuMM ONpeleleHue 1.4
cayyas U=X, V=Y, obmul cayuati BHIBOLMTCH OTCIOAd TPUBHAJLHO).
Ecmu a==(a,) u f =(B,)— Kouenn oAMHAKOBOH CTeNMeHH 7 NMOKphiTUH 1l
u B co sHauenusMu B A u F, TO roMoMopdusm (9) nepeBOAUT KOUENDb
a x [} cTenenv n JeBOrO KOMIJEKCA B KOUENb CTENeHH A TPaBoOro KoM-
MJIEKCa, OmNperetdeMyio 0ToOpaxKeHueM

(8, )—>a(HRXBOEAWUYRF (V).
[Tpu stoM, pasymeercd, a(s) QB (f) OTONKAECTBAAETCA C COOTBETCTBYIO-

muM cevendeM nyuka A Q@ # nan Uy XV,
Komnoanuusa romomopdusmop (8) m (9) naer HaM roMOMOp¢uUaMbl

C-UNU; AHRC(BNV; B)—C IAUX BINU XV); AR B,

OTKYZa NMOJAYYaeTcs roMOMOPGH3M COOTBETCTBYIOUMX IM(PPepeHunaibHbIX
NyYykoB. DTO, MO ONPENEJeHHIO, B eCTb roMoMopduaM (7), KOTOPHIH Mbi
XOTeJU MOCTPOUTD.

Pasymeercs, romoMopdpuam

C*(; A)RC*(B; B)—>C* U XD; ARD B), (10)

KoTOpH# caenyetr u3 (7), eCTb B CHJIY caMo#f KOHCTPYKUMH NOCJHeqHEero
roMoMop®u3Ma KOMNMO3HUHA ToMoMopdu3Mos (8) u (9). Has toro yrobui
fBHO 32a1aTb 3TOT TOMOMOD(U3M, AOCTAaTOYHO SIBHO 3a1aTb npeobpasoBa-
npe 7. DTO MOKHO ClIesaTh, HanpuMep, TPAHCNOHHPOBAB GOPMyay 3a-

) Unoraa caydaercs, 4TO rOMOMOPGH3IM
CH(IL; o) X C*(B; F)>C*(IXB; AR B)

sBAseTcs M30MOp(HU3MOM [B 3TOM cJydae KOrOMOJOTHH HOKDPHTHA 11 X B Briun-
cafloTca ¢ moMompio KoMmmiaekca C*(U; A)Q C* (B; #), 1. e. no (popmynam
Kionneta). Tak 6yner, oueBHaHO, B TOM cayuae, korja U u B xoue4ns u xorza .
IAs BCAKOTO cHMIJekca S nokpuTus 1l M BcAkoro cummiekca I mOKpmiTHs B

-~
kanoHuueckuil romomopdusM A (Ug) @ B (Vi) > AQ F (Us X Vy) saBasercs
u30MOpPUIMOM. DTa CUTyauus BcTpeuyaeTcs B anre6pandeckoil reomerpuu
(xorma X u Y —aarebpanueckue MHOroo6pasus, & U % — NYYKM POCTKOB
peryaspiubix Qynknufi na X u Y, U n B —nokpuitas Mroroobpasuit X u YV
¢ MOMOINBI0 aQUHHBIX OTKPHITHIX MHOMECTB).
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meuyands 3.9.1 ra. I. OueBuaHo, npH 3TOM TOJAyvYaeTcs CJaelyOUIHH

pesyabtar: ecau aECPQl A), BECT(Y; F), mo obpas saemenma
o QB npu 2omomoppuszme (10) ecmo rouens

TECPHTAUX B; AR B),

onpedenenian gopmysol

T(ioja)...(fp+qu+q»=azo...1p®@jp...jp+q. (1D

~~
rie B TNpaBoft yacTH, ABAAOLlelcs ceueHUeM IMydKa AR H Han

Uy, ... vap---fp+q' NOLPa3yMeBaeTCa OTpaHUuEHHE 3TOTO CeueHus Ha
p
U, v, . .
LD..-lp+q>< ]o--']p+q
Bocrioab3dyemcst Temepb Teopemo#i 6.2.1. Mel mosayuum c/elyouiui

pesyJbTar.

Teopema 6.3.1. Ilyems X u Y —d8a monoaozuteckux npo-
cmpancmea, A u F—nywcu nad X u Y, W u B — noxpsimun npo-
cmpancme X u Y. [lpednoaoscum, umo o6a nokpuimus Au60
OMKpbLMbL, AUGO IAMKHYMY. U A0KAAKO KOHewHbl. [Tycms &€ HP (X; A),
7€ HU(Y; B)-—naaccet Ko20m0.402ul, npeOCMaBAEHHbE 8 NOKPbi-
musx W u B xoguxaamu a&CP(; A) n BECY(B; #). Tozda Karacc
K020MOn02Ul

ExnEHPH (XX Y; AR B)

npedcmassen rxouguxsonm TECTTIU X B; AR F), onpedenennsin
gpopuyrod (11).
3amerum, uto ecau nokpetua U u B umeor BURX H:(Ux)xex,

%:(Vy)yey, rie xcU, u yeV,, 1o nokpurue N X B umeer Bux
(Wz)zeXxY' rre z€W,. Tak kak romomopduambl (10) KOMMYTHDPYIOT

¢ omepaumne#t mepexosa k Gosee MelkoMy mokpuTHio, To u3 (10), mepe-
X0ld K Tipeneny, TOAYYMM KaHOHHYeCKHH roMomopdusm

G (X AHQCHY; B)>CHXXY; AR F) (12)

H, CJenoBareabHo, FOMOMOp(bHaMbl

HP (X; )@ HI(Y; B)—> HH (XX Y; AR B)

B koromosoruax Yexa. HMs teopembt 6.3.1, OuEBHIHO, CJlelyeT KOMMy-
TATUBHOCTb AHArpaMMbl

HP (X; dz)%ﬁq(y; By HPHXXY: AR F)

H? (X; &)@ HI(Y; #)—>HPY(XXY;: AR B).
18*
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YTO MO3BOJAET BEIYHC/IATE AeKAPTOBO NPOH3BELEHHE, UCMOJb3ys KOTOMO-
noruu Yexa, BO Bcex TeX CJAyuadx, KOrAa OHU U3OMOPGHHH KOIOMOJIO-
ruaM H* — nanpumep, ecau X, ¥ u X X Y napakomnaktHui. (3ameTm,
KCTaTH, 4YTO TMpOHM3BeleHHE MaPAKOMNAKTHBIX NPOCTPAHCTB He O06A3AHO
Obims NMAPaKOMIAKTHBIM NIPOCTPAHCTEOM). MBI BHAMM, YTO B STOM CJyyae
1eKapTOBO MpOW3BeleHUe CBOAHTCHA B CYLIECTBEHHOM K NE€KAPTOBY Ipo-
H3BelCHUIO, onpenenenHoMy B ra. I, § 3. Mb yBMAMM Jpajblue, 4TO
TO € CaMOe UMeeT MeCTO U 8 OfujeM cryiae.

6.4, CHMUAHUHANbHBIE Pe30JbBEHThHI,

[lycte X -— Tono/oruyeckoe npocTpaHcTBO. ByjneM HaseiBaTh ny'mom
CUMNAUGUANBHOLX KOUeANBLX KOMNAEKc08 nal X BCAKMM TpaayupOBaH-
HBI nmyuyox _&* ~(,7")”>0,,cuaG>i<ef1Hblﬂ CTPYKTypO#, KOTOpas onpele-

MfeTCA 3aAaHHeM A8 BeAkoro oTtoGpamenus f:A,—A, romoMopdusma
NyYKOB
[P >

,MYJIbTUIVIMKATUBHOY 3aBHCAUlero OT f, Kak 370 O6blso  06bACHEHO
B ri. I, § 3. B stoM cayuae nad ecakoro U rpynna _#°(U) 6yaer
CHMII/IMIMAMILHBIM KOLUENHBIM KOMIJIEKCOM H _&* MOXHO CHabaUTh CTPYK-
Typo#t nuddeperuuansHoro nyuka. [lad Bcikoro ceMefictea @ nocurenen
B X rpymna T's ((#*) 6yner Takwke CUMIIUUNAJIBHBIM KOUEMHBIM KOM-
IJIEKCOM.

Hanpumep, nns Becakoro mnokpwuitus Il npocrpanctea X W BCAKOro.
nyuka A nan X nyyok @*(; o€) OyseT MyukoM CHMMIMUHAIBHBIX KO-
LLEMHBIX KOMIJEKCOB.

TouHo Tak ke MO¥HO ObIO Obl ONpPeNeUTb MOHATHE NY4LKA NOAY-
CUMRAUYUAABHOLX KOUERHbLX KOMRAexco8. JIns 3TOro HYXHO B mpe-
AblAylieM OmpejejeHHH OrPaHHUUTBCS TOJbKO HeyObBAOWMMU OTOGpa-
weHuaMu f.

_ Mycte X w Y — nBa npocTpauctsa, % u o#f* — 1Ba nyuka cuM-
NAMUMAABHBIX KOUENHBIX KoMmilekcoB Han X u Y. Oupezenum ¢ ux 1o-
Molbi0 Hal mnpocTpaHcTBOM X X'V HOBHH nNyyok CHMNAHUHAJABHBIX

~~
KOUEMHBX KOMIJIEKCOB _¥* x off*. Jlnda 3TOro noJoM¥HM
T ynn n o gym
(L x MY = P QM
M OonpenetuM NJs BCAKOro ortobpawenus f A, —> 4, romomopdusm
J— ~~ -~
[ P"QM > P RQM

KaK TeH3ODHOE Npo#3BefeHHe roMomopdusmor f naa P* u o*. Ilaa
A6bix OTKPHTHX U 0 V-u3 X u ¥V uMeeM, OueBHIAHO, KaHOHMYECKHH -
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rOMOMOpq)PBM CHMNJHUHAJbHBIX KOMIIJIEKCOB
U)ol (V) —> P M (U X V). (13)

Touno Tak xe a8 Ja6bX ceMeHcTB Hocuteaet ® B X, W B V u
=0 X ¥ B X XY HMeeM KaHOHHYeCKHH rOMOMOpP(HU3M

Lo (") x T () T (F* < o). (14)
B qaﬁ:—nocm, ans Jobex x€ X, YyE Y uMeeM rOMOMOP(hH3IM
P () <ol (4) > Ko (x. )
rémopmﬂ ABJIAETC U30MOpPUIMOM B cHIy oblieH dopMybl
AX)QF (1) =AQ F(x. ).
Corsacno teopeme 3.10.1 ra. I, xoMnjexkch
FOQAM(Y) u P oM (x, )

20MOMONHO 9KBUBAAEHMH. W, B YaCTHOCTH, HMEIOT KAHOHHYECKH H30-
MOP(QHbIe TPYNIbl KOTOMOJOrHH.

BepueMca Tenepb k romomopdpusmam (13). BuiGepem u 3acpm<cnpyeM
HEKOTOPOE ecTeCTBeHHOe NpeoGpasoBaHHe

T: X*QV*— X*x ¥, (15)

HHAYLHpYIOUlee TOXIECTBeHHOoe oToOpaxeHue B creneHd 0 (cM. ra. 1,
n. 3.10). PaccMoTpuM kommosuuuio roMmoMopouaMa (13) ¢ romomop-
¢Pu3MoM

L) Q@AM (V) > Z* (U) x ol* (V),
BuiTekalomum U3 (15). Mbl nonyuum roMoMopdusMbi
F W) QM' (V) > F* xoM* (U X V),

KOTOPbI€, OYEBMIHO, COBMECTHMbl C ONEPaTOPAMH OrPaHHYEHHSA M TIO-
3TOMY IaIOT TOMOMOP(HM3M aHddEpPEHUHANLHEIX TYYKOB

T: PRM—> P M (16)

CBOIAILHACH X TOXAECTBEHHOMY mnpeo6pa3oBaHHio B creneHd 0. flcHo,
4TO TOMOMOpPdU3M , ~

To(FYRTy M) >To(F <o), (1T
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cnenywmui n3 (16), nonyuyaercs B peay/ibTaTe KOMIO3HLHU T[OMOMOP-
¢uaMa (14) (onpenensBuierocs 6e3 ucnosabaoBauuss ') U roMoMopusMa

T:T3( 2" @Tw (A*) > T (F*) x Dw (oA,

caepywuiero us teopuu ra. I, § 3.

Bce ckazaHHoe Bblllie, pasymeeTcs, NpuMeHUMO 6e3 BCAKMX HM3MEHEHUH
K NYYKaM TOAYCHMITIMIHAJIBLHBIX KOUEMHBIX KOMILJIEKCOB.

[Tokaxem Tenepb, KaK 3TH PacCyXAEHHS MO3IBOJAIOT 8 O6uem cayiae
CBSI3aTb INOHATHE [eKapToBa NpoW3BeleHHsd, BBeleHHoe B m. 6.1, ¢ Ie-
KapTOBLIM MpOH3BefeHHEeM, TOcTpoeHHbIM B ra. I, § 3. Ias sTofl ueaw
MBI TOCTPOMM KAHOHHYECKUM 00pazoM 0441 8cax020 npocmparcmsa X
u 8canozo nyika A #ad X 8y pesosvsenmy F (X, A) nyixa A,
002Q0010WYI0 NOAYCUMNALLLAAbHOLE cmpykmypold. DyleM HasbBaTh €e
KQHOHUYECKOH CuMnALyuarbiol pe3osvsenmor nysxa J&. Tlocnae sToro
MBI MOCTPOUM TOMOMODP{HUIMEL

FHX ATV B)>F (XX AD B),

KOTOpre B KOMNO3ULHU C I’OMOMOPCpHaMZiMPI
T F* X AHARQF (V; B)—>F (X HXF*(V; )

Aanyrt, kKak 6yler BHAHO U3 TeopeMbl 6.2.1, nekapToBO INpoOU3BeleHHMe.
(a) Hocmpoenue nysra F *(X; A).
ITonoxuM
FOUX, A= C2°UX; A)
F (X A= COX; F "X A)),
TaK 4TO oF " mpencTaBaseT coboBt (7 - 1)-KpaTHy® uTepauuio oyHk-

topa @O S$lcHOo, 4TO nOJyyaeMble TakHM O6pPAa3OM NYUYKH ABJAAIOTCS
846 MU M UTO MMEEM KAHOHHYECKOE BJIOXEHHE :

A= F X A).

3aMeTuM, KpoMme TOro, 4to GyHKTOp A —>oF *(X; u{) mo4en, TaK Kak
¢yukTop (R0 ToueH.

(b) Cewenusn nyixa & * (X, A).

IMycth a — ceuenne nyuka oF " (X; of) Hal OTKPHTHM MHOXecTBOM U,
[MonoxuM aas kpatkocTd oF "= cF " (X; o). Toraa o B3aUMHO OAHO-
3HauHbIM 06pa3oM NpeacTaBaseTcs oToGpaxeHHeM '

Xg—>a(xg) € F "' (xy),

onpeneneHHbm B U. Tak kak a(xo) ecTb POCTOK He 00sf3aTe/NbHO Hee
NPEPHIBHOTO CeYeHus Myuka oF "~ 2 B TOUKE X, TO HAWAETCH OTKPHTOE
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muoxectBo U (x;) u byHkuus
x> a(x, xj)ee?‘n—Z(xl),

onpenenentas B U (xy) 4 npencrapasiowas a(xg). Pocrok a(xg x)
B CBOI) ouepelb MpeACTaBjseTcs (yHKuHel

Xy —>a(Xg, Xy, X3) €F "0 (xp),

KOTOpAas ONpele/eHa B OTKPHITOM MHOXecTBe U (X, X;), coiepxkauieM x,,
Wtepupyd 3Ty KOHCTPYKUHIO, Mbl HAaWAEM, YTO & MOXHO IIPEACTAaBHThH
byHxumett

a(Xg, +0ny X )E (X)),

onpeje/eHHof HA NOAMHOXeCTBe npocTpancTea X"*' Buaa

X€U, x,€U(xp), .... x,€U(x4 ..., x,_9)
rie uepes U (xy, ..., x;) 0003HauaeTCs OTKPLITOE MHOXKECTBO, 3aBUCALICE
TOJBKO OT Xy, ..., X; M COmepxallee X,.

flcHo, 4To, Hao6OpOT, BeAKas (PYHKUHS TAKOTO THOA OJHO3HAYHO
onpejensieT HEKOTOPOE CeueHHe Nyuka oF © Han U,
PaccmoTpum ape ¢yHKunM

axg vor X)) MO B(Xg ohhy Xy,
onpejc/eHHEe COOTBETCTBEHHO [Js
X€ U, x €U (xp), ...
X €V, X €EV(xy). ...

W, ClIelOBATENLHO, ONpele/sioliie HEKOTODHIE CeueHUd & ¥ 3 nyuka oF "
nan U w V. Jlas rtoro urobnl 9TH ceueHus coBnagaau B W=UNV,
Heo6X01MMO H JOCTATOYHO, UTOGHI HMEJO MECTO DPaBeHCTBO

O (Xgs voer X)=B(Xg +0.» X,)
Ha HEKOTOPOM MHOXecTBe BHIA
X €W, 5 €W (xg), ..., X, €W (xp -.oy Xy

9o yTeepxkAeHUe oueBuIHO A =0 ¥ 1OKa3LIBaeTCH HHAYKUHeH
no n.

Orciona BhITeKaer, YTO AJAs 3anaHus ceueHuM nyuxa oF © wan U
MOXHO OblN0 OBl OTpPaHHYMTbLCS paccMoTpenueM (yHKuuh

a(xy ..., X)EA(x,),

onpeneneHubix Bo sceM U, dru pyHkuuu, ouepuaHo, o6pasylor abe-
fesy rpynny. [pynna cedenufi nyuxa ¢ " map U cosnajaer ¢ ¢axrop-
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rpynno# paccmatpuBaeMoft rpynnel ¢GyHKUMH N0 MOATpynne ,JOKajdbHO
HyleBbIX“ (yHKuuf, T. e. (pyﬂxuun %, YAOBJICTBOPAIOWHKX PABEHCTBY

A(Xgs o v s ,,)-_0

H3 HEKOTOPOM MHOXECTBE BHIA ,
XU, i €U (xp), .... x,€U (x4, ..., x,_}).

OrMerum BaxHoOe oTaMuMe OT Kouened Auexcaupepa — Cnaubepa, onpe-
leJieHHbIX AJS MPOCTBIX NyukoB B npdMepe 2.4.2. ‘OHO COCTOHT B TOM,
YTO MHOXECTBO YKa3aHHOrO BHAA, BOODIIE TOBOpA, He ABJASETCS OKpPeCT-
HOCTbIO auaroHamu B U*H!,

YKazaHHas KOHCTPYKUHMS MO3BOJSET SBHO 3a4aTh KaHOHHYECKOE BJO-
KeHne oF "> F "*'. [leHCTBUTEbHO, PACCMOTPUM CeyeHHe & Nyuka oF -,
npeicrapiednoe ¢dyHxuumed a(x,, ..., x,). Ilycts a(xg, ..., x,,)—
dyukuus, npescTaBafOmas o KaK ceueHHe Nyuka oF ~¢'. B aTOM cayuae
LA BCAKOro X (yHKUHSA

(Xgs vvny X)—>a(X, Xg «0., X,) :
olipenensieT pocTok ceyeHus & (x)€ oF "(x). Ho tako#t xe pocrox onpe-
nejsiercs M pyHKuuek a(xo, ey x"), No3TOMY

0(Xge Xps v ees Xpp)=0a(X], ..., X,01)

(©) Hoaycunmnauguarsnas cmpyxmypa ')y 8 F ' (X; ).

Il Toro urobbl ONpPefeguTb MOJIYCHMIIMUMAALHYIO CTPYKTYPY Ha
rpafyHpOBAHHOM HYUKe oF ~ = (cF "),  HeO6XOAMMO H JNOCTAaTOYHO OMNpe-
AeJHTb Ha rpaayWpoBaHHbiX rpynnax oF *(U) noaycuMniuuna/bHbie
CTPYKTYpbl, COBMECTHMbIE ¢ ONEpPATOPAMHM OrPAHHYEHHUS. '

[lycTb @ — ceueHHe NYUYKa oF ¥ Hal OTKPHITHIM MHOXecTBOM U o
f— Bospacraiomee ortobpaxernne MHoxectsa A, B A, Mbl BOMKHBI

OTIpe/ie/INTh CeyeHue B=/(2)EF (V). Nan STOI‘O npe,[lCTaBHM o GyHK-

umet a(xg, ..., x,)€A(x,), onperesenno# s UP*!, u oBosnaunm
uepes B ¢yHKUMIO, 3a7aHHYIO0 POPMYJIOH
Blxg - oy X =a(Xr)n +-un Xp(p)(xg) (18

3nech HCIOAb30BaHbl 0G03Hauenus 3ameuanus 4.3.2, a MMeHHO, ecaH
u —3zement u3 JA(x), To uepes u(y) obosnauaerca ma6as cpymmml

y —>u()EAW),

KOTOpas HenpepuisHa 8 mouxe x u pasua u npu y=—x. HecMorpa Ha
HeoJIHO3HaYHOCTb, KOTOpas coaepxutcs B ¢opmyne (18), merko nposes .
psercs, uTo cewenue B nyuka oF ¢ nan U, onpenensemoe ¢yrkuued (18),
33BMCHT TOJBLKO OT Ceenids o nyuka oF .

1) Ynuratenn, xeNAOMMHE nade)xan, ABHHX BHUHCACHHH, KOTOPHE npaBOJmTCﬂ
HIKE, MOXKET OGPATHTLCA K NPHAOKEHHIO. - . )
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Mbl npeoCTaB/feM YHTATENI0 NPOBEPKY aKCHOM MOJYCHMIIHUHATLHOH
CTPYKTYPHI, @ TaKxe OOBSCHEHHE TOTO, NMOYEMY HEBO3MOXHO ONpedeNHTh
Ha oF * ,TMOJHYIO“ CHMIIHUMATLHYIO CTPYKTYpy. BawHO HMeTb B BHAY
creaywollee cootHoumenune: ecau u4 & A(x), To

u((@=u(2

na MHoxectBe Buaa y& U(x), z€ U (y). '

Jlanum Tenepb sBHble dopMyapl aaa aHddepeHunana d B oF *. Owu
npeobpasyeT cedeHHe, mpeacTapiseMoe ¢pynkumeh a(x,, ..., x,), B cede-
HHe, NpencTaBiaseMoe ¢yHKUHeH, (MJMH TOUHEE, NpPEICTaB/IseMOe OJHOH H3
GhyHKUMH, 3anaBaeMblX ciaenyiolleft gopMyJoH):

n

(da) (%, - . -, xn;l);i§(~1)"a(xo, ) R xg )
(=D alxg ey X)(X,0).  (19)

Orciona caenyer B cHay ¢opMmyn 3amedanus 4.3.2, uTO KaHOHudecKas
pesoavgenma Q" (X; A) xaHonunecxu 840%CeHA 8 OUPEHEPEHYUAAbHbLE
nysor F (X, A). N

(d) ITpoussodusie nyuxu 018 F *(X; JA).

Mbt  noxaxeMm ceHuac, uro oF *(X; oJf) siBaseTCs pPe3o/bBEHTOM
nyuka . _
_ Tycts a €F "(x), rae x duxcuposana, n da == 0. HyxHo noka3ats,
uro a € A(x) nipu n=0 u uro a € d(F "' (x)) npu n > 1.

[Tpeanonowum cHavana, 4to n = 0. [lycTh a mpeacTaBieH B OKpeCT-
nocth U Ttouku x dynkumed a(xg) € A (x,). Torna cootHouenune da =0

03HauaeT, yTO PYHKUMA & (X;) — & (X,) (x,) onpenenser O B F ! (x), T. e.
4TO NpH AOCTaTOuHO Mamoh U umeeM

@ (x,) = o (x0) (%)

Ha MHOwecTBe BMRA X, U, x, € U(x,). B yactHoCTH, noaaraa x,= x,
nonyuaeM -

a(e)=a(®)(x) s x €U(x).

Ho 970 03Ha4aeT, 4TO QyHKUHUA & (X,) €CTh Henpepuigroe cevenne nyuka A,
paBHoe a B X, T. e. a € A (x), uto H TpeGOBANOCH NOKA3ATh.
[Tpeanonoxum Tenepb, 4to # > 1, ¥ NpeACTaBUM 2 B OKpecTHOCTH U
TOukH x QyHkuuedt a(xy, ..., x,)€ A(x,). Tak kak da =0, T0 MOXHO
cayuraTh (ecan U pocratouno mana), yro gyHkuus (19) soxkaasHo pasHa 0
B U, T. e. paBHa HyMi0 HA MHOXecTBe BHIA X € U, x, € U(xy), ...
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o X, €EU(x, ..., x,). Bomemum B (19) uwren ¢ i=0 u mno-
JOXHM X, = x. Torga noayyum

n
i+1 A
a(xl’ vt xn+1):21(—1)l a(x! Xproves Xy ooy xn+1) +
[=

F (=D alx, w1, (X400,
rie
X EU), €U (x, x), ..., X, EU(x, X, ..., X,).

PaccMoTpuM QyHKUHIO
Blxg -y X, D==a(x, X5 ..., X,_))
U TOJOXHM
V=U(x), V() =U(x, xp), ... .

Torna npeanayniee COOTHOLUIEHHE NOKA3bIBAeT, 4YTO

n—1

6 (X ey X,) = §0(~1)i8(x0, A P
(=D B ey X)) (),

xoraa x, &V, x, €V (xy), .... Urak, ecan ofosnaunts 4epe3 § pocrox
cevennss nyuka o ' '(X; ) B Touke x, omnpelenseMbft QyHKuueH
B(xg, ..., X,_)), 10 a==dB. DruM noKa3aHOo, uT0 F *(X; L) aBngerca

pe3oabBenTON myuka A.

Bynem HasuwBath oF *(X; of) KQHOHUWeCKOH cUMRAURUAALHOE pe-
soavsenmoti nydika . LEcmn ® — HexoTopoe ceMeicTBO HOCHTeJeH
B X, TO MOJOXHM

Fo(X; A)=Ta(F "(X; A)).
IT0 NOAYCUMRAURUAAHOLE KOUENnHOU KOMAAeKc. SICHO, 4TO Chpasen-
JHBBL CACAYIOLIHE YTBEPKIEHHS:

() Kanonuuecicoe gaoomcenue @R (X; A)—>F *(X; A) undyyupyem
130 MOpPu3 ol

HE(X; A)=H"(F3(X; A)).
(Il) Besxkoii mownoii nocaedosamersnocmu
O>A">A->A"—>0
coomseemcmeyem MmMo4HAs nOCAe008aAMeAbHOCME
0> Fo(X; A)—>Fo(X; A)—Fo(X; A—0,

rKomopas npusodum npu nocpedcmse uzomopgpuinos (I) & mounodi
nocae008amenbHOCII KO20MOR02ULE, CBA3GHHOE ¢ UCXOOHOE MOYHOI
noc.aedo8ameLbHOCMbIO, ’
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. Bce sT0 nokasmBaer, yto B § 4 MoxHO ObJ0 OH onpedesums
rpynnbi Hg (X; o) € IOMOIbIO CHMIINIHAAbHOR pe3onbBeHTH oF ° (X A)
BMECTO pe3oabBeHTh @ *(X; Jf).

(e) Kanonuuneckue 20momopduamet

FX ATV B> F (XX AR B). (20)

Ilags Toro uyroObl HX OMpeleNHTb, AOCTATOYHO MOCTPOMTH FOMOMOPp-
(puaMbl

F*(U; A)x F*(V; #)—>F* (UXV; AR F)

AJs TPOM3BOJBHHX OTKPHTHX MHOkects U w3 X u V. us Y. Paccmo-
TpuM Aast 9toro ¢yukunu a & F*(U; A) u BEF"(V; #) u onpenenum
HCKOMBIY roMoMopgH3M, conocrasiass saemeHty a®B us F'(U; A) &

® F"(V; #) snement us F"(U XV, a{@) #), onpeneaseMblt QyHK-
nuei
a(Xg, vees X)R@B(Vps v en P

Mp mpemocTaBnsieM YMTaTeNI0 TNPOBEPUTb KOPPEKTHOCTb 9TOro. omnpe-
JeJieHus!.

(f) IHocmpoenue dexapmosa npou3gedenus.

Tak kax nyuk# F *(X; o) UMEIT NONYCHMNIMUHKAIbHBIE CTPYKTYPHI,
T0 coobpaxKeHHs, Pa3BUTHle B Hayaje ITOTO NMYHKTA, NMPUBOAAT K KAHOHU-
YeCKUM roMoMopduamam

FX A) BT B)>F (X AT B) (@21

[sTu roMmoMopdusMbl - B oT/iHuMe oT romomopdusMoB (20) caenyoT u3
TeopeMst 3.10.1 ra. I u c roMmoronuuecko# TOUKH 3peHHs ABJAIOTCH
skBuBajeHTHOCTAMK]. Komnosuums stux romomopdusmos c¢ (20) naer
ecTeCTBEHHble TOMOMOPQH3MbI

FX A)RF 'V B)>F (XXY; AR B)

H, CJelOBaTeJlbHO, FOMOMOP(H3MbI KOMIIEKCOB

Fo(X; AYQFL(YV; B)—> Fo(XXV; AR B).
[Mepexoasi K KOTOMOJOIHSM, NOJy4YaeM rOMOMOPQH3MEI

H(X; A)@ HL(V; B)—> HLT (XX Y; AR B),

KOTOpBlE, B CHJIy TeopeMbl 6.2.1, cOBnajiamT ¢ JACKapTOBHMH TPOHU3Be-
JEeHUAMH. ‘

CaMo co00H pasyMeercsl, 4TO 3TH pe3yJAbTaThl MNPHUBOLAT K SIBHOMY
NOCTPOEHUIO NeKapTOBa NpousseleHus. Ecau Kaacc xoromosoru#t ¢ cre-
penu p Hal X npeacragaen QyHKuMeR a(xo, ..., x,) €A (x,) u gracc
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KoromoJoru#t m creneun ¢ wuan Y npencrasned dyHxumed B(y,, ...
coes ¥)EF (v,), 10 Exm npencrasaen Qyuxined

TIxe Yoo -0 (Kpigr Vil =
=a(Xg s X)) (Xprd @By « s Ypio

Ecan orpannunthbed 3/eMeHTaMH KaHOHHYECKHX Pe30JbBEHT, TO Mbi BHOBb
noayuum dopmyay (6) #3 n. 6.1.

B urtore Mn BHIMM, uTO, KaK Y:Ke TFOBOPHJIOCL Bblllle, MOHSTHE je-
KapTOoBa TMNpOU3BeleHMA B TeOPHUH TMYYKOB HEMOCPeNCTBEHHO CBA3AHO
C TMOHSITHEM [eKapToBa NpOW3BelEHHs, paccMaTpuBasiuMcad B § 3 ra. I,
Jlas nmapakOMNAaKTHBIX NPOCTPAaHCTB 5TO ObIO HaMH NpPOBepeHO elle
paHblie C NOMOWI0 Teopuu HYexa.

6.5. dopmaabLHbie CBOACTBA [JEeKAapTOBAa IIPOH3BENAEHHS.

B cuay CKasaHHOrO Bbillle MOYTH OYEBHIAHO, YTO [A€KapTOBO NPOH3-
BelleHHe B TEOPUH TNYuKOB 06JanaeT CBOMCTBAMH ZeKapTOBAa NpOM3Beje-
HUS, ycTaHoBJeHHbiMH B IJ. I, Teopeme 3.11.1. JokaxeMm 3710 yTBep-
W IeHHUe.

(a) Omobpascenue (5, m)—Exn 8 cmenenu 0 c8odumca K Kawo-
HUYECKOMY OmOODAIICERILIO

Te (A) X Ty (#) > Ty (AR B).

310 CBONCTBO TPHBHAJIBLHO.

(b) Lewxapmogo npoussedenite c08MecmMUMO C 20MOMOpDOUIMAML
RYHKOB.

310 CBOHCTBO OMATL OYEBUIHO.

(¢) Omobpancenue (&, M) —>§x 1 6urnnelino.

D10 cBoHCTBO TaKike TpPHBHAILHO.

(d) Jdexapmoso npou3sedexue accoyuamusHo.

Jas 10Ka3aTeAbCTBA 3TOTO YTBEPKIEHHA NOCTATOYHO NPOBEPHTH, UTO
ans Tpex npocrpancts X, Y, Z u nyukos A, %, @ Hal 3THMH npo-
CTPAHCTBAMHU CJeNYIOLlas JHarpaMMa ,TOMOTONHO® KOMMyTaTHBHa (3T4d
AHArpaMMa Jadce KOMMYTaTHBHA B CTDPOTOM CMbIC/JE CJOBA, €CJaH 3a]aTh
ecTecTBeHHble npeobpasoBaHus X' Q@ V¥ — X* x ¥* aBHeiMH (oOpMyJaaMu
u3 ra. I, aameuvanue 3.9.1): '

(az*é?f*)@ C>ADFS @*ec/a*?é(vﬁ’*‘?é e
m@?*é}e* w@(af@@)‘
|
(ABBRC) >(ADF D Cr—(ARFBC)) .
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B stnx dopMmynax of* 0603HAUAET KAHOHUMECKYI0 WM KAHOHHUYECKYIO
CUMNIHIMATBHYIO Pe30abBeHTy nyuka of.
3aMeTHM, 4YTO Hallle LOKa3aTeJIbCTBO OCHOBAHO HCK/IOUHTEIbHO Ha

cyutectnopatun romomopdusmos A* @ F*—> (AR F)*, T. e. B KoHew:
HOM cuere Ha #BHHX c¢opMyaax n. 6.1 may n. 6.4. Moxno narb 3Ha-
yuTenbHO Gojee ,(PyHKTOPHOEX J10KA3aTeALCTBO 3TOr0 (hakTa, HCHO/b-
aymolliee TEOPUID UHDBEKTHBHBIX NMYYKOB, KOTOPAad DaaBUTA B CJAedyiolieM
naparpade. Mb npenoCTaB/seM UMTaTEa NPOLENaTh 3TO LOKa3aTeabCTBO
B KaueCTBe YNpPaxcHEHMS.

(e) Herapmoso npoussederue anmuromMmymamusno.

JIpyTHMH cAOBaMM, AMs 3alaHHBIX KJA4CCOB KOromodoru# & u vy mpo-
crpaicts X m Y oOpas snementa £ x 7 NPM KaHOHHYECKOM MIOMODOU3ME
KoroMoJoruf#t npoctpancrtea X XX ¥ Ha KOromo/Jordu npocrpanctsa ¥V X X
pasen (—1)" 7 x¢, rme p u q— crenesn kaaccos £ u 1. Camoe npo-
CTOE J0KA3aTeJbCTBO TNOJSYYAETCH B CUMIAMUMAibHOR Teopuu. Ecan A
H % — paccmarpuBaeMble nyukd Han X u Y, 1O, mpeHebperas cemeft-
CTBaMH HocHTeJeH, CyneM UMeTh AHArpammy

F*(X; uz)@fF*(Y; F)—> F* (X az)I F*(¥; z’)»F*(Xle; AR F)

FA(V; BYQF (X; A)—> F*(V; &) x F*(X; A)—>F XX, AR F).

Myt yxe Buneau [ra. I, wacts (b) noxasatenbctsa teopems 3.11.1], uro
JeBbi KBaapar 3TOH IMarpaMMbl KOMMYTaTHBEH C TOYHOCTbIO 10 IOMO-
TonuH. [IpaBblft KBaApaT TaKKe KOMMYTAaTHBEH, YTO JIETKO BHITEKAaeT u3
BHBIX (opMya. 1o u naeT TpeGyeMbl#t pesyabTaT. -
(f) Cosmecmumocms dexapmosa npou3sedenus ¢ MOUHBLMU NOCAE-
dosamenbHOCMAMU.
PaccMoTpHM TOUYHYIO NOC/AeAOBATENBHOCTb NMYuKOB C Hasol X

0—> A —>AZ>A"—0.
[TycTb % — Takolt nyuox ¢ 0aso#f Y, 4TO MOC/IeN0BATEAbHOCTD
0> A BF B AR F 28 4R F 0

ToyHa, B 9TOM cJayuae HMelOTCA TOUHEE TOC/AEIOBATENbLHOCTH KOTOMO-
noru#t Han X wm nax XX Y. JlokaxeM, uyTo 41g A0OBX KJacCOB KOTO-
Mosoruft £ € H* (X, A”), 1€ H*(Y; %) vmeem

BE )= @) x 7.

Ias nokasareibcTBa npenactaBuM &7 KouukaoM '€ F*(X; A7),
a v — KouukJgoM t € F*(Y; ). Toraa uwaflnerca kouens s€ F*(X; A),
Takasd, uro §"=wv(s). B 3rom cnyqae KoUK ds € F*(X; u{’) 6yﬂe'r
npeacrasasTe kaacc 8¢, -

JRSN
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O603nauuM oToGpameHue
F* X HQF (Vs B)—>F (X XY, AR B),

NpHBOAfALIEE K JEKAPTOBY NPOM3BELEHHUIO, ueped SQf—>s xft. Toraa
JerKO 3aMeTHTb, 9TO KJacc O (" x 7M) npeacTaBieH KOUMKJIOM d (S x f),
a knacc (B¢") x 1 — KouHkaoM (ds) x £, [To3TOMy ROCTaTOYHO 10OKA3aTh

dopmyay
d (s x £) = (ds) x t.

Ho ona TtpuBHajbha, Tak Kak orobpawende S@¢—»s x ¢ SBJSIETCS TOMO-
MOP(HHU3MOM KOMIIIEKCOB H MOTOMY

d(sxty=(ds) x t +(—1)'sxat
s sEFP(X; A), t€F(Y; #). 910 u naer TpebyeMbill pe3y.bTar.

6.6. Onpenenenne u cpoicTBa U-NPOHU3BEAEHHA.

[lycte X — Tononoruyeckoe nNPOCTPaHcTBO, o — Myuok  Kosel
¢ Gaso#t X, &7 — npasuft JE-Monyab, off — aepsift JA-Monyib.
OnpenenuM oToGpa)KeHus

HE(X; )X HY (X, ofl)y— HEI(X; ,?gc//z),

rae ® u U — cemelictBa HocuTeneit B X, a © — mepeceueHue cemeiicTs
=0onV,

PaccMOTpUM I8 9TOTO KaHOHKHuYeCKUe pe30JbBeHTH G 7 (X, &) u
C*(X; off). TlepBas pe3oJbBeHTa COCTOMT M3 NpaBuHX of-Monynef,
BTOpas — u3 JeBbix f-Moaynef. Moxno o6pasosaTs auddepenuuanbHeilt
nywok (X, P)® C*(X; o#). B cuny sameuanus 4.3.2 paccmarpusae-

A

Mble Pe30J/IbBEHTH TOMOTONHO TPUBHAMBHEI Kak JA-Molyad (T. €. Auddepen-

uuanbHeie A (x)-Moayau _F*(x) u o#*(x) rOMOTONHO TPUBUAMbHLI LJIs

Bcex x € X). IlostoMy Tensopnoe npoussesenve C*(X; )@ C* (X, o)
A

6yneT pe3onbBenTol nyuka Z @ off. Takum 06pasoM, UMEIOTCS KaHOHHUYE~
A
CKHe TOMOMOP(H3IMDI

HEP T [Te (@ (X; 3)@ C*(X; o)) —> HE 1 (X; ,?90/15)-

Kpome Toro, umeercsi roMOMOPPU3M KOMILIEKCOB

Ty (C*(X; ,?))dG?X)I‘w(G*(X; o#)) T (C*(X; ,?)gf C*(X; o))
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H, CJen0BaTeJ/JbHO, FOMOMOp¢H3hibI

HE (X; 3)05%011&' (X; off)—> HP T [T (C*(X; L)Q C*(X; o).

KomMnoauums »THX TroMOMOPDGMIMOB [13eT KAHOHWUYECKUE TOMOMOPQU3MEL

HO (X )

HY (X 2 @ HY (X e/ftHHf;*“(X;;gﬂgwt), (22)

KOTOpBIE M TPHBOMST K HUCKOMBLIM OTOODAMEHHAM.
Ecsu samann kaacewm E€ HE(X; %) u w€ HE (X, o#), 1o obpas

EUNEHY Y(X: 2 ®oM)
R A

sjeMeHTa £@ 7 1pH orobpawmenun (22) HazbiBaeTcs U-npoussederiie
nan A kaaccos £ u .

Teopus nexapToBblx MpPOH3BeJeHHH, KOTOPYIO Mbl NOApPOBGHO M3J10-
UM, NEPEHOCUTCH MOYTH HOCAOBHO Ha (U-npoussefenus. [lostomy mul
OTpaHHMYUMCA  yK43aHHEM OKOHYATEeAbHBIX pe3y/abTaTOB, IPeLOCTaB/IAd
YUTATEJI0 MPOBEPKY HALWHX YTBEPKACHHH.

[Ipexae Bcero roMoMopduambl (22) MOKHO ONpeseTHTH npsaMo Ha
OCHOBe TOMOMOpP(H3Ma pPe30JibBEHT

e (X 3)% CH (X, oAM)—> C*(X; ,7%%!),

KOTOPHIH  MEPEeBOAUT  3/IeMeHT a%}@, roe  a(xy, ..., X,)€.L(x)).
B(xy -y X,) € o (x,)— NPOU3BOILHBIE ,KOLEMH", B KOUEMb
@ (Xgs v es X)X, ) @B (X, ooty X5y

C npyro#t cTOpOHbBI, HMeeT MeCTO Clenyiouiull aHajior teopemsl 6.2.1.

Teopewma 6.6.1. [Tycms P — npasoii A-mo0yas, off — 1esoiii
A-m00y46, a & — nexomopuli Z-modyae. [Iyecme 3adana pe3ons-
genma P modyan P, cocmoawan u3 npagwx JA-mooyied, pe-
30a68enma  off* modyas oM, cocmofwas uz sesux JA-modyaeii,
u pesorvsenma & nyuxa . Ilycms, HAKOHEY, UMeem MeCmo KOM-
MYMAMUBHAS OUQAZDAMMAO

A

P
L RM —>T.
B
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Toz0a umeer KOMMYMAMUBHYIO OUAZDAMMY
H*Co (F")) 6f H* Dy (o#7)) > H* (I‘el(e?*))

Hy(X; 2)® Hy (X; o) —> Hy(X; P).

[B 3To#f nmarpaMMe BepXHSiS TODH3OHTa/lbHas CTPeaKa HHAYLUPOBaHA
roMoMopdu3MOM ¥, HIMNHAS TOPU3OHTAALHAS CTpeaka TOJYYeHa KOMMO-
3uliMel -npousBedeHuss Hag of ¢ roMOMOpdHM3MOM 4, BepTHKaAbHbIE
CTPEJKHM CJeIVIOT M3 TOro, uto _&*, ... ABINIOTCA Pe30/JbBeHTAMH MNyu-
KOB _&, ... . HakoHeu, TeH30pHble MpouzBeleHHA GEPYTCH OTHOCHTEILHO
koabua HO(X; A).]

W3 aTOH TeopeMbi, B YACTHOCTH, BHITEKAKT TakHe C/IEICTBHS:

(a) Tlycte anddepennnansioe GOpMb © H © Ha nmquepeHuupyeMOM
MHorooGpasuu X ONpelensoT KJIacChi koromosoru#t £, 7€ H*(X; R).

Toraa (bopma © /\ ® OlNpeneaseT KJacC KOrOMOJIOTHH cu 7.

(b) (-NIpOH3BEEHHE MOMKHO OMpENeNsiTh U ¢ nowxommo CHMIIHILHAb -
HbIX pe30JibBeHT. [leficTBUTENBHO, B 0603Haqeﬂnﬂx Hayana 3TOr0 NYHKTA
HMeeM TGMOMOPQUSMEL

oF *(X; 3)%07’*()(; M) — F (X 3)207’*(& o)

F (X ,5?);@7'*()(; oll) —>F " (X; 3%0//!)-

[Tepsuift cienyer u3 ra. I, § 3, a Bropo#t noayuaercs nTepauued oue-
BUIHOTO TOMOMOP(PH3MA :

CYUX; ,?)g CUX; o) > CUX; 3@%)-

Pasymeercsi, uro ecad Han X 3ajanm nyukd 9 u off* noaycumnad-
IIHATbHBIX KOUEMHBIX KOMIJIEKCOB, TO HX 0JeKapmoso npoulgederiie
onpenesasieTcss Gopmynolt ((F* x o) = " @ o#" 1pH 0ueBUIHOM ompe-
JleJIeHHH OMNepaTopoB TrpaHel.
(c) MoxHo onpenenuth «U-TNpousBeneHue u B meopun Yexa. Tlyctb
U= (U) n B=(V,)— apa noxpuitua npocrpanctsa X, 06a OTKPHITHE
HaH ke 002 38MKHyTble H JOKaJbHO KOHeudbie. (O0ozpauuM uepes
W=UNZV noxkpwiTHe, obpasosaHHOoe wMHOKecTBaMH U;NV;. VimeeM
npexje Bcero, corniacHo ria. I, § 3, romoMopdusMul

C'W 2B (B o) > L7 (W 2) x € (B o).

C apyro#t CTOpPOHH, HMeeM rOMOMOP(UIMEI

er; 3);6‘"(%1 o) —> C (B 3%%).
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KOTOPbIE OMpeneasioTess caenylowum obpasom. Ecam a; . ; u B; . ;
n 0" fl

kouend nokputid U u B co sHaveHusMuy B P u Mt TO HCKOMbIﬂ
romoMopdusM mnpeobpadyer ax B B KoleNb | TNOKpPHTHA W co 3naye-
¥

HUAMH B & @ o, onpenenennyo Gopmyiof
)
V(oo - (lpd ) =101, .1 ()BBj,...; () (x€Us .0, OV ...p)

Pasymeercst, n1s Toro 4yToOB MOJAYYMTH TOMOMOPQH3M HY4K08, HYXKHO
NPUMEHATL 3Ty (opMyay sokassho. OTCIONA NMOJAYYAOTCH KAHOHHYECKHE
TOMOMODP(U3MBI

HEW; .9 @ HED; off)—>HYeUNY; 2 QoA).
H(X; A) £

[Mon neHcTBUEM KAHOHHYECKHX TOMOMOP(U3IMOB KOTOMOJOrHH MOKPLITHA
8 KOTOMOJOFHH TPOCTPAHCTBA TNOJYYEHHBIE TOMOMOP(H3MEl MEPEXOMAT
8 (U-TIPOU3BENEHUA HaL JA.

B npenene MOAyYamTCa (U-npou3sedenus 8 Kozomoaouax Yexa

Hy (X, ) & HYWX o)~ HE v (X ggam),

HYX; )

KOTOPble TaKXKe COBMeCTHMBl C tJ-TIPOU3BENEHUAMH, ONpeneNeHHbIMH
B Ha4aJjae 3TOro NyHKTA.

CsofticTBa, copMmyaupoBadHele B n. 6.5 1i1d NekapTOBa mpousBene-
HHSl, TIPH OYEBUIOHBIX HU3MEHEHHUAX OCTAOTCH ClPAaBENIHBBIMH IS \O-NPO-
u3BeleHni (aCCOU.HaTPIBHOCTb H QHTHKOMMYTATHBHOCTL UMEIOT MECTO TOJBLKO
145 TYYKOB KOMMYMAMUBHELX KOMeEL), T. €. () -Ipou3BercHHe BuuHelno,
4CCOLUHATUBHO, AHTMKOMMYTATHBHO M COBMECTHMO C TOYHBIMH MOCJIENOBa-
TEALHOCTSAMHM KOTOMOJOTHA., B KauecTBe mNpPU/IOWKEHHS TMOJYy4YaeM, 4TO

ecau A—nynox xommymamusnox Korey nad X, mo epynna He (X; A),
CHAGIICEHHAR \O-NPou3sedentem, ASAAEMCA ACCOUUAMUBHOL, aHmU-
KOMMYMAMUBHOE 2pa0YUPOBARNOL ar2ebpoi Hao koasyom HO (X, A)=
=T'(A). 10 — Koasy0 KO2OMOO2UE (c HOCcuTedMu B @) mpocTpa-
crea - X co 3HayeHusaMu B JA.

B cayuae koria nydok of HPOCTOM, T. €. KOTa €ro MOXHO OTO-
WAECTBUTB C (GUKCHPOBAHHBIM KOABUOM A, U-TIPOM3BEAEHHE MOXHO
NONYUUTh M3 [EKAPTOBA IPOU3BEACHUA C IOMOIILIO OUAZOKAALHOZ0 OMO-
Gpascenun x—>(x, x) npocrpactea X B X X X. JlelcTBuTebHO, 9TO
0TOOpaX(eHne HHIYLHPYET TOMOMOPQPUBMEI

HE W w (X X X, ,?@aft) — HY v (X 3@%).
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KOMIIO2HLHS KOTOPBHIX € NeKapTOBHIMH IIPOU3BEACHUSMH 1aeT (J-ApOou3-
BeleHusl. 3TO clelyeT, OYeBHIHO, U3 TOro, yto Oo6paTHb 06pa3 myukxa

-~
P RQo# nupu AMATOHANLHOM OTOOpaxeHuu ectb & @ o#. Caenosa-
TeJbHO, B 3TOM CJydyae MOxHO Oblo OB BHIBECTH CBOHCTBA () -TIPOH3-
BeJeHUs! M3 CBOWCTB NeKapTOBa INPOHU3BEIEHHS.

BnpoueM, 3THM CMOCOGOM MOXHO TNOJYYHTb (U-TIPOH3BENEHUS W HaJ
NpOU3BOMLHLIM NyYkoM Kodel . Je#cTBuTenpHO, NycTh ¥ — NpaBef
A-Monynb, off — nevitt SA-moayib. OBo3Hayasi TeH30pHOE MPOU3BEle-
HHe Hall KOJIBLOM LeJbIX PalHOHaJAbHBIX YMCes NPOCTO 3HAKOM X, uMeeM
KaHoHUYeckul romMomMopdusm

FRM> F &AM
o

Komnosuuus cooTsercTBylOLIEro roMoMopdusMa ¢ (L -NpoHU3BeleHHeM OT-
HOCHTEJBHO Koabla Z naet orobpasxeHus

HY (X, 2) X HE (X o)~ HE v (X, & g oM).

Jlerko BuleTb, 4TO OHH Ou/IMHEHHH OTHOCHTeNbHO KoJabua HO(X; A).
CrefoBatesbHO, 9TH OTOGPAXKEHUs ONpefensioT roMOMOPQUSMBI

HY (X ) @ HEWX o) > HE{w (X & ® o).
HO(X; A) A

D10 u ecTh U-NponsBeaeHne HaA A,
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7.1. UHDbeKTHBHBIC MYy4KH.

Mycts X ~— npoctpanctso, A — mydok koJen ¢ Gasot X u g —
AeBbll JL-Moayab. TlyuyoK & HA3BIBAETCA UHBEKMUBHOLM, €CIU (QYHKTOD

G_CZ_)HOmﬂ(,?, g)’

onpeﬂeneHHbm'ﬁa KaTeropuu JeBbix Jf-Monyaelt, mouen.

Teopema 7.1.1. Bearuii JA-m00y26 MONCHO NOZPY3UNL 8 UHBEK -
mugroLli A-Mm00yab.

JeHCcTBUTEMLHO, NYCTh &P — JaeBbll Jf-moayab. [as awobo#t Touku
x € X pubepeMm mnorpywxenne Jf(x)-Monyas _#(x) B MHBEKTHBHBIH
A (x)-monyab [(x). Mocae sroro noctpoum aeBoif A-moiyab &, mo-
Jarast JAJs BCSIKOrO OTKpbITOro MHuowectBa U us X

gW= I 1) (1)
XEU

U Onpefessisi eCTeCTBEHHEIM 06pa3oM Onepauu orpanudeHus. flcho, yto &
MOKHO nOrpysuTb B & . JlokameM, 4TO § — MHDBEKTUBHBH J-MOAy/b.
OueBuaHo, 310 OVIeT [0KA3aHO, €CJaU Mbl MOKAKEM, 4YTO I JAI060r0
JA-vmonyns o uMeeT MeCTO KAHOHHYECKHH H3OMOPPH3IM

Hom_, (o#, g)lee[x Hom ;. (o# (x), 1(x)). @)

3aMeTuM Tpexae BCEro, YTO IJd BCAKOTO X HMECTCH KaHOHWUeCKu#
romoMopduaM Jf (X)-moayieH

v(x): g (%) > 1(x);

LOCTaTOYHO COMOCTABUTb CEUEHUMIO IYYKA &, ONpeNe/NeHHOMY B OKDeCT-
HOCTM TOUYKH X, €ro ,3uauenne“ B 3TOH Touke. TakuMm oOpasom, Bcakuh
roMoMoOp@u3aM f: off — & omnpejensieT ceMeHcTBO TOMOMOD(}HU3MOB

F(x)=uv(x)o f(x): oM (x)—>1(x).

Orciona nosayvaercs roMoMopdHoe oToOpaxkeHue JeBOro uieHa ¢op-
myabl (2) B npasbifl. [locTpoeHHbI! roMOMOPdH3M SBJAETCH MOHOMOP-
¢uamom, Tak Kax f npeoOpasyer ceuenne s € o (U) B cevenne nyuka g,

19*
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onpelejsieMoe 3JeMEeHTOM (]T(x)(s(x)))xEU u3 g(U) dTOT roMomop-

¢H3M ABaAeTCS TaKKe 3NUMOPGU3MOM, NMOTOMY 4TO JIOOOMYy ceMeHcTBY
A (x)-roxoMopduamMos g (x): off (x) — 1 (x) u BCAKOMY ceueHuo s € o (U)
MOXHO conocTaButh cedende f(s)€ & (U), npencraBiennoe cemedcTeom
(g (x) (s(x)))xEU. Mpbl Hamau Tako# romoMopdusM f o — &, uro

g{(x)= 7 (x) ana Bcex x. TeopeMa noKa3saHa.

AHanoruyHas TeopeMa OTHOCHUTENbHO npoexmusHux A-monyied He-
BepHa.

Teopema 7.1.1, oueBHAHC, NO3BCJSET TNPHMEHSATb MeTOAH M. I, 1Mo
KpalHell Mepe Te, KOTOpble OCHOBAHBl TOJLKO HA CYLIECTBOBAHUH HHDBEK-
TUBHBIX 00bekTOB. Taxum 0o06pasoM, HanpuMep, NOJYYalTCA CJAenyIiLHe
peayabTaThl, KOTOpBHE M3JHIUHE 10KAa3biBaTb 31€Cb, IOCKOJbKY OHH
CnpasejJJuBbL A5 Job6ofl abenepott KaTeropuu, obnanamwuiet , 10CTaTOYHBIM
KOJIMYeCTBOM* HHBEKTHBHBHIX OOBHEKTOB;

(a) Bearui A-m00yav o6aadaem UHBEKMUBHB MU Pe30AbBEHMAMY.

(b) ITycmo 30danbs A-modyan F u off, pedorvsenma F* nyska P
u UHBEKMUBHAA pe3oabBenma o#* nyuxa off; mozda scaKui 2oMoMOp-
Ppuam P —> ol HONHO Npodoadcums® 00 20MOMOpPUIME F*—> oM*
i 3mo ,npodoadceHue” €OUHCMBEHHO C MOYHOCHBIO 00 20MOMONULL,

(¢) Beakaa mounas nocaedogamesvHocms SA-modyaeld moscem
Goime ,npoooadcerna’ 00 MOYHOU NOCAEI08AMEALHOCHIL UHBEKMUBHbLX,
pesoavsenm A-modyaeli, komopeie ee cocmasasion.

34MeTHM B 3aK/I0UeHHe, YTO BCAKMH HHDEKTUBHBIA f-MOLyJib sIBAeTCS
ga.46im TydkoM. [IAs MOKA34TENbCTBA . 9TOCO  AOCTATOMHO HANUCATb As
Kax/10ro OTKpuiToro B X MHomecTBa U TOYHYIO n0OCJe10BATENbHOCTD

0-——)0{(]-——)0{——)0{;(\(]——)0
(reopema 2.9.3), KOTOpas 1aeT TOYHYIO NOCJAeNOBATENLHOCTB
0 —>Homy (Ax\v, &)—>Homg(A, g)—>Homg(Ay, g)—0.

IT0 M JOKasLlBaeT Hamie YTBEPHIACHHE.

7.2. Tlpou3BOAHbIE TOYHOTO CJeBAa KOBAPHAHTHOTO (YHKTOpA.

[lycte T — xoBapuaHTHBIN, TOYHBLI cJeBa (YHKTOP, oOlpeleleHHbIl
Ha Kareropuu JeBbiX of-MonyseH, co 3HaueHusMd B aGeseBOM Karero-
pun K. Ias aw6oro A-monyns & subepeM u 3adukcupyeM HHDeK-
THBHYI Pe30/bBeHTy J*(.F) M 10/10XKUM

T"(P)= H'[T(* (P))) = Ket [T(F" (P)) —> )
> T(F (PIM [T (™ (P))~> T(T"* (2]

Toraa umeioT MecTo cJaenylollHe CBOHCTBA:
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(a) & —> T"(P) nsasemes kosapuarmuwst GYHKMOPOM €O 3HA-
qeHuanu & K.

HeHcTBUTEIbHO, BCAKHH TOMOMOPDH3M f 1 P —> o MONKHO MPOLOJ-
KHTb 10 roMoMopousma [*: F*( P)—> " (o#), npuueM Taxkoe npo-
A0/DKEHHe eJMHCTBEHHO C TOYHOCTbIO A0 ToMOTOMUH. IIpuMeHsas (yHK-
top H"(T(...)), noiyyaeMm BNOJHe ON[e/le/]eHHBIH roMoMOpdU3M

() : T"(.L)—> T" (oH),

KOTOPHIH, OYEBHUAHO, YINOBJIETBOPSieT TPeGOBaHUAM, BXOMALUUM B OMpe-
Jleseide (QyHKTOpA. K]
(b) @yuxmop T° usomopghen gynxmopy T.
HekcreuTenbio, Tak kKak T TOyeH cJaeBa, TO TOYHAs NOCJeN0BATE/b-
HOCTb
0> 2> 9L —>IT(P)

JIDUBOAUT K TOYHOH MOC/AEeJ0BATEJAbHOCTH

0—>T(P)—>T(I(P))>T(I(P)),

uTOo M faet TpebyeMmblft pe3yJabTar.
() Co 8cAKOL MOUHOE ROCAEA08AMENBHOCMBIO

0> %> 7> ¥ —>0

C8A3GHA MoHHAAR nowtedoeame/lbuocmb R
0> T(P)>T(P)—>T(F)>T(F)>....

Tak kak d¢ynktopsl 7" He 3aBUCAT C TOYHOCTHIO 1O H3OMOPUIMA
or Bblbopa pesosbBeHT J*(.F), TO MOKHO CUHTATh, YTO HUMEETCS MOoU-
HGs TOC/eN0BaTENbHOCTD

0> g (LN~ I (L)—> I (Z")—~>0,

COBMeCTMad ¢ 3ajaHHoft TouHOH MocaenosateabHocTblol). Tak kak mep-
Bbl ujeH SABJASETCH MHBEKTHBHBIM, TO 3Ta TOYHas MNOCJEAOBATENBIIGCTD
pacluenngema?), a clenoBaTebHO, MOC/EA0BATEIbHOCTD

0—>T(I*(LN>T(I(P))>T(F(Z"))—>0

toyna. OTciona M NOJIYYalOTCS TOMOMOPQU3MLL .

) CymecrBoBaHHe HHBEKTHBHBIX pe30JbBeHT myukosB ¥#', ¥ u ¥”, 06-
NaJal0IMX YKa3aHHbIM CBOACTBOM, JOKa3blBaeTCH TaK e, KAK aHaJIOTHYHOE Npel-
Jgoxenue jaas moayaefi (cm. ra. V, § 2 kuurn Kaprana u Jitnenbepra). — /lpus.
pedo.

?) TouHas mocAeAOBATEAbHOCTD O —> A’ —> A —*s A” ->0 na3stsaercsa pac+
IenaseMol, ecau cymectsyeT Tako#d romomopdusm §: A —> A, 410 ¢ v = 1.
Iing pacmenaaeMOCTH TaxkOH MOCAE0BAaTENbHOCTH IOCTaTOYHO, YFOOH my4ox oA’
Obll HHLEKTUBHBIM. JIeHCTEUTENBHO, B aToM. cayuae ot = A’ + A, rae A, — He-,
koTOphiii Myuok (mOka3aTeJAbLCTBO TaKoe e, KaK Aad Moxy.aeH, cm. m. 1.4 ra. ).
Quesuano, ¢ H3oMopdHo oTobpaxaer A, Ha o&”, YTO H MO3BOAAET ONPENEJHThH
Hy® Kbl romoMopduaM . — Ilpun.: peo, .
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(d) T"(P)=0 048 n > 1, ecan & unsexmusex.

Jle#cTBHTENLHO, B 3TOM CJyuae pe3o/ibBeHTa g * (%) rOMOTONMHYECKH
TPHBHAJILHA; CJIEIOBATE/IBHO, TAKUM Ke spaseTcss U Kommeke T (g ((Z)).

MMpumep 7.2.1. Bosbmem dyukTOp

T(,?):Pm(,?)-

Toraa npousBoaHbie 3TOTO (PYHKTOPA KAHOHHYECKU H3OMOPQHB (YHK-
Topam & —> HX(X; ). Jro caenyer B cuay teopem 4.7.1 —4.7.3
U3 TOTO, UTO pe3o/bBeHTa & ¥ (. F) COCTOUT U3 BAJLIX MYUKOB.
Mpumep 7.2.2. Mycry & — aesoitt A-monyab. PaccMoTpuM ¢dyHK-
TOp
oM ~> ¥om e (L, o).

Ilpousonueie 3TOrOo (yHKTOpa (CO 3HAUEHHAMHU B KATErOPUU NYYKOB
abesesbix rpynn Hag X WM B Kateropud of-moayae#, ecium A KoM-
MyTaTuBeH) 6yayT 0603HauaThcs uepe3a

8xtly (P, o).

Mpumep 7.2.3. B o6osHaueHHAX NpeabiAyliero TmpuUMepa pac-
CMOTPHM (PYHKTOD
oM ~>Hom 4 ((Z, o).

Ero npousBoaHsie GYHKTOPb (CO 3HAUCHUSMU B KaTeropHu abeneBbixX
rpynn) 0603HAYalTCA uyepes
Mpl npenocTaBafieM YHMTATEJNI0 HHTepmpeTauu cBOUCTB (a) — (d) aas

IBYX TOC/JIEeIHUX HNPUMEPOB.
B sakjoueHHE 3aMETHM, YTO ecau B3dTh P =Jf, To GyleM uMeTb

Hom,e (A, o) =T (o).
[MostoMy Aad mwo6oro JeBoro JA-moayas off umeeM

H™(X: off) = Ext" (A, o).

7.3. Cnekrpanbnas nocjeposarenbHocTbh aas Ext,

Ham nonano6drcs caenyiomue [Be JeMMHL.

Jemma 7.3.1. Ilyemos & u o — d8a aesvix A-modyrs, U—
omxpeimoe noomHoscecmso 8 X. Tozda umeem mecmo ranonuvecriis
u30M0pPHUIM

Homy ) v (LU, o/ |U)=Home( Ly, o).
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Besakuit romoMopdusm &, — o/ cnpepensieT HeKOTOPHIH [OMOMOp-
usm Z U — o/ |U. Ilpu 3TOM noc/iesinii roMoMopgpusM MOKET Onpe-
AeMATHCS HIIb OJHHM TFOMOMOPGHMIMOM P\, — o, Tak kak ¥, (x) =10
npu x(z-'_ U. Hycrb, ¢ apyro#t cropoyst, sasax roMmomopdusm f: #jU —
—off | U. Onpegenum orofpaxeHue f HAKPBIBAIOLLETO NPOCTPAHCTBA P,
B HAaKphBaiollee npocTpanctso off, noaaras f=f Hax U n f=0
nang X\ U. Bce cBoauTcs K 10KAa3aTeALbCTBY HENpepuisHOCMU OTOBpa-
wenna f. IIycTh s-— ceyenue u3 Z, V), rae V—otkprroe B X MHo-
smectBo, Tax kak orpanuyenue ceuenust § Ha U NV sBasercs ceuenuem
nyuka & | U, 10 fos nenpeprisio na U V. Ho s=0 B uNnv),
a C/1eJ10BATebHO, H B HEKOTOPOM omicpbimon MHOxecTBe W, yiopaer-
BODSIOLIEM YCJIOBHIO

U=wuunv).

3uaunt, fos=0 B W. Orcioga cieayer HenpepblBHOCTb OTOOPAMEHHS
fos ua Bcem V.

Jdemma 7.3.2. ITyemv & u g — 0sa aesvx A-modyan. Ecau
nywor § unvexmusen, mo nyiox Mom (L, ) A8asemca AALM.

JleficTBUTENBHO, CeYeHHEM TOr0 NyYKa HaJ OTKPBHITHIM MHOXecTBOM U
apasercss romomopousM F|U— g |U, 1. e. no: npensiaywiedl jgemme
romomoppusM ¥, —> & . Tak kak G — uHBEKTUBHBIH Nyd4oK, a &,
ecTb JA-10AMOLYAb NyYKA &, TO 9TOT rOMOMOP(HU3M HHIYLUMPOBAH HEKO-
TOPBIM TOMOMOPGHU3IMOM ¥ — &, uTO U TpeGOBAJOCH A0KA3aTh.

Teopema 7.3.1. Ilycms X-— monoaozuieckoe npocmpancmso,
A -~ nyvuox roasey ¢ 6asoli X, P u o —08a aesvix A-m00yas.
Toz0a cywecmsyem crneKmpaabHas nocAe008aMeAbHOCHb, 8 KOMOPOL

EY = H'(X; 8xtl, (L, o)

u 8 xomopoit vaen L., asasemcs Guzpadyupo8annol epynnod, csa-
3QHHOL ¢ 2pA0YUF0BAHHOL 2pyRnoll Ext; (7, M), crabxwennol Had-

aexcaujell uasmpayueld.
BoseMeM mibeKTUBHYI0 pesonbbenty & *(off) m o0pasyem ABOHHOM
KOMIIeKS ‘

K=C'[X; %om (%, I* M)
Iasg sToro OBOHHOrO KOMIIEKCA HMeeM
'Ef = H[C" (X; %om (2, G* (oM)))|=C"| X; SH* (Hom(Z, T* (M),
Tak kak ¢ynkrop C”(X; ...) Touen. CienroBareanHo,

BV —= CP(X; 8xt? (%, ofl))
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H TNO3TOMY
B} = HP(X; 8xt!(Z, o).

i{pome TOTO,
"ER = H[C (X; %om (2, g7 oM))] = H' (X; %om (2, " (oA))).

B cuny nemmer 7.3.2 3Ta CNeKTPaibHasA NMOCAEL0OBATEILHOCTh BHIPOXKAEHA,
TaK YTO

H"(K)="E}= H"(#%om (7, §"(oM)))=Ext" (P, o).

Teopema J1okasana.
CaencrBue. Hueen mounyio nocaedo8amessHoCms

0—>H1(X Bome (F, oM))—>Extl, (P, o) > H"(X; Extl, (2, o) )
— H2(X; ®om, (P, o#))—>Ext2, (2, of).

Aro BuiTexaer u3 teopemul 4.5.1 ra, I.

7.4. Henoanb3oaHHe JOKAJbHO CBOGOAMEIX pe30JbBEHT.

Paccmotpum  nyuoxk Kojell of ¢ Gaso X M a8 NPOW3BOJBHOIO
uenoro 7> 1 ofosnaunM uepes of" npsMoe NpoM3BeleHHE 2 NYYKOB,
MIeHTHYHBIX € nmyuyxoM of. [Tyuox €% MOKHO paccMaTpuBaTh KaK JeBbift
i Kak npasuifl of-Moryuab. [lpoussonbubiti €-monyap & OyneM Ha-
3bIBaTb AOKQABHO CBOGOOHbLM, €CMH JUI BCAKOFO JOCTATOYHO MAJOTo
orkpbitoro muowecrsa Uc X myuok Z|U kak (oA |U)-monyab uso-
mopden nyuky o€” | U (rae n mowxer 3aBucers or U). Hakonen, A-Moaynb &
6yleM HasblBaTb MONYJEM KOHEHHOZO MUNG, €ClH CYLIECTBYeT 20M040-
2u1ecKas peso/bBeHTa

o> P> P> P >0,

COCTOSILAS M3 JOKAJAbHO CBOGOIHBIX JE-MOLyJMell (Takas [e30JbBeHTa
6yler Ha3BBaTbCH pe30A4bBeHMOL KOHewH020 muna). bynem roBOpuTh,
UTO & — MOJIYJb A0KQAAbHO KOHEUH020 muna, eci (| U)-Mmonyaw & | U
IJ1% BCAKOTO JOCTATOYHO Manoro U c X umeer KOHEUHBIW Tui.

Hanpusmep, korepenTHble aareOpavyecKkue NyuyKH, pacCMaTpuBaBuiuecs
XK. IT. Ceppom [Serre J. P., Ann. Math., 61 (1955), 197—278)]1),
MMEIOT JIOKAJIbHO KOHEYHBIH THN; TAKOBbI e aHAJTUTHYECKHE KOTEpeHTHbIe
nyuku Teopuu Kaprana — Okxa.

Ormerum cHauana clelyiOLIUR pe3y/brar:

1y Pyccxuit nepesog cM. B.c6. ,Paccaoennsie mpocrpauncrsa®, U/, M., 1958,
crp. 372—450. — Hpyx. peo.
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Jemma 7.4.1. [lyemo & — 20KanbHO C60500H 6 AeBotii A-100Y 18,
ol — npousgoasuvil asegoili A-mo0yss. Tozda 0aa ¢ > | umeen

8xt? (P, o#) = 0.

JlocTaTouHo N0Ka3aTh, 4TO GYHKTOP off —> Kom 4 (P, off) mouen.
Tak Kak BOMPOC HOCHT JOKaJbHbIH XapakTep, TO MOMXHO CYHTaTb, YTO

% = AP, o toraa Mbl noayuaem dyHktop o —> o#”, uTo M noKasbIBAET

JeMMY.
3aMeTnM, 4TO H3 3TOW JieMMbl M TeopeMbl 7.3.3 BHITEKAIOT KAHOHH-

yeckHe H30MOPQHU3MBL
Extl (2, oMl)= H'(X; ¥om (P, o)),

UMEIONIHE MeCTO A8 JOKaAbHO CBOGOZHOrO of-Moayias _&.

Teopewma 7.4.1. ITycme P — aesorit A-m00yap Konewnozo muna,
P, — Pe30ABBEHNA KOHEHH020 MUnG nyuxka P, off — npou3sorvuuli
aesvll SA-n00yas. Toeda umeom Mmecmo KAHORUMeCKUe U30MOPEPILIMbL

8xt? (P, oll) = H" (Bom (L., HM)).
Je#icTBUTEbHO, NYCTh off* — MHDEKTUBLAA pe30JbBeHTa nyuka of.
PaccMOTpUM ny4oOK ABOHHBIX KOMIJIEKCOB
I = Wome (L. M)
[ero KOMIOHEHTAMH ABJSTCA TY4YKH o)f”—}@om,@(,gﬂ (ylz")] Pac-
cMaTpuBasi Bce B abejeBOH xaTeropud nyuxos abeseBelx rpymnn Han X,

BLIUHCJIMM TEPBYIO CNEKTPa/lbHYIO MOCAeAOBATENLHOCTL Aad o%°. Hmeew,
OUeBHAHO,

B = S (Komg (P, M) =8xtly (7, oM,

TaKk 4yTO no JaeMMe 7.4.1 Haua CnekTpa/dbHas nNOC/AeAOBATENLHOCTL Bbl-
poxiena. Tak Kak, O4€BHJHO,

0
82 = H" (Bom e (ZL,, M)),

TO OCTA/J0CDH yCTaHOBHTb, YTO HMET MEeCTO KAaHOHHYEeCKHUe MSOMOpq_)lrIsMbI
FE" () = Bxtly (P, oM).

s storo BocnonbayeMcn BTOpPOH CIEKTpPaJbHOR moc/e10BaTe IbHOCTHIO.
Hmeem

//gpq %q (}Gﬂmﬂ (3 Mﬂ))

Tak Kak off” — uHbeKTHBHBIM MydyoK, a -, — TOMOJIOTHYECKad pe3oJb-
BeHTa Hyyka &, To

"7 =0 npu g>1," {JO:JGom,g(';,SP, Mlp).

970 M jpaer Tpebyembih pesyabTar.



298 [J1. II. TEOPUS TYUKOB

Cnencraue. ITycmy F— A-M00y4b 20KAABHO KOHEHHO20 muna,
ol — npoussonsioili A-modyas. Tozda 05 2106020 x € X umneem mecmo
KQHOHuueCKUl u3oMopdusm

Bty ((F, o) (x) = Extiy (5 (L (x), oA (x)).

[Ipexkne Bcero, nepefias K LOCTATOYHO MaJOH OKPECTHOCTH, MOMNHO
CBECTH BCE K CJAyvalo, Korjga _% uMmeeT KoHeuHblfi Tun. IIpd 3TOM npeano-
JIOWEHAN ACHO, 4YTO CJIou nyuka 8xt’y (#, off) aABasioTCA Tpynnamu
KOTOMOJIOTUIt KOMIJIEKCEB

oM (L0 M) (%)

(B o003Hauenusax npeabayluelt Teopems!). Ho rtak kak _%, cocTOMT M3
JIOKAJALHO CBOOOAHBIX NYYKOB, TO 3TH KOMNJEKCH KAHOHHYECKH HIOMOPPHbI
KOMIIJIEKCAM

Hom ¢ (v (L, (%), oA (x)).

[Mockoabky 2, (x)— cBofonHas pesoavsenta JE (x)-Moayas & (x), to
0TCI01a caeLyeT TpeOyeMblt pesyJabTar.

Ykasannoe cnaeAcTBue MOKeT ObITh NOKA3aHO B HECKOJbKO HHbBIX
MpeanoOKEHHAX, & HMEHHO Korja % — . ,KOrepeHTHHH“ MOay/b Ham
»KOTEPEHTHHIM® NYyYKOM HETepOBHX KoJew. CM. no sTomy noBojay pabory
A. Tporenanka [Grothendieck A., Sur quelques points d'algébre
hemologique, Téhoku Math. J., 9 (1957), 119—211}.



NPUNOHEHUE
CTAHAAPTHLIE CUMNJNUUHUANDHBIE PE30J/IbBEHTDI

1. TlaTe npaBHJa (QYyHKTOPHOTO HCYHWCJEHHUS.

B § 1 ra. | 6wtk ompenerens oas 1106uX ABYX karteropuit & u &”
NOHATHS KoBapuanmuozo yuxnopa F: & —> Q" u zomomopgusma
@ynxmopos 0: F—>G (F, G: & — K”). brina onpefnenena takke xox-
nosuyus GoF : ] —>8&” npoussoabHbix ¢yHkTopos F:&—> R’ u
G : & — /”. Kpome Toro, ecau 3alaHbl TPH KOBAPHAHTHHIX ¢yHKTOpa F,
G, H: & — &” u 1Ba romomopdusma dynkropos ¢: F—->Gud:G— H,
TO MOXHO ONpPeNelnTh KoMnosuyuno $oe: F— H ¢ noMomso GopMys

Yoo (X)=9(X)og(X) (XE&).

Paccmotpum temeps aBa ¢yukropa F, G: & — " u romomopousm
i: F—>G. Ecan wuMeloTcs [1Ba JAPYrMX KOBApHAHTHHIX (yHKTOpA
U: & —>M" u V: W —->8K, T0 MOKHO TOJYYHTb HOBLIH FOMOMODPODU3IM

(PYHKTOPOD
UssV:iUoFoV—>UoGoV,

onpeaeaseMet gopmyaon
U=V (X)=U@®OV(X))) (XE M.

Ecau U (coorBercTBeHHO V) sBASIETCsl TOXKAECTBEHHHIM (PYHKTOPOM, TO
6yznem mucatb npocto O =V (coorsetcTBenHo U + 0). Mexny onepauuefi #,
KOTOPYIO MBI TOJLKO YTO OMNpefeNu/Jd, M ABYMSi 3aKOHAMHM KOMIO3HUILKH,
OTpeleNeHHBIMU BHILIE, UMEITCS NMPOCTHE COOTHOILIEHUSA, KOTOPHIE MOXKHO
c(OpMYy/NHPOBaTh B BUAE MATH CACAYIOIIUX npasus. Mbl OrpaHnyuMcs HX
dopMyupOBKOH, TAK KaK [OKA3aTeNbCTBA TPHBHAJBHHI.

Q) c UeV)sth=U=#(V =0),
3Ta GHOpMyJa HMeeT MecTo, ecqau 3aaanu ¢yskTopu F, G: & —&”, ro-
Mmomopduam 0: F—>G u gsa ¢yuxropa V& - u U: MW —WM”.
(1) 0 (UoV)=(0+U)=V;

sTa QopMyna, TaKk ke KaK M NpelblAyllas, cOpaBeiauBa Bcerja, Korja
HMeeT CMBICJI.

(11D) Ux)«sV=Ux0V)=Ux0xV;
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3Ta $opMya CMpaRelTHBA, KOTJA HMEET CMbICA ee MOCJEeIHHH UJeH,
(Iv) Us@od)eV=U=*t2V)yo(U=xt =V)

sTa (opMyia cnpaBeiuBa, ecau uMeiotes ¢yukropw F, G, H: ] — &7,
romomopdusmnt 8 : G—>H, 6": F—>G u o¢yukropa U: R — D,
Vig -

V) GxQ)o(U=xg)=(Vx¢)o(p*F);

3Ta (GOpMyna MMeeT MeCTO, eC/i 3aldHbl PYHKTOPH

F,G: > u U V:8->M
M TOMOMOpPGhH3MDI )
o: F—>G, : UV,

2. MoaycuMniniHadbHbie OGBEKTHI.

O6o03naunm dyepes A kaTeropuio, o6bLEKTaMH KOTOpPOH SIBASIOTCS CTaH-
naprase cuMmaexcsl A, (=0, 1, ...) (em. r1. I, § 3), a Hom (Ap, Aq)

COCTOHMT W3 MHOXeCTBA HeyObiBaiomwnx 0TOOpaxeHnt MHo¥ecTsa A, B A,

NpUYeM KOMMO3MUHMS TroMOMOpGHU3MOB B A onpejeneHa KaKk KOMMO3ULUS
oToOpameHu#t.

[lycty 3anana npousBoJbHas kateropus K. [Hoaycumnanyuaabrvim
o6eexmom B R, mno onpeienenuio, OGyleT Ha3bIBATBCS KOBAapHAHTHEIH
dyHKTOD

F*:A—> 8.

[Monoxum F'=F(A)ER u 6yseMm szanucwmiBats F* B BHIe (F”)”>0.

3ameTuM, UTO 3TO Omlpeilc/eHHe CMelHalbHO NMPHCNOcO6/aeHo A Koro-
MoJa0TH#t. JlyanbHyl0 TOUKY 3peHHs Mbi MOJyuMad O6bl NpH 3aMeHe K Ha
AyaJbHYI0 KaTeropHio.

[Mycts 7 > 0 — uesnoe uncao. B muoxectse Hom (4, A, ,) umercq
otobpaxcenus 1)

dii A=A, 014,

KOTOpble Onpeledsior B A, , cuUHTyaspHsie cummiekcw Buaa (0, ...,
i, ..., n+41). Haree, B Hom(A, ,, 4,) umerorca otobpaxeHus

i.

Sn'AnH_)An OLiLn),
KOTOpHE ONPEIeNsioT B A, CHHTYJAPHbE cummaexcs (0, ..., i —1, i,
i, i+1, ..., n). TpuBnaibHO npOBepAETCS, UTO BCAKUH TOMOMOpPHHU3M

A,— A, B Kareropuu A ABJIfAeTCS KOMNO3UiMe#l TOMOMOPHHUIMOB THITA d,

!) Umeem d, = F,‘;_H B ofo3naueHuax ra. 1, m 3.5.
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u si. MomHO NOKasaTh Takke, YTO BCE COOTHOLICHHA MEWYy FOMOMOp-

dusMaMn B KaTeropud A 4BAAIOTCA (POPMANbHBIMH CJACICTBHAMH CJeLYIO-
WX COOTHOLIEHUH: -

(2) dhivody=dyiied) (<))

Q) shosh, =shosit} @<,

() - Shoody =djeos)™ @< n,

(d) Shodl=slodl ' =1,

(®) SnH ° dn+l —dﬁz_l S‘rj; (1<

OTclona BHITEKAeT, YTO AAS 3a4aHUSl B KaTeropud K TOJYCHMIIHNHANL-
Horo obbekta F* HeoH6X0AMMO M NOCTATOYHO 3a1aTh Oo6LekTol F” Kare-
ropus & u roMoMopdusMel

F'(dg): F">F"™ 0 <i1<nt0),
F*(si):F”“—»F” O <Li<n),
YAOBJETBOPAIOWUE YKA3AHHLIM BHIIIE COOTHOUICHHSM. 3TH roMoMophU3IMBL

HA3LIBAIOTCA Onepamopauu zpanel u 8uposcoennid obbexra F*. Tpak-
THUecKH Mbl OyieMm mucath di u si BMecto F” ( ) F*( ) ’

3. OcHOBHaA KOHCTPYKIHS.

Mycts & — HexoTopas kateropua. O6o3naunM uyepes CS' (R) karero-
pHIO0 TOJAYCUMIJIHIHAABHEIX 06bexToB 8 K. B srom uynkre 6yayt mo-
CTPOEHbl KOBApHAHTHBE (BYHKTOPHI

F*: 8 —>CSL (R).
Ilas moctpoenns F* gocratouno noctpouts dyukrope F*: & —> R (n> 0)
u romomopbuamei dy: F"— F*'! sk F"'' 5 F"  ynosaetsopsiolme

cooTHoweHuaM (a) — (e) u3 n. 2.
ByreM paccymiaThb LJIe,Il)lOIJlHM obpasom. Mcxoas w3 KOBapHAHTHOTO

¢dynkropa
C:8—>8,

onpeneauM npexae Bcero dynkropsl C*: & — &, cuuras C° roxaectsei-
neiM GyHTOopoM, a C**'=C o C", u nosomuMm

F"=C"*! (n>0).
JlonycTum Tehépb; YTO HAM JaHbl 1Ba roMmoMopdu3Ma QyHKTOPOB
k:C'—C, p:C?P—>C.
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OmnpenenuM roMoMopdHU3MbL
d! . F" __C1+1_)Cn+2 . Frz+1
n - — _— *
i 1 2 +1 —
S;,IF,H :Cn+ _)C/H— — Fn

¢ MOMOWBIO Clelyouiux dopmya:

i *k*c,,_iu, so=Cl s prC,

Pasymeerca, cooTHoteHus (a) — (e) He OyAyT BLINOAHATHCH, eC/IH He
HAJIOKUTL NOTIONHUTEJAbHLIX OrpaHudeHu#t Ha 2 W p. ONHAKO COOTHO-
uleHne (a), KoTopoe B clydae, koraa & — abenesa kareropus, a F —
aAJMTUBHBIA (YHKTOP, [AOCTaTOYHO Aaa onpelenenus auddepeHunana
B F*:(F”)n>0, gcezda 8vinoaHAemcs. JeRCTBUTENbHO, OHO 3aMHCH-

Baercad B Bune (cuuras j=I-+r-1, r >0)
(Ci+r+1 s *.Cn-i—r+1)°(ci - Cn—i+1): ‘
— (Cz' - Cn—-i +2) o (CH-r - Cn—i—r+1).

Io npasuay (IV) U3 n. 1 OHO CBOAMTCA K COOTHOLICHHIO
CH 2 k)o(kxCY=(k+C"To(C" + k),

KoTopoe chaenyer u3 npasuga (V) m. 1.
Yro6wl BhimoaHauch ycaosus (b) — (&), A0CTATOUHO MOAYHHHUTL B U p
C/IeYIOUM YCAOBUAM:

(A) po(Cxk)y=po(k+C)=1,
(B) po(Cxp)=po(p=C).

Ilokaxem, Hampumep, cooTHoulenue (b). Tlonaras j=—i-+r, rae r > 0,
mepenuuleM 5TO COOTHOUlEHHE B BHIE

(Ci+r *p*cn—i—r)o(ci & p *Cn—-r‘+1)=
= (Cle pxC' o (CH* ™+ 4w px CPI77).
B Cuay npasuia (IV) 3TO0 paBEHCTBO MOXHO COKpPATHTH CJI€BA Ha Ctu

cnpaBa — Ha C"~ =" npocje 4Yero OHO CBEHeTCS K COOTHOLIEHHIO

(C"xp)o(p+CT Y= (p+C")o(C""" * p).
310 cootHouenne cosnanaer ¢ (B) npu r =20, a aaa r > 1 oHo cpasy

ke caenyer u3 npasunaa (V).
Mpl mpejocTaBiseM UHTATENI0 10KA3aThb OCTA/bHBIE COOTHOILLGHHS.
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4. Mpuaoxenue XK myvykam.

Koucrpykuuio n. 3 MOXHO CAeRyOWIMM 06pa3oM NMpPHMEHWTh K TeO-
pun nyuxkoB. B kauectBe § BO3bMEM KamMezopu o NY4K08 MHOMNC2CMB
Had 3adaunsbim npocmparcmsos X, B KauectTBe C BO3bMEM (PYHKTOP

C(A)= C'X; A),
conocTrapasouit nyuky of ny4ok pocTKOB Bcex (He 00s3aTesbHO Hempe-

phiBHBHIX) ceueHH#t nyuka of. B oboanavennsx § 6 ra. I 6ynem umern
TOTAA

FH Ay =F " (X; A).

Ilnsg mocTpoeHUs TOMOMODPU3MOB (PYHKTOPOB R K p HVKHO KQAHOHU-
yecky, T. €. (QYHKTODHO CONOCTaBUTb KawiaoMy nyuky o€ ¢ Gasoh X
TOMOMOP (HU3MBl NIYYKOB
k(A): A= COX; ),
) COUX; CUX; o)) —> COUX; A).

B xauectBe £ (o) ciaeayer, OYeBHAHO, B3ATb KAHOHHYECKOE BJIOKEHHE.
Uro6ul  onpeneadts p (o), LOCTATOYHO ,ecTecTBEHHHIM 06pasoM* como-
CTABMTb BCAKOMY HENPEepLIBHOMY CeyeHHI0 MyuKa

C(X; CO(X; D))
Ha OTKPBITEIM B X MHOMeCTBOM U HenpepuiBHoe ceueHne nyuxka @0 (X, A)
wan U. JIpyruMu CcJ0BaMH, HOCTATOUHO MNPOU3BOJALHOMY (He 00f3aTeqabHO
HenpephLiBHOMY) ceueHntio nyuka (O0(X; A) nan U, nanpumep, ceyeHnio
x —> 5§ (x), CONOCTaBUTb HEKOTOpoe (He 00673aTE/NbHO HENpepniBHOE) Ceue-
nue x — s(x) nyuka € Han U. Ins moboro x € U saemeHt s(x) us
crod Hap x B RO(X: A) aABasercs poCTKOM He 06A34TEAbHO HeENpPEepPHB-
HOTO ceyeHHs Ty4ka £ B TOUKe X, M TNOSTOMY €ro MOXHO 3a1aTh OTO-
6paxeHueM

X =5 (x, X)) €t (xp),

onpelesieHHbIM A8 X, RocTaToyHo Oau3kux Kk x. [lonoxum Temepn

s(x)y=1s5(x, x),

T. ©. PABHLIM 3HaYenw/o PocTka ceueHus s(x) nyyka £ B Touke X.
Hano nposeputh Tenepnp ycaoBus (A) u (B) npeapiayuiero nmyHkTa
npexAe BCEro COOTHOWEHHE

(A) Pe(CxRy=po(kxC)=1,
KOTOpOE O3Hayaer, 4TO
p(A)oC(k(A))=p(A)ok(C(A))=1

ans moGoro nyuka of wan X.-
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Tak Kak nBa mnepBHIX ujleHa 3TOrO PABEHCTBA SBJAIOTCH - FOMOMOp-
(uaMaMn nyuxkos

C(A)= C2°X; A)—> C°(X; A)=C (A).

TO OCTaeTCs BHIACHUTL, KaK OHM AeHCcTBYIOT Ha ceuenns nyuka QO(X, A).
Wrak, nycts s— HempephiBHOe ceueHue.nyuka (°(X; o) nan oTKpbI-
ToiM MHOXectBoM U, npeicraBieHHoe He 00A3aTeqbHO HEMPEPHIBHBIM Ce-
uenueM s nyuka o€ wan U. O6pasom ceuenus s npu roMoMopdH3Me
k(C(A)) sapaserca nenpepuiBHOe ceuenne myuka QU(X; @Y(X; A)),
NOJYYeHHOE U3 § C NOMOLILI) KAHOHHYECKOTO BJIOKEHUS

COX: A)— CUX; CYUX; JA)).

Sror 06pa3 nPeACTaBJAETCA HEKOTOPBIM He 00dA3are/ bHO HenpepbiBHLIM
ceueinem nyuka @O(X; of), a uMeHHO ceueHHeM s (KOTOpoe B AeHCTBH-
TeJbHOCTH HenpepbiBHO). OTClOAa BHTEKAeT, uTo o6pa3 CeuyeHus § [pu
P (A) o k(C(A)) MOKHO NPeACTaBHTb He 00A3aTENbHO HENPEPHIBHLIM Ce-
yenueM nyuka o€, KOTOpoe nosayuaercs, eciu kaxjaomy x & U conocra-
BUTL 3Ha4eHue B TOUKE X POCTKA §(X) ceueHusd nyuka . 310 3Haue-
HHE eCTb He YTO HHOe, Kak S(x), M, ClenoBaTesbHO, 0Opa30OM CeueHHs S
npu p(A)ok(C(A)) apaserca s. ITuM 10Ka3aHO, 4TO po(k+C) 4B-
JfeTCsl TOXIeCTBEHHBIM roMomopduamoMm. Paccmorpum teneps po (C = k).
[pexpe Bcero HywHO HaHTu ceueHue nyuka QU(X; QU(X; LA)), noay-
yafouleecs U3 § ¢ nomouwbio romoMopdusma C (& (A)), KoTopuiH sABIAETCH
pesyabTaToM npuMeHeHHs ¢yHKTopa C K rOMOMOPGH3MY IyYKOB

R(A): A— CYUX; ).

OGosnauum uwepes £k, (s) orobpaxeHne caos Hal x B nyuke A
B cao#t Hal x B nyuke CO(X; of), unayuuponautoe otobpaxkeruem & ().
Ecan HenpepriBHOe ceueHne s nyuka (R0(X; of) npencrasaserca ue o6d-
3aTeJbHO HEMNPEPHIBHBLIM CeueHWeM S myuka of, TO 06pa3 CeueHHss S INPH
C (k(sA)) Oyrer npeactaBieH BoOOUle TOBOPA PA3PLIBHBIM CEYEHHEM

x>k (A) (s (%))

nyuka QR%°(X; ). Ecam tenepp x nonyqeﬂuomy CEYEeHHUIO NPHUMEHHTD
p (), To noayuum Boofile roBOpsi paspelBHOE ceueHue nyuxa £, sa-
npapaeMoe ¢opMmyaok

x—> R (A) [k, (A) (5 ()],
By (A): COX; A)(x)—> A(x)

ecTb OoToOpameHHe, KOTOPOE COMNOCTAB/AET KaXIOMY POCTKY CeueHUs
(HenpephBHOTO M/M Her) nmyuka of B Touke x ero sHauenue B X. YroOnl
3aKOHYHTH. J0Ka3aTeJbCTBO COOTHOWEeHH (A), ocrajnoch JOKA3aTh, UTO

Ry (Ao ky(A)=1,

rie
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Ho 3710 TpuBuManbHo, Tak Kak ecau 9JeMeHT § H3 £ (X) mpeacraButh
POCTKOM Henpepbmuoro ceyeHHA B TOYKE X, TO 3HAYEHHE 3ITOrO POCTKA
B X H €CTb S.

YcTaHOBUM Temeph PAaBeHCTBO

B) pe(Cxp)y=po(p=C).

Ha srtor pas peus uaeT o romomopusMmax ¢yHxTopos C*—>C, T. e,
0 roMoMOpdH3Max MNy4yKOB

F UX; A)—> FUX; A)

ans awboro nyuka of. Ham Hy)HO BHIACHMTH, KaK IeHCTBYIOT STH TOMO-
MOP(H3MBI Ha HenpepbiBHOE CeyeHHe s Nyuka oF °(X; o) Han OTKPHITHM
muoxecTBoM U, T. e. Ha BoOGIle roBOPA  DPa3phIBHOE CedeHHEe S MyyKa

F X Ay = C'°(X; CUX; A))

Hag U. Pe3yabTar npH 5TOM A0/IKeH ObITb He 06A13aT€ILHO HerpephIBHBIM
ceuenveM nyuxa of uan U.

Jdas kaxaoro x,€ U snement s(x,) aBaseTcs pOCTKOM He 006s3a-
TeJbHO HenpepelBHOro ceuenus nyuka QO(X; ) B Touke X, T. e.ero
MOXHO NpEACTaBHTb BOOOILE T'OBOpH Pa3pLIBHLIM CeYeHHEM

x1—>§(x0, XD E CUX; A)(xy)

nyuka @%(X; A), onpenenenH»M B OKPECTHOCTH TOUKH X, HJM Adxe,

ecaw yroano, Ha scem U. DaemenT s(x,, x;) B CBOI ouepeipb asisieTca
pOCTKOM BOOOLie TOBOPS PAa3pLIBHOrO ceyeHHs nyuka £ B Touke x,,
C/e0BaTeNbHO, MPeACTaBJIACTCS OTOOPAKEHHEM

Xy —> E(xo, Xy, Xo) € oA (xy),

ompeje/eHHBIM B OKPECTHOCTH TOYKH X, MJH Haxe Bo BceM U, :
BuischuM Tenepb, kak geficTByer po(C s p), T. e. romomopdusm
nyukoB p () o C[p(A)], Ha ceuenne s. [ToNOKUM IS KPATKOCTH

A= CO(X; A)=C(A), A= C'(X; CX; d{))_cl(dz) T

TF'oMoMOpdH3M NyyKOB

p (A A —> A
HHIYUHDYET AAs Kaxioro x € X orobpaxenue
Py (A) s A (x) —> A (x)

cooTBeTCTBYIOWNX ciaoes, Tak xak C{(p(uf)) ecTb roMOMOP$HIM NYUKOB
C (AY) —> C (A%, nonyuennsit npumenenuem dynkropa: € k p(sA), To

20 P. Toaeman



306 NPHITOKEHUE

Aceo, 410 cedenue nydka C (A9 = A, asagoueecs 06pasom cedeHus §
npu romomopduame C(p(A)), Gyner npeactasieHo BooOwe roBops
Pa3pbIBHBIM CEYeHHEM

x> P (A)(5(x))

nyuka A°. Hanree, saement s(x) u3 A!'(x) npeacrasien B A dyHk-
usel s(x, x,, X,) OT nepemMeHHbx X, X, € U. Ilo onpenenenuio romo-
MopdHaMa p OTCI0AA CJAGAYeT, uTO px(a{)(s‘(x)) ABJSAETCA DPOCTKOM
He 00s3aTeNbHO HeMpepHBHOIO cedeHust nyuka £ B Touke x, mpeicra-
BJIEHHOTO (QYHKUHER xl——>s—(x, X1, x;). Ilpumensas p k noaydeHHoMy
pesyabTary, BHAUM, 4TO 06pa3 cedeHus S npu roMomopdusme p o (C x p)
eCTb He YTO HHOE, Kak BOOOlle roBOps Pa3phiBHOE CEYeHHe

x—>s(x, x, x)
nyuka £ nan U.

BolscHuM, HaxoHeu, kak JjefictByer po(pxC) Ha s, T. e. Hafizem
o6pas ceuennss s npu romomopdusme nyukoB p (E) o p(C (A)). Mpexne
BCEro Hy3HO Ha#iTu 06pa3 ceuvenun s npu p(C(s£)), T. e. IPUMEHHTb p
K S, paccMaTpHBaeMOMy KaK HeNpephBHOe ceuyenne nyuka (RO(X;
CY(X; C(A))). Toayuaercs, oueBunHO, He 00A3aTE.ILHO HENpPEPHLIBHOE
cevenne nyuka C (o) =A% npencrasaeHHoe OTOOpPaKEHUEM X —>
—> s(x, x) € A%(x). K noayueHHOMy CEUEHHIO CJeldyeT elle NPUMEHUThH
p (), HO Tak Kak s(x, X) €cTb pPOCTOK, ONpeleNeHHb B TOUKE X
He 00s3aTebHO HETIPEPBHIBHBIM CeUeHHEM

x2—>§(x, X, X5)

nyuka £ nan U, To sicHO, uTO noOJyuyuM Booflie roBops pasphBHOE
ceuenHe
x—>s(x, x, x)

nyuka of Han U. CpaBeuBas 3TOT pesyabTat ¢ OpMy.aoH, MOMyueHHOR
aaa po(C = p), ybewpaeMcs B TOM, uTo Toxaectso (B) cnpaseanuso.

[Mocae Toro Kak nokasaubl (A) u (B), MOXHO NMPUMEHATL METON mpe-
INBLIAYUIEro MyHKTa. OTOT METON NPUBONMT K HOAYCUMNAUGUAALHOL
cmpyrkmype 0458 HYHEMOpa

F X A= (F"(X; A))ys

Mpi npenoctasisieM umTareaio yOeAHATbCS B TOM, YTO OHAa COBMAaLaeT coO
CTPYKTYpO#, onpezeieHHo# fBHbIM obpasom B ri. 1, § 6.

Xoresoch 6B YAyYWUTH AOKasaTeAbcTBa cooTHowenu#t (A) n (B),
M3JOXEHHBIE BEILIE, HEYILOBJETBOPHTENLHOCTb KOTOPHX ouepuaHa. Ilomo-
weHue OG0 Obl BROJHE NpOsCHeHO, ecan Obl MOxHO Oblmo a priori no-
Ka3aTh CJeAyiollee NPENNoJJOKEHHe: A% BCAKOTO uenoro n >0 cyuwe-
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cmsyem  eQuHCmEBeHHwl 20momopdusm  Pynxmopos F " (X; A)—>
— FI(X; o). MOXHO J1ake NPENNONOKUTb, YTO eOUHCMBEHAbLIMU
2omomoppuamanmy  Hyukmopos F P (X; A) > FI(X; A) nsan-
OMCA  20MOMOPPUIMEL, nOLYLQLOUWUECST 13 HeyYivisaouwux omc6pa-
ocenuls A, —> A, 4 U3 NOAYCUMRAUKUARLHOL CMpyKmMyps. BYRKMOPA

A= FH(X; A).

5. MoaycHMIVIKUHAABHEIE PE30JAbBEHTbI.

B karteropuu nyukoB mmodxcecmg c 6azoft X He BO3HWKaeT Bompoca
0 ToM, ABasieTcs M oF *(X; A) pesoavsenmoid nyuxa A. TlepetineM
Tenepb K KAaTerOpUu TYUKOB aSeqegvix 2pynn ¢ Oasol X u nokamew,
YTO B 3TOM CJayuYde NeJO OOCTOMT HMEHHO TakuM 06pasoM.

Ins sroro BepHeM:cs K mpeinojoxeHusM 1. 3. [TycTb umeeTcs KoBa-

PHAHTHBIY (BYHKTOD
C:8—>Q,

rie & — NpOU3BOJbHAA KATErOPHsA, M TOMOMOP(MHU3MBl (BYHKTOPOB
R:C0O=C1 p:CT (Y,

ynosaerpopawouue yciaosuam (A) u (B). B naabnefimem HaM Hyxen Gy-
JIeT TOAbKO ToMoMopduaM £, a romomopduaM p He OyneT NpPUHUMATH
yyacTus B TNOCJAEAYIOLMX BBIYMCAEHMAX. PaccMOTPUM Tenep, KoBapuaHT-

HBIR (yHKTOP
T:&—>UA

CO 3HAYEHU MU B HekOTOpOH afesesod xareropuu . [losoxuM, xak u

B 1. 3,
Fo=C, ..., F*"'=CoF", ... .

Kak ™Mbl yxe BuIesau, TPanyMpoOBaHHEH (YHKTOD F*:(F”)n>O cHabxeH
onepatopamu
di=C' sk« C" Y,
[losToMy, monaras -
T" =ToF" T'=(T)

‘n>0

i
MH TONyyaeM omnepatopsl rpamett T xd, nang rpaaymposaHHOTO (YHK-
topa T*. Tax xak xareropusa 9 afesesa, TO MOXKHO OIpPeNEUTD

Jugpgpepenyuan

d” . T,'l_‘) Tﬂ+1’
sanaBaeMbit GopMysioft
n+1
d,= % (— 1) Txdj.
i=0

20*
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Tenepb noKaxeM C/eNyIOULEE YTBEPXKIEHUE: nycmb 3a0QH 20 MOMOPPUIM
PyHrmMOopos
h:ToC—T,

maxol, wmo ho(Txk)— moacoecmsennoe npeo6pasosanue; mozoa
045 206020 XE R nocaedosamesshocms 066eKmo8 U 20 MOMOPHUIMO8

0— T(X) 25 T0X) 2> TH(X) 2> T2X) - ...

mouna 8 rxamezopuu . ' :
Tak kak T=*k nonyckaer ob6paTHbili caepa, TO SicHO, uto T k —

: -1
MoHoMoppuam. Ilonoxum T~ =T, d_;,=T=k. Jlan nAokasareibcTBa
C(OPMYITHPOBAHHOTO YTBEPXKIEHUS AOCTATOUYHO MOCTPOHTL TOMOMOPPUIMEI
(pyHkTOpOB
. pn+l n
T =T (n > —1),

VIOBJIETBOPSIOUIME COOTHOLIEHUSM
nedytd, yoh, ;=1 '
A n > 0. [oxaxeM, u4To A 3TOH weaH NOAXOAAT romMoMopduaMbl
h,=h+C",

JeklcTBUTEAbHO, JeBas 4acTb npeablayuiero paBeHCTBA NEPENUCHIBACTCA
B BHJE

I

n+1 ) n .
,.§)<f Y hyo(Tdn)+ L;O (— 1 (Twdi_)on,_,

O(T*d2)+i"§()(—1)" [(Txdi)oh, s —h,o(T=ai*Y)],
U, CJel0BaTeJdbHO, JOCTATOYHO [10Ka3aThb PaBEHCTBA
o(Txdy)=1 (n>0),
(Twd,_1)ohpr=h,o(T=d)"}) (0 <i <n),
Ho wupi uMeem
o(Tsd))=(h+«C")o(Txk+C"" ) =[ho(TxE)«C",

OTKyIa MOJNyYaeTcd MepBoe coorHowenue. Yro Kacaercss BTOPOro CoOT-
HOLIIeHUS, TO €r0 MOXHO 3amucaTtb B BHAe

[72(C' s ks C" ol wC)=(n+C"* e [Ta(C" sk xC")].
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ITpu noMowwn npasux (I) —(IV) u3 n. 1 3T0 COOTHOLICHHE MOXHO CBECTH
K PaBEHCTBY

(77" k)o(h+C)= (h = CH]) o(T'+ k),
KOTOpoe cpasy e cieiyer u3 npasuaa (V) m. 1,
Bepuemcs Tenepb Kk TeOpHH NYYKOB M BO3bMeM B KauectBe &
KaTeropHI0 MYUYKOB aleqe8uix zpynn ¢ 6asoh X, B KavecTBe C — DYHKTOP

A= CUX;, A),

a B KayecTBe R — KaHoHMyecKuit romomopdusM A — RY(X; A), xoro-
PHIM Mbl yKe MMO0Jb30Ba/HCh B MnpeabLiyuleM nyHkrte. [lonyueHnnit Bbille
Pe3yIbTaT MOXHO MPHMEHUTh [ [0Ka3aTe/lbCTBA TOTO, UTO oF “(X; A)
ABAsieTcs pe3oavsermol nydka A. IOCTaTOYHO, OuYEBHAHO, B3fTh B Ka-
yectBe 7 mo6Go# dyHKTOp BHA2

T.: A — A (x),

NPUHMMAIOLIMM 3HAuYEHUs B KaTeropuu abesesbix rpynn. Takum 06pasoM,
BCE CBOJHMTCS K MOCTPOEHHI0 s moboro x € X roMmoMopdusmMa GyHKTOPOB

hxi TxoC-—->Tx,

s Kotoporo A, o7, = k] — ToxnaecTBenHoe npeobpasoBande. Tak Kak
T,.=k ecTb He UTO MHOE, KAK BJOMeHWE -

k. (A): Ax)—> CUX;, A)(x),

TO 0CTaTOYHO B CHay coorHowenns A, (A)ok, () =1, nokasausoro
B MpelbllylleM TNYHKTe, ONPENeNHTb A, YCIOBHEM, YTOOBl OHO MHAYWH-
poBano otobpamenue

hy () : C°(X; A) (%) —> A (x)

npeablayero NyHKTa.
OnucaHHble METOJbl NPUMEHHMEL HE TOJBKO B TeopuH nyukoB. Hanpu-
Mep, OHH JalT HOBHH crnoco6 1Js NOCTPOEHHS CMAHOAPMHLLX KOM-
nAexco8 TeopuH accouuaTuBHbiX aarebp (cM. Kaprau A., Diiaen-
6epr C., FoMonoruueckas aarebpa, WJI, M., 1960, crp. 218). [das
5TOT0 HYXHO HCXONHTh W3 aare6pbl A Hal KOMMYTaTHBHBIM KOJbLOM A,
B KauecTBe & B3Tb KaTeropHio A-OGumony.eii, a B kauectBe C — QYHKTOP

CX)=A®S.
A

HyxHo BCTaTb Ha TOMOJOIHYECKYI0 TOUKY 3peHuss (YTO CBOJIHTCA
K ,00palleHnio CTpesoK® B MpPeiblAyILHX KOHCTPYKHHMAX), TaK 4TO OyAeM
HMeTb  opMyay
F(X)=A® ... AD X,
A A A
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corepxawyo n--1 MHOoxuTene#t, paBHbix A. [omoMmopdusmusl 2 u p,
T. €.
ERX):AQX > X, pX):AQX>ARARQX,
A A A A

OTpeAeJIAI0TCA C TOMOIWBKY 0TobpaXeHUH a @ x —>axHa @ x —>a R 1 @ x.
Mpl npesocTaBiseM UMTATENI0 TPOBEPUTb, 4YTO TI'paHUUYHBI oOmnepartop
B KoMmmuiekce F,(X) sanaercd o6uiyHOd ¢opMynodh. Hakoneu, aas noxa-
3aTeabCcTBa TOro, uto £, (X) sBAseTcs pe3osbBeHTOH MoAyJas X, MOMXHO
NPUMEHUTL METOJ, pasBUTHIM Bble, B3AB B Kauvectse U KarTeropui
A-monyaeit, B kauectBe T — toxaectBenusit ¢yuxrop X—>X uz &
B A u B KavecTBe A — roMoMopdusM, ompeneaeHHBI! GOpMyIoH

A X):x—>1Qx.

HanoMuuM, uTO romoJ/OrHueckass Teopusl aCCOUMATUBHHIX aiarebp BKIIO-
vyaetr B ceb4, B uacTHOCTH, Teopui ¢yukropos Ext u Tor, romonorun
B rpynnax, romojoruy aiaredp Jin. CaenosatejbHO, 3TH TEOPHH MOXKHO
M3J1aTaTb C TIOMOWbBIO CUMNALUUAAbHO X Memo008. Tak Kak 3TH MeTOHLbl
MpPUMEHUMBI TaKKe ¥ K KoroMmoJoruam — B cMeicie Hexa wau [poren-
JIUKa — CO 3HAYeHUSMH B NYUKaX, 4 TAKXKe K TEOPUM CHHTYJIADHBIX TO-
MOJIOPH# M K TOMOTONHYECKOH TEOPHH, TO KaXerTcs ONpaBlaHHbIM pac-
CMaTpUBaTh WX KaK OJMH U3 Haubo/ee BAXHBIX annapaToB, KOTOPbLIMU
pacrmosiaraet B HacToOfllee BpEMs TOMOJIOTHS.
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